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An Optimization Framework for the Adaptive
Design of Robust Choice Questionnaires
Abstract
We propose a general framework for adaptively designing choice-based conjoint
questionnaires at the individual level. This framework uses complexity control
to improve the robustness of the conjoint designs to response error and links the
informativeness of conjoint questions to the Hessian of the loss function minimized
in partworth estimation. It formalizes and generalizes several methods recently
proposed both for questionnaire design and estimation. Simulations as well as an
online experiment suggest that it outperforms established benchmarks, especially
when response error is high.

Keywords: Choice Models, Marketing Research, Data Mining, Regression And Other
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1

Introduction

An important problem in marketing, and in particular in conjoint analysis, is the
design of questionnaires that can eﬀectively capture the preferences of individuals. This
can be approached by designing the conjoint questions adaptively, based on previous
information. Aggregate customization, for example, adapts the questions across respondents (Arora and Huber 2001; Huber and Zwerina 1996; Sandor and Wedel 2001). Other
methods perform the adaptation within respondents. The development of web-based
questionnaires has recently increased the interest in such adaptive methods, among practitioners as well as academics (Hauser, Tellis and Griﬃn, 2005). Two notable examples
are Adaptive Conjoint Analysis (Johnson 1987; Sawtooth Software 1996, 2002) and polyhedral methods (Toubia et al., 2003; Toubia et al., 2004). Note that only one of these
within-respondent methods (Toubia et al., 2004) deals with the increasingly popular format of choice based conjoint analysis.
As noted by Hauser and Toubia (2005), adaptive designs are by deﬁnition subject to
endogeneity, because the questions are inﬂuenced by the noise to the previous answers.
As a result, adaptive methods have been shown to be sensitive to response error. In
particular, while previously proposed adaptive methods tend to outperform non-adaptive
benchmarks when response error is low, they typically do not perform as well when
response error is high (see for example the simulations of Toubia et al., 2003 and Toubia
et al., 2004). This suggests the need for designs that retain the beneﬁts from adaptive
interviews while being robust to response error (i.e., less aﬀected by endogeneity).
3

In this paper we propose a general framework for constructing such designs. Robustness to response error is achieved by extending complexity control, used so far only for
estimation, to the design of questionnaires. Another contribution of this paper is to propose a link between the informativeness of conjoint questions and the Hessian of the loss
function minimized by the estimation procedure. This link also formalizes and generalizes
previously proposed heuristics such as the ones used in polyhedral methods (Toubia et
al., 2004).
Our approach is motivated by the well established ﬁeld of statistical learning theory
(Vapnik 1998), much like recently proposed conjoint estimation methods (Cui and Curry
2005; Evgeniou et al., 2005) and not unlike previous optimization approaches to conjoint
estimation (Srinivasan and Shocker 1973; Srinivasan 1998) (those methods were developed
only for the estimation of preference models from existing data and not for the design of
questionnaires).
The paper is organized as follows. We ﬁrst present the framework in Section 2. We
then test it using simulations (described in Section 3) and an online experiment (reported
in Section 4). Section 5 concludes and suggests areas for future research.

2

Adaptive Design of Robust Choice Questionnaires
Any conjoint analysis method can be viewed as being composed of two key building

blocks:

1. A method for designing questionnaires;
4

2. A method for estimating the respondents’ partworths based on their responses to
the questionnaires.
For ease of exposition we will ﬁrst discuss (2) and then introduce our general framework for questionnaire design, which will be our main focus.

2.1

Notations

We make the standard assumption (Ben-Akiva and Lerman 1985; Srinivasan and Shocker
1973) of additive utility functions.2 We denote a proﬁle with a row vector x and an
individual’s partworths with a column vector w, such that his or her utility for a proﬁle
denoted by x is U(x) = x · w. For simplicity we ﬁrst consider binary choices, such that
question i consists of two alternatives {xi1 , xi2 }. We will later discuss the generalization
to non-binary choices. Our goal is to adaptively design the (n + 1)th question (pair of
proﬁles) for an individual using the information contained in his or her ﬁrst n choices.
Without loss of generality, we assume that in each question i the respondent chooses the
ﬁrst product xi1 .

