
���������
	 ��������������
����	������� !�

"$#&%$')(+*-,�.0/1.02�23#546#87:9
; 7<#8'�=�7<#�%&>?%$'@9�/0#BA@CDFEHG?IKJMLNL3O

PRQ�S
T�U�V+UWSYX

Z&[8\^]
S = (x1,x2, . . . ,xN ) _a`cbd`?efb:gihajkb-lmb-n [8\ ` ] eolmb R

d pq$rsq$r�t [ ` ]vu b u�w _ab u b<xzyab u xzyab u j|{�najk_}e�n$b ]~\^] b�efnay}� u b w _ \ x [ ` ]v\ bd` ]�]v[ _?e�j�b<e�n [�\ ` ] e
b:e ]o�:w _ \k� {�jkbd` ]���uv� e [ _}l u b�jkb�n uv[ hajk�dg�b-l@� [ n ]v\ g \ e~{ ]~\�[ `��

min
c∈Rd,r∈R

r2

e [ _}eWjkb:e�x [ ` ]vu { \ ` ] b:e:�&n [ _ u i = 1, . . . , N �
‖xi − c ‖2 ≤ r2

q$r|��� x u~\ku b�jkb-n uv[ hajk�dg�b-lm_}{�j�{8eve [ x \k� pq$rk�)rM� [ _ u A > 0 � [ `ix [ `}e \ lm� u b3j�bWn u~[ hajk�dg�b�l�� [ n ]v\ g \ e~{ ]~\�[ `ief_ \�� {�` ] � w _ \��8� ` �:u {�j \ evb
jkb�n uv� x � labd` ] bd`�xzyab u xzy}{�` ] _a`ab6evnaya� u b w _ \ x [ ` ]v\ bd` ]�� jk{�najk_an}{ uf] lmb<e
n [8\ ` ] e����

min
c∈Rd,r∈R

r2 +A

N
∑

i=1

max
(

0, ‖xi − c ‖2 − r2
)

.

� x uv\ku b�j�b�n u~[ hajk�dg�b�lm_}{�jM{8eve [ x \k� �$b ] g [ ` ]vu b u�w _�� \ jHn$bd_ ]��d]vu b u~� e [ jk_ w _}{�`?l�jkb:e N
n [�\ ` ] e [ ` ] la{�`}e�j1� b:evn}{�xdb!lmbc� \ jkh?b uf]�� ` [�� {�_ u bdn uv[ lm_ \ e~{�` ] {8eve [ x \k��� _a`�` [�� {�_
l �d� ` \ n [ e \^]~\^ Mw _abdj|x [ ` w _ab pq$r�¡¢r3£ {�`}eNjkb�x:{�e�l@� _}`�` [�� {�_ \ ` � { u~\ {�` ] n}{ u3]vu {�`}evjk{ ]v\k[ `��8g [ ` ]vu b u3w _ab�x+b�n uv[ haj��:g�b
b:e ]o�:w _ \k� {�jkbd` ]�� _a`ab-g¤{�xzy \ `ab ��� b<x ] b:_ u lmb-ev_anan [�uv]�w _}b�j0� [ `cl � x uv\ku { p
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§ `�{�n}n?b:j�jkb � { u~\ {�hajkb�lmb�¨�{�lmb:g¤{�xzyab u _a`ab � { u~\ {�haj�b�{�j � { ]~[�\ku b σ � {�jk{�` ] 1 { � b<x
n u~[ hm©
{�h \ j \^]~� 1/2 b ] −1 { � b<x�n u~[ h?{�h \ j \�]v� 1/2 p��rsq$r Z&[�\ bd` ] (u1, u2, . . . , uN ) lmb:e � b<x ] b:_ u e�l@� _a`ªb<efn?{�x+b«lmb«� \ jkh?b uf] gi_}` \ l@� _}`
n u~[ lm_ \�] e~xd{�jk{ \�u b < ., . > p t [ ` ]~u b u�w _ab�e \ σ1, σ2, . . . , σN e [ ` ] N � { uv\ {�hajkb:e�lmb
¨�{8lmbdg¤{�xzy}b u
\ `?l � n$bd`}l}{�` ] b<ed�a{�j [8u e:�

E

N
∑

i,j=1

σiσj < ui, uj >=

N
∑

i=1

‖ui ‖
2.
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K _a`�` [�� {�_cl �+� ` \ n [ e \^]~\^  ev_ u _a`�b<efn?{�x+b X � HK j1� b:evn}{�xdb6lmb6� \ jkh?b uf]��

