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SIMULTANEOUS ANALYSIS OF LASSO AND DANTZIG
SELECTOR*

By PETER J. BICKEL , YA’ACOV RITOV AND ALEXANDRE TSYBAKOV

We exhibit an approximate equivalence between the Lasso es-
timator and Dantzig selector. For both methods we derive parallel
oracle inequalities for the prediction risk in the general nonparamet-
ric regression model, as well as bounds on the ¢, estimation loss for
1 < p < 2 in the linear model when the number of variables can be
much larger than the sample size.

1. Introduction. During the last few years a great deal of attention
has been focused on the /1 penalized least squares (Lasso) estimator of pa-
rameters in high-dimensional linear regression when the number of variables
can be much larger than the sample size [8-10, 15, 16, 18-20, 24, 25]. Quite
recently, Candes and Tao [7] have proposed a new estimate for such linear
models, the Dantzig selector, for which they establish optimal ¢5 rate proper-
ties under a sparsity scenario, i.e., when the number of non-zero components
of the true vector of parameters is small.

Lasso estimators have been also studied in the nonparametric regression
setup [2-5, 11, 12, 17]. In particular, Bunea et al. [2-5] obtain sparsity oracle
inequalities for the prediction loss in this context and point out the implica-
tions for minimax estimation in classical non-parametric regression settings,
as well as for the problem of aggregation of estimators. An analog of Lasso
for density estimation with similar properties (SPADES) is proposed in [6].
Modified versions of Lasso estimators (non-quadratic terms and /or penalties
slightly different from ¢;) for nonparametric regression with random design
are suggested and studied under prediction loss in [13, 23]. Sparsity oracle
inequalities for the Dantzig selector with random design are obtained in [14].
In linear fixed design regression, Meinshausen and Yu [16] establish a bound
on the #5 loss for the coefficients of Lasso which is quite different from the
bound on the same loss for the Dantzig selector proven in [7].
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2 BICKEL ET AL.

The main message of this paper is that under a sparsity scenario, the Lasso
and the Dantzig selector exhibit similar behavior, both for linear regression
and for nonparametric regression models, for ¢ prediction loss and for £,
loss in the coefficients for 1 < p < 2. All the results of the paper are non-
asymptotic.

Let us specialize to the case of linear regression with many covariates,
y = XB + W where X is the n x M deterministic design matrix, with M
possibly much larger than n, and W is a vector of i.i.d. standard normal
random variables. This is the situation considered most recently by Candes
and Tao [7] and Meinshausen and Yu [16]. Here sparsity specifies that the
high-dimensional vector 3 has coefficients that are mostly 0. Our key obser-
vation is that the deviations from the true regression function of the Dantzig
selector and of the Lasso estimate, with high probability lie in a region such
that the contribution to their ¢; loss from coordinates of 3 which vanish is
of the same order as the contribution from those which do not.

We develop general tools to study these two estimators in parallel. For
the fixed design Gaussian regression model we recover, as particular cases,
sparsity oracle inequalities for the Lasso, as in Bunea et al. [1], and ¢2 bounds
for the coefficients of Dantzig selector, as in Candes and Tao [7]. This is
obtained as a consequence of more general results, which include:

e Sparsity oracle inequalities for the Dantzig selector in the nonpara-
metric regression model under s prediction loss.

e Sparsity oracle inequalities for the Lasso in the nonparametric regres-
sion model under more general assumptions on the design matrix than
in [4].

e An approximate equivalence between Lasso and Dantzig selector in
nonparametric regression.

e We develop geometrical assumptions which are considerably weaker
than those of Candes and Tao [7] for the Dantzig selector and Bunea
et al. [1] for the Lasso. In the context of linear regression where the
number of variables is possibly much larger than the sample size these
assumptions imply the result of [7] for the f5 loss and generalize it to
£y loss, 1 < p < 2, and to prediction loss. Our bounds for the Lasso
differ from those for Dantzig selector only in numerical constants.

We begin, in the next section, by defining the Lasso and Dantzig procedures
and the notation. We then give some basic properties of the two procedures,
introducing notation and two important technical lemmas. In Section 3 we
develop our key geometric assumptions, and compare them to those of [7]
and [16] as well as to ones appearing in [1] and [5]. We note a weakness of
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LASSO AND DANTZIG SELECTOR 3

our assumptions, and hence also these of the authors we cited, and show
also a way of remedying them. Sections 4, 5 give the equivalence results and
sparsity oracle inequalities for the Lasso and Dantzig estimators in the gen-
eral nonparametric regression model. Section 6 focuses on linear regression
and includes a final discussion.

2. Basic properties of Lasso and Dantzig solutions. Let (Z3,Y7),
..., (Zn,Yy) be a sample of independent random pairs with

(21) Y;:f(Zl)—l-W@, 1=1,...,n,

where f : Z — R is an unknown regression function to be estimated, Z is
a Borel subset of R%, the Z;’s are fixed elements in Z and the regression
errors W; are Gaussian. Let Fa; = {f1,..., fm} be a finite dictionary of
functions f; : Z — R, j = 1,..., M. We assume throughout that M > 2.
Depending on the statistical targets, the dictionary Fj; can be of differ-
ent nature. For instance, it can be a collection of basis functions used to
approximate f in the nonparametric regression model. Another example is
related to the aggregation problem where the f; are estimators arising from
M different methods. They can also correspond to M different values of
the tuning parameter of the same method. Without much loss of generality,
these estimators f; are treated as fixed functions: the results are viewed as
being conditioned on the sample the f; are based on.