2.2

Robust Estimation

A standard and traditional approach to estimation is to maximize some measure of ﬁt.
However this may lead to overﬁtting and the estimates may be sensitive to noise, especially
2

For simplicity we will not address interactions here, although an important advantage of our approach is that it allows an easy and computationally eﬃcient estimation of interactions, using the kernel
transformations introduced in the Support Vector Machines literature (Cortes and Vapnik 1995; Vapnik
1998; Cui and Curry 2005; Evgeniou et al., 2005).
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if they are based on limited data (e.g., few choices per respondent). Statistical learning
theory (Vapnik 1998) has addressed this issue by introducing the fundamental notion
that the estimates should reﬂect a trade oﬀ between maximizing ﬁt and minimizing
complexity. Complexity is typically deﬁned as deviation from a null model. The term
”complexity control” comes from the fact that this trade oﬀ essentially limits the set of
possible estimates, making this set less ”complex” (e.g., smaller). It has been established
(see for example Cui and Curry 2005; Evgeniou et al., 2005; Vapnik 1998) that complexity
control yields estimates that are more robust to noise. We extend the use of complexity
control to the adaptive design of choice experiments and show that similar robustness
results hold for question selection.
Before introducing our design method, let us ﬁrst describe our estimation paradigm in
more details. Given the answers to n choice questions {(x11 , x12 ), (x21 , x22 ), . . . , (xn1 , xn2 )},
where we assume that the ﬁrst alternative xi1 was always preferred, statistical learning
theory estimates the partworths w as the minimizer of a loss function of the following
general form:

minw V (w, {(xi1 , xi2 )}) + λΦ(w),

(1)

where V (w, {(xi1 , xi2 )}) measures the ﬁt and Φ controls (penalizes) the complexity of
the partworths. Diﬀerent speciﬁcations of V and Φ lead to diﬀerent special cases of
statistical learning theory methods. In this paper we adopt a speciﬁc formulation known
6

as Regularization Networks (RN) (Tikhonov and Arsenin, 1977; Vapnik, 1998; Evgeniou
et al., 2000). RN has the property that the corresponding loss function is convex and twice
diﬀerentiable, which will be essential to our questionnaire design approach. Moreover,
it leads to closed form solutions that are fast to compute.3 RN estimation solves the
following minimization problem:

minw Rn (w) =



(1 − (xi1 − xi2 ) · w)2 + λw2

(2)

i=1...n

With this formulation, ﬁt between the estimated utilities and the observed choices
is measured by



i=1...n [1

− (xi1 − xi2 ) · w]2 . The constant of 1 plays a scaling role for

w. More precisely, with this deﬁnition ﬁt is maximized if the choices are satisﬁed with
a margin as close as possible to 1. The second part of Equation (2), w2 , controls the
complexity of the partworth solution w. This formulation of complexity, which is by far
the most common in statistical learning theory (Vapnik 1998), was also adopted by Cui
and Curry (2005) and Evgeniou et al (2005). With this formulation complexity can be
viewed as deviation from a null model in which all the partworths are equal (w = 0).4
The parameter λ reﬂects the trade-oﬀ between ﬁt and complexity, and is typically set
by the researcher (we set it to

1
n

– see below). This parameter may also be chosen using

cross-validation or a validation set (Evgeniou et al., 2005; Vapnik 1998).
3

Cui and Curry (2005) and Evgeniou et al. (2005) used another special case of (1) known as Support
Vector Machines (SVM) (Cortes and Vapnik 1995; Vapnik 1998). Our framework does not apply to SVM
because that loss function is not twice diﬀerentiable. However, we note that RN estimation has been
shown to perform similarly to SVM estimation in many applications (e.g. Rifkin, 2004).
4
Note that complexity here does not carry any cognitive meaning. In Section 5 we propose that future
research may focus on the ”cognitive complexity” of the choice process.
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2.3

Robust Adaptive Questionnaire Design

We now extend the use of complexity control to the adaptive design of robust choicebased conjoint questionnaires. Our approach is based on the analysis of the eﬀect of a
new question on the estimate of the partworths.

2.3.1

Intuition

Let us assume that n questions have been asked thus far, and that the loss function Rn
given by Equation (2) is minimized by our estimate wn .5 Let us denote by zi = (xi1 −xi2 )
the diﬀerence (row) vector between the two proﬁles in question i. Notice that the loss
function Rn only depends on the zi ’s. Furthermore, if the product attributes were realvalued, we would only need to determine zn+1 in order to generate the next question (and
choose any two proﬁles such that zn+1 = (xn+1,1 − xn+1,2 )). We ﬁrst develop the intuition
for real-valued attributes and later discuss how to design proﬁles with discrete attribute
levels. In creating the next question, we consider two criteria:
1. Choose a direction for zn+1 along which the current loss function Rn (w) is as flat
as possible. The ﬂatness of the loss function is by deﬁnition given by its second
derivate matrix, the Hessian (see details in the next section). The rationale behind
our criterion is that the ﬂatness of the loss function may be interpreted as a measure
of uncertainty in the partworth estimates. For example, in the case of maximum
likelihood estimation, the Hessian of the loss function is asymptotically equal to the
5

Although we focus on the RN formulation in this paper, our approach can be applied to any loss
function (1) that is convex and twice diﬀerentiable with respect to w.
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inverse covariance matrix of the estimates (Newey and McFadden 1994).6 Asking a
new question along the ﬂattest direction of the loss function will have the highest
impact on the estimated utility function and will yield the greatest reduction in
partworth uncertainty. In that sense it will be most informative.
2. Utility balance. We attempt to create a question involving a set of products that
are as equally attractive as possible. In the case of binary choices, this implies:
xn+1,1 ·wn ≈ xn+1,2 ·wn , or more simply, zn+1 ·wn ≈ 0. Utility Balance is a common
criterion in the literature, and has been shown to increase the statistical eﬃciency
of choice designs (Arora and Huber 2001; Huber and Zwerina 1996; Toubia et al.,
2004; Kanninen 2002; Hauser and Toubia 2005).