` [�� {�_ u b:n uv[ lm_ \ e~{�` ] {�e~e [ x \�� ��b ] BR = {f ∈ HK , ‖ f ‖HR
≤ R} p � [ _ uN]v[ _ ] bd`}evbdg�©

hajkb�lab�n [�\ ` ] e S = (x1,x2, . . . ,xN ) { � b:x xi ∈ X � i = 1, . . . , N ���&b ] σ1, σ2, . . . , σN

_a`cbd`?efb:gihajkb-lmb N � { uv\ {�hajkb:e
lmb6¨�{�lmb:g�{8xzyab u
\ `}l � n?b:`}la{�` ] b:e:�ag [ ` ]vu b uow _ab

E sup
f∈BR

∣

∣

∣

∣

∣

N
∑

i=1

σif (xi)

∣

∣

∣

∣

∣

≤ R

√

√

√

√

N
∑

i=1

K (xi,xi).
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K _}`�` [�� {�_il �+� ` \ n [ e \�]v\�  ev_ u _a`ib<efn}{8x+b X � (HK , ‖ . ‖HK
) j0� b:evn}{�xdbWlmbo� \ jkh?b uf]� ` [�� {�_ u b:n u~[ la_ \ e~{�` ] {�e~e [ x \�� � λ > 0 ��b ] φ : R → R _a`ab   [ `?x ]v\k[ ` p § `«ev_anan [ evbw _ab

κ = sup
x∈X

K (x,x) < +∞,

b ]�[ `�` [�] b BR = {f ∈ HK , ‖ f ‖HR
≤ R} p § `�l �+� ` \^] ��n [ _ uH]v[ _ ] f ∈ H b ] x ∈ X �

Rφ(f, x) = φ (f (x)) + λ‖ f ‖2

HK�)rsq$r § ` l \�]�] yab φ b:e ]���\ n}e~xzy \^]�� e \M\ jHb	� \ e ] b L > 0
] bdj w _ab8�@n [ _ u�]v[ _ ] x, y ∈ R �

|φ (x) − φ (y) | ≤ L‖x − y ‖ p t [ ` ]vu b u�w _ab�l}{�`}e�x+b�xd{8ed� \ jMb
� \ e ] b�_a`}b�x [ `}e ] {�` ] b
C1

w _�� [ `5l �+] b u g \ `ab u { ] b:j�jkb w _ab��mn [ _ u
]~[ _ ] x ∈ X b ] f, g ∈ BR �
|Rφ (f, x) −Rφ (g, x) | ≤ C1‖ f − g ‖HK

.
�)r|��r § `-l \�]¢w _ab φ b:e ] x [ ` � b
�mb�e \ n [ _ u@]~[ _ ] u, v ∈ R b ] t ∈ [0, 1] � φ (tu+ (1 − t)v) ≤
tφ(u) + (1 − t)φ(v) p § `�ef_}nan [ efb w _}b φ b:e ] x [ ` � b	�mb6b ]�w _}bin [ _ u�]v[ _ ] x ∈ X � \ j
b
� \ e ] b fx ∈ H

w _ \ g \ ` \ g \ efb f 7→ Rφ(f, x) p g [ ` ]vu b u-w _�� \ jMb
� \ e ] b�_a`ab¤x [ `}e ] {�` ] b
C2 > 0

] b:j�jkb w _ab
ψ(f,x)

∆
= Rφ (f,x) −Rφ (fx,x) ≥ C2‖ f − fx ‖

2

HK
.

�)rk�)r Z&[ _}e
j�b<eoy � n [�] ya�<efb<eolmb:eolmb:_�� w _ab<e ]~\�[ `!n uv� x � labd` ] b<ed�mb:`5l � lm_ \ku b w _�� \ j@b
� \ e ] b
_a`abcx [ `}e ] {�` ] b C w _�� [ `�l �+] b u g \ `ab u { ] bdjkjkb w _ab8�3e \ X b<e ] _a`ab � { u~\ {�hajkb!{�j � { ]v[8\�u b
n u bd`}{�` ] evb:e � {�j�b:_ u e
la{�`}e X �

∀f ∈ H, Eψ (f,X)
2
≤ CEψ (f,X)
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∀x, y > 0, K1(x, y) =
min (x, y)

max(x, y)

∀x, y ∈ R, K2(x, y) =
1

2 − e−‖x−y ‖2

∀x, y ∈ R, K3(x, y) = max (0, 1 − |x− y|)
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