For any A = (A1,...,A\yr) € RM define f5(2) = 2, \;fj(2). The esti-
mates we consider are all of the form f;(-) where ) is data determined.

Let

M
M) =) Ipnz0y = [TV
j=1
denote the number of non-zero coordinates of A, where Iy} denotes the
indicator function, J(A) = {j € {1,...,M} : A\; #0}, and |J| denotes the
cardinality of J. The value M (\) characterizes the sparsity of the vector \:

the smaller M()\), the “sparser” A.
Introduce the residual sum of squares

S =Ly -z,
=1
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4 BICKEL ET AL.

for all A € RM . Define the Lasso solution A = (A1, ..., Ay) by

2.2 X:ar min
(22) gAeRM

R M
{S(A) +2ry HfanMj!} ;
j=1

where r > 0 is some tuning constant, and introduce the corresponding Lasso
estimator

M
(2.3) f(x) = f(x) =Y Aif(2).
j=1
Here and below || - ||, stands for the empirical norm:
1 & 9
lglln = | = D 9*(Z)
=

forany g: Z — R.

The criterion in (2.2) is convex in A, so that standard convex optimization
procedures can be used to compute X. We refer to [9, 18, 19, 22] for detailed
discussion of these optimization problems and fast algorithms.

For a vector A € RM and a subset J C {1,..., M} we denote by A the
vector in RM which has the same coordinates as A on J and zero coordinates
on the complement J¢ of J.

We also introduce the matrix X = (f;(Z;))ij, i=1,...,n,j=1,...,.M
and the vectorsy = (Y1,...,Y,) 1 f = (F(Z1),..., fF(Z )T, W = (W4, ..., W,)T.
We will write |z, for the £, norm of z € RM 1 < p < o0.

With this notation,

y=f+W.
The Dantzig estimator of the regression function f is defined by
~ M o~
(2.4) fo(z) =5 (2) = >_Nipfi(2).
j=1
where XD = (XLD, e XMJ)) is the Dantzig selector, i.e., a solution of the

minimization problem
S . Y2y,
(2.5) Ap =argmini|Al: =D /X (y—XN)| <r
n 00
with some r > 0 and the diagonal matrix
D = diag{| All7, -, | farll7}-
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LASSO AND DANTZIG SELECTOR 5

Here and below we suppose that || f;|l, #0, j=1,..., M. Set

fmax: 12}%&”11]”7“ fmin = 1£1§DM”fan
The Dantzig selector is computationally feasible, since it reduces to a linear
programming problem [7].

It is easy to see that the Lasso solution obeys the Dantzig constraint.
In fact, the necessary and sufficient condition of the minimum in (2.2) is
that 0 belongs to the subgradient of the convex function A +— n~lly —
XA|2+2r|DY/2)|1. This implies that the Lasso selector A satisfies the Dantzig
constraint:

(2.6) ‘lD_l/QXT(y ~xN| <

n ’oo
Therefore, by the definition of Dantzig selector, we have [Aply < [Alr.
We conclude this section with two lemmata, whose proofs are given in the
appendix.

LEMMA 1. Let W; be independent N (0, 0?) random variables with o® > 0
and let f be the Lasso estimator defined by (2.3) with

r= Ao logM’
n

for some A > 2v/2. Then for all M > 2, n > 1, with probability of at least
1— MY4%/8 we have simultaneously for all A € RM :

M
1F = FI5 47 Y 1 fillnls = Al
j=1

(2.7) < A= Flh+4r D0 (1fllalAy = Al
JEJ(N)
< f = SI2+ M) Y IHIR - Al
JEJ(N)
and
1 T -~
(2.8) \ﬁx (F = XN)| <3 frnae/2,
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6 BICKEL ET AL.

Furthermore, with the same probability
(29) M(3) < Abmax i (IF = £I2/7?)

where ¢max denotes the maximal eigenvalue of the matriz X T X /n.

LEMMA 2. Let A € RM satisfy the Dantzig constraint
1
(2.10) =D 2xT(y - xN)| <7
n 00

and set A = Ap — X, Jo = J(A). Then
(2.11) [AJelt < A

Further, let the assumptions of Lemma 1 be satisfied with A > \/2. Then for
all M > 2, n > 1 with probability of at least 1 — M=4%/2 e have

1 -
(2.12) —XT(E = X3p)| < 2rfuna.

3. Restricted eigenvalue assumptions. For any n > 1, M > 2,
consider the Gram matrix

vy (AN p oz
V.= XTX = (n > () <zz>)

1<j,3'<M

We now introduce the key assumptions on the Gram matrix that are needed
to guarantee nice statistical properties of Lasso and Dantzig selector. Under
the sparsity scenario we are typically interested in the case where M > n,
and even M > n. Then the matrix ¥, is degenerate, which can be written

as
, (AT, A)1/2 , XAl
min —_— = min —— = 0.
AERM:A£0 |Al2 AcrM: A0 /n|Alp
Clearly, ordinary least squares does not work in this case, since it requires
positive definiteness of ¥,,, i.e.