2.3.2

Hessian-based question selection

Let us now formalize our two criteria. First, let us assume, as is the case with the
RN formulation of Equation (2), that Rn (w) is strictly convex and twice diﬀerentiable.
Formally, the estimated utility vector is the only point wn that satisﬁes:

∇Rn (wn ) = 0.
6

Although it is beyond the scope of this paper, a link can be made between RN and maximum
likelihood estimation. See Evgeniou et al. (2000) for details.
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Where ∇ is the gradient operator. Around that minimum, the “ﬂatness” (or convexity)
of Rn is given by its second derivative matrix (Hessian):
 2 
∂ 2 Rn
.
∇ Rn i,j :=
∂wi ∂wj
More precisely, the convexity along a direction z is given by z∇2 Rn z .
In order to ﬁnd the direction of smallest convexity (criterion 1) orthogonal to wn
(criterion 2), we therefore solve the following optimization problem:

minz

z∇2 Rn (wn ) z

(3)

Subject to
zwn = 0,
zz = 1,

where zz = 1 is a scaling constraint. After projecting the Hessian matrix onto the
hyperplane orthogonal to wn by the equation:


wn wn
Bn := Ip − 
∇2 Rn (wn ) ,
wn wn

(4)

where p is the dimensionality of wn and Ip is the p × p identity matrix, this problem
reduces to ﬁnding the eigenvector ẑn+1 associated with the smallest positive eigenvalue
of Bn .
Thus stated, this strategy is very general and can be applied to any estimation pro10

cedure of the form (1) as long as V and Φ are such that the loss function is convex and
twice diﬀerentiable. For Regularization networks (RN) deﬁned in Equation (2), it can be
shown (see Appendix A) that the estimate wn after n questions is
−1 

Zn 1n ,
wn = Zn Zn + λIp

(5)

where 1n is a vector of 1’s and Zn is the design matrix after n questions (the ith row of
Zn is Zni = (xi1 − xi2 )). The next question is designed using the eigenvector associated
with the smallest positive eigenvalue of:



wn wn  
Ip − 
Zn Zn + λIp ,
wn wn

(6)

In summary, when coupled with RN estimation, the proposed conjoint analysis method
consists of the following two steps at each iteration n:
1. Step 1: Compute the estimate of the partworths given by Equation (5)
2. Step 2: The next question (diﬀerence vector zn+1 ) is deﬁned by the eigenvector
associated with the smallest positive eigenvalue of the matrix given by Equation
(6).
Note that all the expressions are in closed form and only require the inversion of
a matrix of size equal to the number of partworths. Hence this method is very fast
computationally.
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2.4

Practical Issues

Before proceeding to the validation of the method, we brieﬂy discuss some practical
implementation issues:
• Designing the first question: Before the ﬁrst question, most of the positive
eigenvalues of the Hessian are equal, i.e., there are many “smallest positive eigenvalues”. As in previous work (e.g., Toubia et al., 2004) we design the ﬁrst question
randomly.
• Designing questions with more than 2 profiles: When more than two proﬁles
per question are needed we consider not only the smallest positive eigenvalue of the
Hessian (4) but also the second smallest, third, etc. We illustrate in Appendix B
the case of 4 proﬁles per question.
• Choosing the parameter λ in (1): As discussed above (see also Vapnik 1998),
the “trade oﬀ” parameter λ in (1) is often chosen in practice using a small validation
set or using cross-validation. While this is feasible ex post when estimating the
partworths, this is not feasible ex ante when designing questions. In this paper
we set λ to

1
,
n

where n is the number of questions. This formulation addresses

the concern that λ should decrease as the amount of data increases (Vapnik 1998).
We leave other methods for determining λ (e.g., using data from another group of
individuals) to future research.
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• Designing profiles with finite attribute levels: The approach outlined above
generates a continuous diﬀerence vector zn+1 . In most cases, however, attribute
levels are discrete and it is not possible to ﬁnd two proﬁles such that zn+1 =
(xn+1,1 − xn+1,2 ). We address this issue using the Knapsack problem proposed by
Toubia et al. (2004). See Appendix B for more details.
• Adding extra constraints: Additional information about the utility vectors can
be captured using virtual examples as discussed by Evgeniou et al. (2005). We note
that there exists a large literature on the use of constraints in statistical learning
theory methods (see for example Scholkopf et al., 1996).

2.5

Polyhedral estimation as a limit case

We show in Appendix C that the polyhedral estimation method of Toubia et al. (2004)
can actually be written as a limit case of Equation (1) in which the weight on ﬁt goes
to +∞. With an inﬁnite weight on ﬁt, estimation becomes a 2-stage procedure in which
ﬁt is maximized in the ﬁrst step and complexity is minimized in the second step. In
other words, maximizing ﬁt is imposed as a constraint and the ﬁnal estimate is the least
complex vector among those that maximize ﬁt. Therefore, a proper trade oﬀ between ﬁt
and complexity control is not achieved, leading to higher sensitivity to response error.
Toubia et al. (2004)’s question selection method also selects a direction of largest
uncertainty (see Appendix C for a detailed comparison of the two methods). However, in
their case the sensitivity of analytic center estimation to response error also carries over
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to polyhedral question selection (as will be conﬁrmed by our experiments).

3

3.1

Simulations

Simulation Design

We ﬁrst tested our approach using Monte Carlo simulations (Carmone and Jain, 1978;
Andrews et al., 2002). We compared the performance of the following 4 types of conjoint
designs (2 adaptive and 2 non-adaptive) under diﬀerent levels of noise and heterogeneity:
• An orthogonal design
• An aggregate customized design (Arora and Huber 2001; Huber and Zwerina 1996;
Sandor and Wedel 2001)
• An adaptive questionnaire designed using the polyhedral method (POLY) of Toubia
et al. (2004)
• An adaptive RN-based questionnaire designed using the method proposed in this
paper.
We used the increasingly standard simulation setup introduced by Arora and Huber
(2001) and used among others by Toubia et al. (2003), Toubia et al. (2004), and Evgeniou
et al. (2005). Our 2 × 2 × 4 × 3 design allowed for two levels of response accuracy and two
levels of respondent heterogeneity. In each response accuracy × heterogeneity subdesign,

14

each question selection method listed above was estimated using 3 diﬀerent estimation
methods:
• The Analytic Center estimation (AC) method of Toubia et al. (2004)
• RN estimation (see Equation (2))
• Hierarchical Bayes estimation (HB)
In order to ensure complete orthogonal and aggregate customization designs, we followed Arora and Huber (2001) and used 16 choice questions, each containing 4 alternatives
deﬁned by 4 features with 4 levels each. In each response accuracy × heterogeneity subdesign, we generated 5 sets of 100 respondents, with partworths drawn from a normal
distribution with mean (−β, − 13 β, 13 β, β) for each attribute, and with variance σβ2 . The
parameter β is a magnitude parameter that controls response accuracy, and was set to
0.5 and 2 in the low-accuracy and high-accuracy cells respectively. The parameter σβ2
controls heterogeneity and was set respectively to σβ2 = 0.5β and σβ2 = 2β in the low
and high heterogeneity cells.7 Each choice among 4 proﬁles was made according to the
logistic probabilities. Our performance metric was the Root Mean Square Error (RMSE)
of the estimated partworths. Both estimated and true partworths were normalized before
computing the RMSE such that the partworths of each attribute summed to 0 and that
their absolute values summed to 1 (Toubia et al., 2004).
Note that the polyhedral method uses information about the lowest level for each
attribute both in question design and estimation. We used this information as well for
7

Those values were used in the published simulations mentioned above.
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the RN estimation and question selection methods, by using virtual examples (Evgeniou
et al., 2005). Evgeniou et al. (2005) also demonstrate that, in simulations, HB performs
better if, for each respondent, we constrain the HB estimates so that the partworth of the
lowest level of each feature is also the smallest partworth for that feature. Following them,
we re-draw the partworths from the Metropolis Hastings algorithm until they satisfy these
constraints. As in Arora and Huber (2001), aggregate customization was based on the
true mean of the population distribution. Relabeling and swapping were used to improve
utility balance.

3.2

Simulation Results

We summarize all the results in Table 1, where each row corresponds to a diﬀerent
questionnaire design method and each column to a diﬀerent estimation method. We
compare estimation methods ﬁrst and question selection methods second. This distinction
enables us to distinguish the eﬀect of complexity control on question selection (new to
this paper) from its eﬀect on estimation (studied in previous research).