XA
(3.1) min XA

—F > 0.
AcrRM:Az0 /n|Alz
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LASSO AND DANTZIG SELECTOR 7

It turns out that the Lasso and Dantzig selector require much weaker as-
sumptions: the minimum in (3.1) can be replaced by the minimum over a
restricted set of vectors, and the norm |A|y in the denominator of the con-
dition can be replaced by the ¢ norm of only a part of A. The resulting
conditions will be referred to as restricted eigenvalue (RE) assumptions.

Our first RE assumption is stated as follows, where s is an integer such
that 1 < s < M, and ¢ is a positive number:

Assumption RE(s, ¢):

1>

. . | XAl
min min

— = > 0.
ToC{L s MELISs A0 A ey <eol A gy s VA g2

K(s,co)

The integer s here plays the role of an upper bound on the sparsity M (\)
of a vector of coefficients A. We will usually interpret Jy as the set of non-
zero coefficients of A\. To explain the role of the constant ¢y, we may note
that the vector of Dantzig residuals A satisfies [Aje[1 < co|Ayy[1 with
co = 1, cf. (2.11). Similar inequality holds for the vector of Lasso residuals
A = X — ), but this time with ¢y = 3, and with probability 1 — M1-4%/8,
in the particular case of Lemma 1 where ) is such that ||fy — f||, = 0 and
1l =1 (k. (2.7)).

To introduce the second assumption we need some more notation. For
integers s, m such that 1 < s < M/2 and m > s, s+ m < M, for a vector
A € RM and a set of indices Jy C {1,..., M} with |Jo| < s, denote by
J1 the subset of {1,..., M} corresponding to m largest in absolute value

coordinates of A outside of Jy and define Jy; = Jo U Jq.

Assumption RE(s, m, ¢p):

(1>

| XAl

min min — > 0.
J()Q{].,...,M}:|J()|SS A#0:|AJOC‘1§CO|AJ0‘1 \/ﬁ|AJ01|2

k(s,m, co)

Note that Assumption RE(s, cg) is less restrictive than RE(s, m, cp).
For our bounds on the prediction loss and on the ¢; loss of the Lasso and
Dantzig estimators we will only need Assumption RE(s, ¢p). The stronger
Assumption RE(s, m, ¢y) will be required exclusively for the bounds on the
¢y loss with 1 < p < 2.

Note also that Assumptions RE(s’, ¢g) and RE(s’, m, ¢g) imply Assump-
tions RE(s, ¢p) and RE(s, m, ¢y) respectively if s’ > s.
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8 BICKEL ET AL.

Assumptions RE(s, ¢y) and RE(s, m, ¢g) are implied by several simple
sufficient conditions. We now consider some of them.

For a real number 1 < u < M we introduce the following “restricted”
eigenvalues:

21U, x 21U, ¢

®min (’LL) = ) ¢max(u)

min 2 = max 2
eRM:1<M(z)<u  |x|5 T€RM:1<M(z)<u  |z|5

Denote by X the n x |J| submatrix of X obtained by removing from X the
columns that do not correspond to the indices in J, and for 1 < m,m’ < M
introduce the “restricted” correlations

1
em,m’ = max { ﬁc?;X;XJ/CJ/ : JﬂJl = @, ’J’ < m, ‘Jl| < m', ‘CJ’Q < 1, ’CJ/|2 < 1}

where ¢y e RVI, ¢y € R
A sufficient condition for RE(s, ¢y) and RE(s, m, ¢y) with m = s to hold
is given, for example, by the following assumption on the Gram matrix.

Assumption 1. Assume

¢min(25) > 6005,25
for some integer 1 < s < M/2 and a constant cy > 0.

This condition with ¢g = 1 appeared in [7], in connection with the Dantzig
selector. Assumption 1 is more general: we can have here an arbitrary con-
stant ¢y > 0 which will allow us to cover not only the Dantzig selector but
also the Lasso estimators, and to prove oracle inequalities for the prediction
loss when the model is nonparametric.

Our second sufficient condition for RE(s, ¢p) and RE(s, m, ¢p) does not
need bounds on correlations. Only bounds on the minimal and maximal
eigenvalues of “small” submatrices of the Gram matrix ¥,, are involved.

Assumption 2. Assume

m¢min(5 + m) > 005¢max(m)

for some integers s,m such that 1 < s < M/2, m > s, and s+m < M, and
a constat cy > 0.

Assumption 2 can be viewed as a weakening of the condition on ¢u;, in
[16]. Indeed, taking s + m = slogn (we admit w.l.o.g. that slogn is an
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LASSO AND DANTZIG SELECTOR 9

integer and n > 3) and assuming that ¢pax(-) is uniformly bounded by a
constant we get that Assumption 2 is equivalent to

(3.2) Gmin(slogn) > ¢/logn

where ¢ > 0 is a constant. The corresponding slightly stronger assumption
in [10] is stated in asymptotic form (for s = s, — 00):

limninf Gmin(sn logn) > 0.

The following two constants are useful when Assumptions 1 and 2 are
considered:

05 S
K1(8,c0) = \/ Pmin(25) <1 - qgcrnoini(’;ﬂ )

and

5 Gmax(m) ) |

K2(8,m, o) = \/Pmin(s +m) (1 —Co m

The next lemma shows that if Assumptions 1 or 2 are satisfied, then the
quadratic form 7 U,z is positive definite on some restricted sets of vectors
x. The construction of the lemma is inspired by Candes and Tao [7] and
covers, in particular, the corresponding result in [7].

LEMMA 3. Fiz an integer 1 < s < M/2 and a constant cy > 0.