3.2.1

Estimation

Our results conﬁrm previous ﬁndings (Evgeniou et al., 2005; Toubia et al., 2004) that
hierarchical Bayes performs very well in simulations in which its assumptions are satisﬁed
(logistic choice probabilities, normally distributed partworths). In our case, HB provides
the (signiﬁcantly) lowest RMSE in all 4 Magnitude × Heterogeneity cells. In turn, RN

16

performs better than the other individual level estimation method, AC. Out of the 16
Magnitude × Heterogeneity × Question selection method cells, RN is signiﬁcantly better
(at the p < 0.05 level) in 11, tied in 2 and signiﬁcantly worse in 3.8

3.2.2

Question Design

The more relevant comparisons for this paper are the comparisons between question
selection methods. The results suggest that the RN-based method is the best overall: it
is signiﬁcantly best or tied with best in 8 of 12 Magnitude × Heterogeneity × Estimation
method cells, and best or tied with best in 3 of the 4 Magnitude × Heterogeneity cells.
We have argued that one of the main contributions of our approach is to produce
adaptive conjoint designs that are robust to response error. Two types of comparisons
are possible in order to test this claim. Comparing RN to the other adaptive method
(POLY) allows us to evaluate whether RN designs are more robust to noise than other
adaptive designs that do not control for complexity. Comparing RN to the non-adaptive
methods also allows us to evaluate conditions under which the beneﬁts from robust adaptive questionnaires overweight endogeneity issues.
Let us start with the ﬁrst comparison. RN is signiﬁcantly better than POLY in 10,
tied in 1 and signiﬁcantly worse in 1 of the 12 Magnitude × Heterogeneity × Estimation
method cells. More importantly, RN is signiﬁcantly better than POLY in all 6 low
magnitude (high response error) cells, irrespective of whether the estimation method uses
complexity control. For example, using HB estimation (the best estimation method), RN
8

Note that these signiﬁcance tests are not reported in Table 1.
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performs on average 11.9% better than POLY in the high-response-error conditions, while
it performs only 2.9% better on average in the low-response-error conditions. Using the
vocabulary of Toubia et al. (2004), once a wrong answer is given POLY will be searching
for an estimate in the wrong half-space, i.e., the “true” utility vector will be “left” on the
other side of the hyperplane deﬁned by the wrongly answered question. This phenomenon
is an illustration of the dependence of adaptive questions on the noise to previous answers
(i.e., endogeneity) which characterizes all adaptive methods (Hauser and Toubia 2005).
Our simulations conﬁrm that in the case of POLY, this phenomenon is exacerbated when
response error is higher. On the other hand, the presence of a complexity control in
the RN loss function attenuates this dependence, giving rise to high performing designs
even if response error is high. To draw an analogy with POLY, with RN-based adaptive
questions the choice of a solution space in which to search for an estimate is not only
driven by the answers to the previous questions, but also by the complexity of the space.
We ﬁnally compare RN to the non-adaptive benchmarks (orthogonal and customized
designs). In the high magnitude conditions, RN (as well as POLY - hence both adaptive designs) systematically outperforms both non-adaptive benchmarks, conﬁrming the
attractiveness of adaptive methods when response error is low, established in previous
simulations (e.g., Toubia et al., 2004). The more interesting comparisons are when response error is high (low magnitude). RN-based questionnaires perform better than both
non-adaptive methods in 3 of the 6 low magnitude × Heterogeneity × Estimation method
cells and 1 of 2 low magnitude × Heterogeneity cells. This suggests that with robust adap-
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tive designs, the beneﬁts from adaptive questionnaires can overweight endogeneity issues
even when response error is high.

– Insert Table 1 about here –

4

4.1

An Online Experiment

Experimental Design

We next tested the proposed framework using an online experiment. The sets of question selection methods and estimation methods tested in this experiment were the same
as those tested in the simulations (question selection methods: Orthogonal design, Aggregate customization,9 POLY, and RN; estimation methods: AC, RN and HB). 500
respondents from an online panel were randomly assigned to one of the four questionselection-method conditions, resulting in 125 respondents per condition. Each respondent completed a 16 question design obtained by the corresponding method, followed
by 4 randomly designed holdouts (the transition from the questionnaire to the holdouts
was seamless), a ﬁller task (a questionnaire on the compromise eﬀect), and an external
validity ranking task. In this last task the respondents were asked to rank 6 proﬁles,
randomly selected from a 16 proﬁle orthogonal design (diﬀerent from the one used for the
questionnaire). See Figure 1 for example screenshots from the experiment. The product
9

The prior used by aggregate customization was obtained from a pretest involving 50 students from
a large west coast university.
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chosen for this experiment was digital cameras. We focused on 5 features with 4 levels
each: Price ($500, $400, $300, $200), Resolution (2, 3, 4, or 5 Megapixels), Battery Life
(150, 300, 450, or 600 pictures), Optical Zoom (2x, 3x, 4x, 5x), and Camera Size (SLR,
Medium, Pocket, Ultra compact). The features were introduced and described to the
respondents before the questionnaire.10 Each choice question comprised 4 alternatives.
Like in the simulations, we estimated each design with each estimation method, and
compare estimation methods ﬁrst and question design methods second.

– Insert Figure 1 about here –

4.2

Experimental Results

We measured performance using the following 3 metrics:
1. The average number of holdouts (out of 4) correctly predicted (”Holdout hit rate”)
2. The proportion of ﬁrst choices correctly predicted in the external validity task
(”Choice hit rate”)
3. The correlation between predicted and observed rankings in the external validity
task (”Choice correlation”)
10

It was assumed that the ﬁrst level of each attribute was the least preferred, hence there was no need
for self-explicated questions.
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4.2.1

Estimation

The experiment conﬁrmed the superiority of HB as an estimation method. See Table 3
in Appendix D for a summary of the results when the estimation is done using all 16
questions. The average HB performance across question selection methods is signiﬁcantly
higher than the average AC and RN performances, for all three performance metrics (pvalues < 0.05).

4.2.2

Question Design

Given our sample size, considering only the estimates after 16 questions does not yield
enough observations to discriminate statistically between question selection methods.
An alternative approach, yielding a higher statistical power, was introduced by Toubia et
al. (2003). It consists in pooling the performance measures calculated after intermediate
questions (we used questions 3 to 16) in order to increase the total number of observations.
For example, while the orthogonal design performs (non-signiﬁcantly) best on all three
metrics after 16 questions, it performs best only in 10 of the 14×3=42 resulting question
number × performance metric combinations. In order to capture persistent trends in
performance diﬀerences, we followed Toubia et al. (2003) and estimated the following
model for choice correlation:11
11

Unlike Toubia et al. (2003), we did not include the performance of an equal weights model in our
speciﬁcation, because 15 out of the 16 proﬁles used in the external validity task achieved the same utility
based on such a model. We tried other controls such as the total time taken to complete the questionnaire,
or the correlation between the ﬁnal ranking and 1,2,3,4,5,6. The parameter estimates corresponding
to those controls were in the expected direction (longer time lead to higher performance, and higher
correlation with 1,2,3,4,5,6 to lower performance), and the controls did not change the comparisons
across question selection methods.
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Correlationrq =

16


αq Questionq +

q=3

3


βm QMethodm + rq

(7)

m=1

where r indexes the respondents, q indexes the questions, and Question and QMethod
refer to dummy variables capturing the question number and the question design method
eﬀects. Given the consistent superiority of HB, Equation (7) was based on the HB
estimates.
We estimated Equation (7) using OLS. We used similar model speciﬁcations for the
holdout hit rates and the choice hit rates, estimated using ordinal regression and logistic
regression respectively. The comparisons across question selection methods are summarized in Table 2, where ”>” denotes a signiﬁcant diﬀerence at the p < 0.05 level, and ≈
denotes no signiﬁcant diﬀerence.
Table 2 indicates that RN is the only question selection method that is best or nonsigniﬁcantly diﬀerent from best under all 3 performance metrics. It is interesting to note
that the comparisons of question selection methods depend upon the performance metric
used. One possible explanation may be that respondents adapt their choice heuristics and
preference structures as a function of the validation task (e.g., holdout versus external
validity or choice versus ranking), and that these diﬀerent underlying choice processes
have varying levels of congruency with the linear partworths obtained by the diﬀerent
question selection methods (Payne, Bettman, and Johnson 1988, 1993; Bettman, Luce
and Payne 1998). We leave a deeper understanding of the inﬂuence of the validation task
22

on conjoint comparisons to future research. Such research may also investigate to what
extent the performance of the RN-based method is driven by the fact that its designs are
more robust not only to response error, but also to noise coming from misspeciﬁcations
of the assumed linear model.
– Insert Table 2 about here –

5

Conclusions

We have proposed a general framework for designing robust adaptive choice-based conjoint
questionnaires. We showed that complexity control, previously used only for estimation,
can also be used to produce designs that are less aﬀected by response error and endogeneity, which can then be estimated using any established method such as HB. Another
contribution of this paper is to propose a link between the informativeness of choice questions and the Hessian of the loss function minimized in estimation. This link formalizes
and generalizes previous heuristics for adaptive questionnaire design.
Both simulations and an online experiment suggest that the proposed method performs well compared to established benchmarks, and conﬁrm that its main advantage lies
in its integrated treatment of response error.
Various research questions can be explored in the future. On the more technical side,
one could explore ways of better tuning the parameter λ adaptively as respondents answer
questions. Another exciting area for future research is the generalization of the framework
to non-compensatory processes (Allenby and Gilbride 2004; Yee et al., 2005; Kohli and
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Jedidi 2005). The loss function in Equation (1) could be generalized to include the
”cognitive” complexity of the choice process. Indeed, a fundamental premise of the work
of Vapnik (1998), Cui and Curry (2005), and Evgeniou et al. (2005) is that constraints
(e.g., in the forms of penalties) on the partworths (such as the complexity control w2)
lead to estimates that are more accurate and robust to noise. Further constraints (e.g.,
other complexity controls), based on prior knowledge about how people make choices,
may further improve performance.
We close by recognizing other research in the area of robust questionnaire design,
which was conducted in parallel with the present research. Toubia, Hauser and Garcia
(2005) proposed a non-deterministic generalization of the polyhedral method of Toubia
et al. (2004). Their approach captures response error by using mixtures of polyhedra to
represent posterior beliefs on the partworths.
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Magnitude
High