(i) Let Assumption 1 be satisfied. Then Assumptions RE(s, ¢o) and RE(s,
s, ¢o) hold with k(s,co) = K(s,s,¢co) = Ki1(s,co). Moreover, for any subset
Jo of {1,..., M} with cardinality |Jo| < s, and any A € RM such that

(3.3) [A gl < oAyt
we have
1
(3.4) —|Po1 XAl2 > Kki(s,¢0)| Ao, |2

N

where Pyy is the projector in RM on the linear span of the columns of X j,, .

(7i) Let Assumption 2 be satisfied. Then Assumptions RE(s,cy) and RE(s,m,co)
hold with k(s,co) = Kk(s,m,co) = Ka(s,m,co). Moreover, for any subset Jy
of {1,..., M} with cardinality |Jo| < s, and any A € RM such that (5.3)
holds we have

1
(35) %‘POIXA‘Q Z KZQ(S:m:CO)‘AJOIb‘

imsart-aos ver. 2007/02/20 file: BRT_LassoDan7.tex date: August 23, 2007



10 BICKEL ET AL.

There exist other sufficient conditions for Assumptions RE(s,cy) and RE(s,m,cq)
to hold. We mention here two of them implying Assumption RE(s,cp). The
first one is the following [1].

Assumption 3. For an integer s such that 1 < s < M we have

Pmin(s) > 2¢obs1V/s

where ¢y > 0 is a constant.

To argue that Assumption 3 implies RE(s,cp) it suffices to remark that
1 1 2
(3.6) E|XA|% > ;AQXE;XJOAJO - ;|A§0X£)XJ5AJ5|
2
> ¢min(s)‘AJ0|g - E‘AgoX%XJSAJ§|

and, if (3.3) holds,

AL X7 XgeAyel/n < |Aych %@%\A%X%X(jﬂ/n
0
< OsalAgchi|Al
< cobls1Vs|A 3.

Another type of assumption related to “mutual coherence” [8] is discussed
in the connection to Lasso in [, 5]. We state it here in a slightly different
form.

Assumption 4. For an integer s such that 1 < s < M we have
(37) ¢min(3) > 26091718

where cg > 0 is a constant.

It is easy to see that Assumption 4 implies RE(s,c). Indeed, if (3.3) holds,

1 1
(3.8) E!XA@ gAﬁJXfOXJOAJO —2011|Aye|1|A 1

Smin(5)| A, |3 — 2c001,1| A gy |1
(dmin(5) — 2c001,15)| A g, 3.
If all the diagonal elements of matrix X7 X /n are equal to 1 (and thus 6; ;
coincides with the mutual coherence [8]), a simple sufficient condition for
Assumption RE(s,cp) to hold is given by

1
(14 2cq)s

AV VARV,

(39) 91,1 <
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LASSO AND DANTZIG SELECTOR 11

In fact, separating the diagonal and off-diagonal terms of the quadratic form
we get

AL X XjgAgy/n > | A g3 — 011 A gl > [Ag[3(1 = 0115).

Combining this inequality with (3.8) we see that Assumption RE(s,cp) is
satisfied whenever (3.9) holds.

Unfortunately, Assumption RE(s,cp) has some weakness. Let, for example,
fi» 3 =1,...,2™ — 1, be the Haar wavelet basis on [0,1] (M = 2™) and
consider Z; =i/n,i=1,...,n. If M > n, it is clear that ¢mnin(1) = 0 since
there are functions f; on the highest resolution level whose supports (of
length M ~1!) contain no points Z;. So, none of the Assumptions 1 — 4 holds.
Intuitively, the problem arises only because we include very high resolution
components. Therefore, we may try to restrict the set Jy in RE(s,co) to
low resolution components, which is quite reasonable because the “true” or
“interesting” vectors of parameters A are often characterized by such Jj.
This idea is formalized in Section 5, cf. Corollary 1, see also a remark after
Theorem 6.2 in Section 6.

4. Approximate equivalence. In this section we prove a type of ap-
proximate equivalence between Lasso and Dantzig selector. It is expressed as
closeness of the prediction losses ||fp — f||2 and ||f — f]|2 when the number
of non-zero components of Lasso or Dantzig selector is small as compared
to the sample size.

THEOREM 4.1.  Let W; be independent N'(0,0?) random variables with
o? > 0. Let Assumption RE(s, 1) be satisfied with 1 < s < M. Consider the
Dantzig estimator fp defined by (2./) — (2.5) with

and the Lasso estimator f defined by (2.2) — (2.3) with the same r. Then,
for allAn > 1 and A > /2 with probability at least 1 — M1=4%/2 e have that
if M(X\) < s then

(4.1) 1fo = £l < I1f = fII7 +

162, A%02 [ M(X)log M
K2 n
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12 BICKEL ET AL.

and_for A > 2v/2 with probability at least 1 — MI=4%/8 we have that if
M(X) <s,

(4.2) If=fI2 <Ilfo— fl2 +

9f2. A202 [ M(X)log M
K2 n

where k = (s, 1).

Proof. Set A = \ — XD. We have
1 N2 1 N2 2 T~T N 1 2
—f-X\3 = —|[f-XXpl3——A X" (f—X\p)+ —|XA.
n n n n

This and (2.12) yield

~ ~ 1 ~ 1
(3) 1o = fI2 < 17— JI%+ 2081 |SXT(E - XAp)|_ — -IXAJ

~ 1
< S = 7+ Afmaxr| Al — [ XA

where the last inequality holds with probability at least 1 — M 1-4%/2 Gince

the Lasso solution A satisfies the Dantzig constraint, we can apply Lemma
2 with A = A, which yields

(4.4) [Agelt < [Aph

with Jy = J(/):) By Assumption RE(s, 1) we get
L
Vn

where k = k(s, 1). Using (4.4) and (4.5) we obtain

(4.5) |XA‘2 Z H‘AJO‘Q

2M2(N)
v

Finally, from (4.3) and (4.6) we get that, with probability at least 1 —
M1-A%/2

(4.6) |A] < 2/A5L <2M'P(N) |A)2 < [ XAl

8 fnax M Y/2(N)
K1

- 162, r2M (X
< - g+ Dl )

Ifp = fII2 < IIF = fFIZ+

1
| XAl — E’XA@
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LASSO AND DANTZIG SELECTOR 13

by (2.8) and (2.12). This proves (4.1). R R
To show (4.2) we act as in (4.3), up to the inversion of roles of A and Ap,
and we use (2.8). This yields that, with probability at least 1 — MI=A/8

~ ~ 1 ~ 1
(@0 IF =112 < o= fIR+2AAL |- XT(E - X3)| - -|IXA

IN

~ 1
17D = FII7+ 3 fmar| AL — ~| XA,

The proof of (4.2) now parallels that of (4.1) up to a difference in numerical
constants.

We also have the following result that we state for simplicity under the
assumption that || f||, =1, j=1,..., M.

THEOREM 4.2. Let W; be independent N'(0,0?) random variables with
02 >0, and let ||fjlln = 1, j = 1,...,M. Let Assumption RE(s, 5) be
satisfied for some 1 < s < M. Consider the Dantzig estimator fD defined
by (2.4) — (2.5) with
log M

n

and A > 2v/2. Let f be the Lasso estimator defined by (2.2) — (2.3) with the
same r. Then, for all n > 1 with probability at least 1 — M¥=A/8 ye have
that if M(Ap) < s then

r= Ao

IF = £I1% < 101fp = flla+ =5

n

81 A252 (M(XD) log M)
where k = K(s,5).

Proof. Set again A = A — Ap. We apply (2.7) with A = Ap which yields
that, with probability at least 1 — M1=4%/8

(4.8) Al <4|A 5L+ o= flia/r

where now Jo = J(Ap). Consider the two cases: (i) ||fp — f|2 > 2r|Ay |1
and (ii) ||fp — fII2 < 2r|A |- In case (i) inequality (4.7) with fpax = 1
immediately implies

(4.9) If = flI5 <100 fp = fII7

imsart-aos ver. 2007/02/20 file: BRT_LassoDan7.tex date: August 23, 2007



14 BICKEL ET AL.
and the theorem follows. In case (ii) we get from (4.8) that
(4.10) A1 <6[]A |

and thus [Aje|1 < 5/A |1 We can therefore apply Assumption RE(s, 5)
which yields, similarly to (4.6),

6M2(\p)
K/

where k = k(s,5). Plugging (4.11) into (4.7) we finally get that, in case (ii),

(4.11) [AlL < 6M2(Ap) [Agl2 < [ XAl

18 rMY/2(\p)
Ky

- 81r2M(\p
’fD—fH?ﬁHg()-

. ~ 1
(4.12) [If = fla < |lfo—fI7+ IXAIz—EIXAlg

A

REMARK. The approximate equivalence is essentially that of the rates as
Theorem 4.1 exhibits. A statement free of M (\) holds for linear regression,
see discussion after Theorem 6.2 and Theorem 6.3 below.

5. Oracle inequalities for prediction loss. Here we prove sparsity
oracle inequalities for the prediction loss of Lasso and Dantzig estimators. A
general discussion of sparsity oracle inequalities can be found in [21]. Such
inequalities have been recently obtained for the Lasso type estimators in a
number of settings [2-06, 13, 23]. In particular, the regression model with
fixed design that we study here is considered in [2—1]. The assumptions on
the Gram matrix ¥, in [2—1] are more restrictive than ours: in those papers
either ¥, is positive definite or a mutual coherence condition similar to (3.9)
is imposed.

THEOREM 5.1.  Let W; be independent N(0,02) random variables with
02 > 0. Fiz some ¢ > 0 and an integer 1 < s < M. Let Assumption RE(s,
cp) be satisfied with co = 3+4/e. Consider the Lasso estimator f defined by
(2.2) = (2.3) with
log M

n

r= Ao
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LASSO AND DANTZIG SELECTOR 15

for some A > 2v/2. Then, for all n > 1 with probability at least 1 — MIA/8
we have

IF =iz
G cio) {Ilfx—fll% C(e) ;;XAW (M(A)logM)}
AERM . K n
M(MN)<s

where k = k(s,3+4/¢) and C(e) > 0 is a constant depending only on e.