Heterogeneity
Low

Low

Low

High

High

Low

High

Design
Orthogonal
Customized
Polyhedral
RN
Orthogonal
Customized
Polyhedral
RN
Orthogonal
Customized
Polyhedral
RN
Orthogonal
Customized
Polyhedral
RN

AC estimation
0.731
0.641
0.474
0.475
0.801
0.886
0.972
0.879
0.784
0.647
0.406
0.413
0.757
0.933
0.831
0.776

RN estimation
0.779
0.601
0.435
0.428
0.889
0.914
0.847
0.811
0.765
0.529
0.411
0.383
0.835
0.844
0.739
0.716

HB estimation
0.506
0.394
0.388
0.376
0.765
0.877
0.894
0.780
0.559
0.362
0.334
0.325
0.692
0.796
0.746
0.664

Table 1: Simulation results (RMSE). Bold number indicate best or not signiﬁcantly
diﬀerent from best at p < 0.05 for each (magnitude × heterogeneity × estimation method)
combination.
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Performance Metric

Comparison

Holdout Hit Rate

POLY ≈ RN > Agg. Cust. ≈ Orthogonal

Choice hit rate

Agg. Cust. ≈ RN > Orthogonal ≈ POLY

Choice correlation

Orthogonal ≈ RN ≈ Agg. Cust. > POLY

Table 2: Comparison of the question selection methods. ”≈” indicates that the regression
coeﬃcients are not signiﬁcantly diﬀerent at the p <0.05 level, ”>” indicates that they
are.
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Figure 1: Example Screenshots from the Online Experiment. Left: choice-based questions. Right: External validity ranking task.
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Appendices
A

RN-Based Questionnaire Design

Regularization networks (RN) are deﬁned as:

Rn (w) =

n


(1 − (xi1 − xi2 ) · w)2 + λw w.

i=1

Simple linear algebra shows that Rn and its derivatives can be written in matrix form
as follows:



Rn (w) = w Zn Zn + λIp w − w Zn 1n − 1
n Zn w + 1n 1n ,


∇Rn (w) = 2 Zn Zn + λIp w − 2Zn 1n ,

(8)



∇2 Rn (w) = 2 Zn Zn + λIp ,
where Zn is the design matrix with rows Zni = (xi1 − xi2 ) and 1n is a vector of n 1’s.
This implies that the partworth estimate after n questions is given by:

−1 
wn = Zn Zn + λIp
Zn 1n ,

and that the direction selected to form the next question corresponds to the eigenvector
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associated with the smallest positive eigenvalue of the matrix:



wn wn  
Zn Zn + λIp
Ip − 
wn wn

B

Designing Profiles with Discrete Features

We follow the approach of Toubia et al. (2004) which we brieﬂy review here. In particular,
to create 4 binary products for a question as done in the experiments, we start from
the 2 diﬀerence vectors, v1 and v2 – corresponding to the smallest and second smallest
eigenvalue of the Hessian matrix (4) scaled so that they have square norms of 1 – and our
estimate w, and we ﬁnd a quadrilateral with center w and four corners c1 = w + α1 v1 ,
c2 = w − β1 v1 , c3 = w + α2 v2 , c4 = w − β2 v2 . The α’s and β  s are chosen as the
maximum positive real numbers for which the corners are consistent with the data points,
e.g., α1 = max{α : zi · (w + α1 v1 ) ≥ 0, ∀i}, where the zi ’s are the proﬁle diﬀerences from
the previous questions. We exclude data points which are misclassiﬁed by our estimate,
that is, for which zi · w < 0.
Having obtained {c1 , . . . , c4 }, we then ﬁnd a binary vector bi for each ci . To this
purpose we use a knapsack problem. We pick a random budget constraint M, and solve
the following problem for each i: maximize bi ·ci subject to the constraint that bi ·w ≤ M.
If all the resulting bi ’s are distinct, we use these vectors as our four proﬁles for the next
question. If they are not, we draw another M and repeat the procedure up to k times (in
our simulations and experiment k was set to 10, as in Toubia et al., 2004). If the proﬁles
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are still not distinct after k draws of M, we simply use the nondistinct set of bi ’s as our
question set.