Proof. Fix an arbitrary A € RM with M(\) < s. Set A = DY2(\ — \),
Jo = J(A). On the event A, we get from the first line in (2.7) that

(52)  IF=FIZ+rlAL < Y= FIE+4r D0 1 filnlAs = Al
j€Jdo

= Hf/\ - f||721 + 4T’AJ0‘1>

and from the second line in (2.7) that

(53) IF=£I2 < W= IR+ 4y M) A2
Consider separately the cases where

(5:4) drldph < elfa-fln

and

(5:5) ellfn = FII7 < 4r[A g1

In case (5.4), the result of the theorem trivially follows from (5.2). So, we
will only consider the case (5.5). All the subsequent inequalities are valid on
the event A N A; where A; is defined by (5.5). On this event we get from
(5.2) that

(5.6) Al < 4(1+1/e)|Ash

which implies [Ajel1 < (3 + 4/¢)|Ayy[1. We now use Assumption RE(s,
3+ 4/e). This yields

1 1 ~ ~

(5.7)  KHA,LZ < E[XA@ =—(A- MNIDYV2XTX DV (X = \)
2 o~ o~ ~

< 2= MNIXTX A =X) = faxllf =27
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16 BICKEL ET AL.

where k = k(s,3 + 4/¢). Combining this with (5.3) we find

1F = I < 1fx = FII3 + 47 fumas ™ /M) | = falln

(5.8) ~
< 1 = FI2 + 47 fonascs™ M) (17 = Flln + 13 = lln)

This inequality is of the same form as (A.4) in [4]. A standard decoupling
argument as in [1] using inequality 2zy < 22/b + by? with b > 1, x =
re~1/M()), and y being either ||f — f||» or ||[fx — f|l. yields that

8b2 fr%lax 2

b+1

fy, — 2
P e - 12+

(5.9) IIf = fII7 <
Taking b =1 + 2/¢ in the last display finishes the proof of the theorem.

We now state as a corollary a softer version of Theorem 5.1 that can be
used to eliminate the pathologies mentioned at the end of Section 3. For this
purpose we define

. (XAl
Tsyco =1Jo C{L,...,M}:|Jo| <s and min A 2
$7Y:¢0 { |AJ8|§C()\AJO| \/ﬁ|AJO|2 }

where v > 0 is a constant, and set
Asryco = {A:J(N) € \78,%00}-

In similar way, we define Js  m,c, and Ag 4 m. ¢, corresponding to Assumption
RE(s,m, cp).

COROLLARY 1. Let Wy, s and the Lasso estimator f be the same as in
Theorem 5.1. Then, for alln > 1 and € > 0, v > 0, with probability at least
1 — M*=4*/8 we have

I = fl2
2 2 2
<(1+¢) inf {”fA_f”gLJr Cle) :ZXA o (M(/\)TiogM>}

5,7,€

(5.10)

where Agye ={N€ Ay 5447 M(X) < s}
To obtain this corollary it suffices to observe that the proof of Theorem

5.1 goes through if we drop Assumption RE(s,cp) but we assume instead
that A € A, 5 314/ and we replace x by 7.
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LASSO AND DANTZIG SELECTOR 17

We would like now to get a sparsity oracle inequality similar to that of
Theorem 5.1 for the Dantzig estimator fD. We will need a mild additional
assumption on f. This is due to the fact that not every A € RM obeys to
the Dantzig constraint, and thus we cannot assure the key relation (2.11) for
all A € RM. One possibility would be to prove inequality as (5.1) where the
infimum on the right hand side is taken over A satisfying not only M(\) <'s
but also the Dantzig constraint. However, this seems not very intuitive since
we cannot guarantee that the corresponding fy gives a good approximation
of the unknown function f. Therefore we choose another approach (cf. [5]):
we consider f satisfying the weak sparsity property relative to the dictionary
f1,--+, far. That is, we assume that there exist an integer s and constant
Cy < 0o such that the set

2 2
(5.11) A = {)\ eRM: M) <s, |fx—fl? < Cﬁf%xr

M (A)}

is non-empty. Here k is the same as in Theorem 5.1. The second inequality
in (5.11) says that the “bias” term ||fy — f||? cannot be much larger than the
“variance term” ~ f2_ r2k 2M()), cf. (5.1). Weak sparsity is milder than
the sparsity property in the usual sense: the latter means that f admits

the exact representation f = fy« for some \* € RM with hopefully small
M(\*) = s.

COROLLARY 2. Let W; be independent N'(0,02) random variables with
0% > 0. Fiz some ¢ > 0. Let f obey the weak sparsity assumption for some
Co < 0o and some s such that 1 < max(Ci(g),1)s < M where

¢mmfiw
52f2

min

Ci(e) =4[(14¢)Cy + C(e)]

and C(€) is the constant in Theorem 5.1. Let Assumption RE(max(C1(e),1)s,

o) be satisfied with co = 3+4/e. Consider the Dantzig estimator fp defined
by (2.4) — (2.5) with

and A > 2v/2. Then, for all n > 1, with probability at least 1 — ML=A2/8 e
have

1fp = fII7

< (1 inf fr— flI2 +C
<( +5))\€RM{I}W()\):SHA flin + Ca(e) P

(5.12)

2. A%0% (slogM
2 n :
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18 BICKEL ET AL.

Here Csy(e) = 16C1(g) + C(e) and ko = k(max(Cy(g),1)s,3 4+ 4/¢).

Proof. Due to the weak sparsity assumption there exists A € RM with
M(X) < s such that ||[f5 — f||2 < Cof2.r?k 2M()\) where k = k(s,3+4/¢)
is the same as in Theorem 5.1. Using this together with Theorem 5.1 and
(2.9) we obtain that, with probability at least 1 — M1-4%/8,

M(X) < Ci(e)M(X) < Cy(e)s.

This and Theorem 4.1 imply

16C () 2, A%0? (s log M)
2
n

1o = flla < II1f = FlI7 +

ko

where kg = r(max(Ci(e),1)s,3 + 4/¢). Applying Theorem 5.1 once again
we get the result.

Note that the sparsity oracle inequality (5.12) is slightly weaker than
the analogous inequality (5.1) for the Lasso: we have here infycpm, pr(n)=s
instead of infycpm. pr(n)<s in (5.1).

6. Special case: linear regression. In this section we assume that
the vector of observations y = (Y1,...,Y,)7 is of the form

(6.1) y=Xpg"+W

where X is an nx M deterministic matrix, 3* € RM and W = (Wy,..., W,)%.

We do not assume that 8* is uniquely defined. On the contrary, we expect
to have M at least of order of n and typically much larger. In this case, if
B* = B, satisfies (6.1) there exists an (M — n)-dimensional affine space
{B* : XB* = X} of vectors satisfying (6.1). The results of this section are
valid for any B* such that (6.1) holds, in particular, for 8** that gives the
sparsest representation of E(y), i.e., such that

kk — : M * .
o g, M)

Our goal is to estimate both X 3* for purposes of prediction and 3* itself for
purposes of model selection. We will see that meaningful results are obtained
when the sparsity index M (8) is small.
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LASSO AND DANTZIG SELECTOR 19

It will be assumed throughout this section that the diagonal elements of
the matrix X7X /n are all equal to 1 (this is equivalent to the condition
| filln =1, j = 1,..., M, in the notation of previous sections). Then the
Lasso estimator of 3" in (6.1) is defined by

~ 1
(62) B =are uin |y~ XBf + 203}

The correspondence between the notation here and that of the previous
sections is the following: for 3 = A we have

0l = X BI3/n,  IBx=Fla = X (B=B)/n,  |F=fllz = X (B=B")I5/n.
The Dantzig selector for linear model (6.1) is defined by

(6.3) Bp = argmin |8,
Bea
where
A= {,3 e RM . ‘lXT(y — X,B)’ < T‘}
n oo
is the set of all 3 satisfying the Dantzig constraint.
We first get bounds on the rate of convergence of Dantzig selector.

THEOREM 6.1.  Let W; be independent N'(0,02) random variables with
02 > 0, let all the diagonal elements of the matriz XT X /n be equal to 1,
and M(B3*) = s where 1 < s < M. Let Assumption RE(s,1) be satisfied.
Consider the Dantzig selector Bp defined by (6.3) with

log M
n

r=Ac

and A > /2. Then, for all n > 1, with probability at least 1 — MI=A%/2 e
have

~ N 8A log M
(6-4) |ﬂD -p |1 < ﬁas .’
— 16A2
(6.5) X(Bp— BB < g0 slog M

where k = Kk(s,1). In addition, if Assumption RE(s,m,1) is satisfied, then
with the same probability as above, simultaneously for all 1 < p < 2 we have

= X 1 52D Ao [logM !
(6.6) 1Bp — B*[H < 2P 841+ /— s

m K2\ n
where k = Kk(s,m, 1).
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20 BICKEL ET AL.

Note that, since s < m, the factor in curly brackets in (6.6) is bounded
by a constant independent of s and m. Under Assumption 1 with ¢y = 1
(which is less general than RE(s,s,1), cf. Lemma 3(i)) a bound of the form
(6.6) for the case p = 2 is established by Candes and Tao [7].

Bounds on the rate of convergence of the Lasso selector are quite similar
to those obtained in Theorem 6.1. They are given by the following result.

THEOREM 6.2. Let W; be independent N'(0,0?) random variables with
02 > 0. Let all the diagonal elements of the matriz X X/n be equal to 1,
and M(B3*) = s where 1 < s < M. Let Assumption RE(s,3) be satisfied.
Consider the Lasso selector B defined by (6.2) with

log M
n

r= Ao

and A > 2v/2. Then, for all n > 1, with probability at least 1 — MI=A%/8 e
have

~ 16A log M
(6.7) B—Bh < —aos o,
K n
16

~ A2

(6.8) [ X(B— B3 < —5 0 slog M,
> 64 max

(69) M(B) < Rl

where k = Kk(s,3). In addition, if Assumption RE(s,m,3) is satisfied, then
with the same probability as above, simultaneously for all 1 < p < 2 we have

. 2(p—1)
o) Boppio{ies/ilT (A;‘ IOgM)
m K n

where k = Kk(s,m,3).

Assumptions RE(s, 1) respectively RE(s,3) can be dropped in Theorem
6.1 and 6.2 if we assume 3% € A, With ¢cg = 1 or ¢ = 3 as appro-
priate. Then (6.4), (6.5) or respectively (6.7), (6.8) hold with x = ~. This
is analogous to Corollary 1. Similarly (6.6) and (6.10) hold with x = ~ if
B* € Mgy m,co With cg =1 or cg = 3 as appropriate.

Observe that combining Theorems 6.1 and 6.2 we can immediately get
bounds for the differences between Lasso and Dantzig selectors \,8 B ol
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LASSO AND DANTZIG SELECTOR 21

and |X (8 — Bp)|2. Such bounds have the same form as those of Theorems
6.1 and 6.2, up to numerical constants. Another way of estimating these
differences follows directly from the proof of Theorem 6.1. It suffices to
observe that the only property of 8% used in that proof is the fact that 3*
satisfies the Dantzig constraint, which is also true for the Lasso solution ,[Ai
So, we can replace 8 by B and s by M (B) everywhere in Theorem 6.1.
Generalizing a bit more, we easily derive the following fact.