C

Polyhedral Methods as a Limit Case

C.1

Polyhedral Estimation Method

Interestingly, Analytic Center (AC) estimation (Toubia et al., 2003; 2004) can be seen as
a limit case of the statistical learning theory approach.
AC estimation can be a viewed as a 2-stage procedure. The ﬁrst step consists in
maximizing ﬁt by solving the following problem:

δ  = max min {zi · w} ,
w

i

In the case in which the feasible space is non-empty, δ  is simply 0. The second stage
can be viewed as minimizing complexity. Indeed, as noted by Evgeniou et al. (2005),
ﬁnding the analytic center of a polyhedron is a version of complexity control. The exact
formulation is as follows:

min

w

−

n

i=1 ln (zi

· w + δ) −

p

Subject to
1p · w = 100,
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i=1

ln (wi )

(9)

This 2-stage procedure may be viewed as a limit case of the following 1-stage estimation procedure:

min

w,δ

1
δθ (δ)
λ

−

n

i=1

ln (zi · w + δ) −

p

i=1

ln (wi )

(10)

Subject to
1p · w = 100,

A positive value of λ would ensure a trade oﬀ between ﬁt and complexity with ﬁt measured
by δθ (δ) and complexity by −

n

i=1 ln (zi

· w + δ)−

p

i=1

ln (wi ). (Note that this problem

may not be solvable eﬃciently.) However when λ goes to 0, the relative weight on ﬁt goes
to +∞. The δ solution of (10) converges to δ  , and the w solution of (10) converges to
the solution of (9).

C.2

Polyhedral Questionnaire Design

When designing questions, Toubia et al (2004)’s polyhedral method is such that the
space of partworths solutions is always feasible – the estimated partworths ﬁt all previous
responses and estimation is equivalent to (9) with δ  = 0. If we were to use the Hessianbased approach developed in this paper in conjunction with AC estimation, the Hessian
of (9) would be:

∇2 Rn = Zn (Dn )−2 Zn + Wn−2
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(11)

where Dn is the n×n diagonal matrix with entry Dn (i, i) = (xi1 −xi2 ) · wn , and Wn is the
p × p diagonal matrix with Wn (i) = wni (the ith element of wn ). The next question zn+1
would then be deﬁned by the eigenvector associated with the smallest positive eigenvalue
of:


wn wn
Ip − 
(Zn (Dn )−2 Zn + Zn−2 )
wn wn

(12)

Instead, Toubia et al (2004) use the eigenvector associated with the smallest positive
eigenvalue of:

Un−2 − Vn (Vn Vn )−1 Vn Un−2

(13)

where U is the (p + n) diagonal matrix [Wn 0p×n ; 0n×p Dn ] and Vn is the (n+ 1)×(p + n)
matrix [Xn − In ; 1p 0n ] where 1p is a row vector of p ones, 0n is a row vector of n zeros,
and 0p×n a (p×n) matrix of zeros. The matrices U and V incorporate slack variables that
enforce the scaling constraint 1p ·w = 100 as well as the positivity constraints imposed by
the choices. Geometrically, this eigenvector corresponds to the longest axis of an ellipsoid
that approximates the polyhedron deﬁned by: {w | Vn · w = [0n ; 100], w ≥ 0}. Utility
balance is achieved through the Knapsack problem that translates the real-valued longest
axes into binary proﬁle vectors.
We see that although the two question selection methods are not exactly equivalent,
they are similar in spirit. In particular, they both rely on the identiﬁcation of a ”high
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uncertainty” direction: longest axis versus ﬂattest direction of the loss function. In both
cases the optimal direction is deﬁned by the smallest positive eigenvector of a matrix
describing the space of partworth solutions.
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D

Results of the online experiment based on 16 questions

Design

Hold Out Hit Rate
AC RN
HB

Choice Hit Rate
AC
RN
HB

Choice Correlation
AC
RN
HB

Orthogonal

2.13 2.15

2.56

0.440 0.504 0.592

0.506 0.560 0.644

Customized

2.14 1.98

2.50

0.456 0.512 0.560

0.504 0.502 0.594

Polyhedral

2.21 2.17

2.50

0.440 0.440 0.520

0.484 0.495 0.551

RN

2.34 2.36

2.51

0.512 0.464 0.552

0.528 0.519 0.601

Table 3: Results of the online experiment based on 16 questions. 6 pairwise comparisons
of question selection methods are possible within each 9 performance metric × estimation
method column. Out of all possible comparisons, 2 are signiﬁcant: RN performs signiﬁcantly better than aggregate customization in the holdout hit rates × RN combination
(second column), and Orthogonal performs signiﬁcantly better than POLY in the choice
correlation × HB combination (last column).
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