THEOREM 6.3.  The result of Theorem 6.1 remains valid if we replace
there |Bp — B'[1 by sup{|Bp — Bl : B € A, M(8) = s} for 1 <p <2 and

\X(BD — B3 by sup{|X(,BD —B)3: B A M(B) = s} respectively. Here
A is the set of all vectors satisfying the Dantzig constraint.

REMARKS.

1. We would like to emphasize that Theorems 6.1 and 6.2 are true for any
3" satisfying (6.1), in particular, when the parameter 8* is non-identifiable.
Even more, Theorem 6.3 applies to certain values of 3 that do not come
from the model (6.1) at all. Note that Assumptions RE(s,1) and RE(s,m,1)
do not imply identifiability. In fact, they do not guarantee that ¢mi,(2s) > 0
which is an evident necessary condition for identifiability, cf. [7]. The lack
of identifiability is not a contradiction, even when we deal with the ¢, loss
on the coefficients. Indeed, Theorems 6.1 and 6.2 only give non-asymptotic
upper bounds on the loss, with some probability and under some conditions.
The probability depends on M and the conditions depend on n and M: recall
that Assumptions RE(s,1) and RE(s,m,1) are imposed on the n x M matrix
X. To deduce asymptotic convergence (as n — oo and/or as M — o0) from
Theorems 6.1 and 6.2 we would need some very strong additional properties,
such as simultaneous validity of Assumption RE(s,1) or RE(s,m,1) (with one
and the same constant k) for infinitely many n and M.

In particular, we see that the identifiability argument emphasized by Can-
des and Tao [7] to justify a qualified positivity of ¢min(2s) in their conditions
is not really a matter of importance. We get the same and more general re-
sults without identifiability. What is more, we can use Theorems 6.1 — 6.3 in
a paradoxical way, aiming to deduce some geometric facts from probabilis-
tic statements, for example: “in very high dimensions M and for reasonably
large sample sizes n the set of all very sparse vectors 8" satisfying the model
(6.1) is necessarily very well concentrated”.

2. For the smallest value of A (which is A = 2v/2) the constants in the
bound of Theorem 6.2 for the Lasso are larger than the corresponding nu-
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merical constants for the Dantzig selector given in Theorem 6.1, again for
the smallest admissible value A = /2. There is not much margin for im-
provement, which probably suggests that for the parametric linear model
(6.1), under the assumption that all the diagonal elements of the matrix
XTX/n are equal to 1, the Dantzig selector might be better than Lasso.
However, this remark should be considered with caution, since Theorems
6.1 and 6.2 only give upper bounds. Note also that Dantzig selector has
certain defects as compared to Lasso when the model is nonparametric, as
discussed in Section 5. In particular, to obtain sparsity oracle inequalities
for Dantzig selector we need some restrictions on f, for example the weak
sparsity property. On the other hand, sparsity oracle inequality (5.1) for the
Lasso is valid with no restriction on f.

3. Proofs of Theorems 6.1 and 6.2 differ mainly in the value of the tuning
constant: ¢g = 1 in Theorem 6.1 and ¢y = 3 in Theorem 6.2. Note that since
the Lasso solution satisfies the Dantzig constraint we could have obtained a
result similar to Theorem 6.2, though with less accurate numerical constants,
by simply conducting the proof of Theorem 6.1 with ¢g = 3. However, we act
differently: we deduce (A.17) directly from (2.7), and not from (A.11). This
is done only for the sake of improving the constants: in fact, using (A.11)
with ¢p = 3 would yield (A.17) with the doubled constant on the right hand
side.

4. For Dantzig selector in the linear regression model and under Assump-
tions 1 or 2 some further improvement of constants in the ¢, bounds for
the coefficients can be achieved by applying the general version of Lemma 3
with the projector Py inside. We do not pursue this issue here.

5. All our results are stated with probabilities at least 1 — M 1-4%/2
or 1 — M'=4*/8 These are reasonable (but not the most accurate) lower
bounds on the probabilities P(B) and P(A) respectively: we have chosen
them just for readability. Inspection of (A.1) shows that they can be refined
to 1 —2M®(A\/log M) and 1 — 2M®(A\/log M /2) respectively where ()
is the standard normal c.d.f.

APPENDIX A: PROOFS

Proof of Lemma 1. The result (2.7) is essentially Lemma 1 from [5]. For
completeness, we give its proof. Set ry, ; = 7| f;||». By definition,

M M
SOV 42 gl < SO +23 N
j=1

=1
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for all A\ € RM | which is equivalent to

||f f|‘2+227n,3|)‘|<||f/\_f||2+2z7"nj‘)‘|+ ZW —fA)(Zi)-

Jj=1 Jj=1

Define the random variables V; = n=t Y%, f:(Z;)W;, 1< j < M, and the
event

M

j=1
Using an elementary bound on the tails of Gaussian disribution we find that
the probability of the complementary event A€ satisfies

M
P{A%Y <D P{Vn|Vj| > Vi /2} < MP{|n| > rv/n/(20)}
(A1) =1

2 A?log M
< M exp <_gr2> = M exp (—?) = MIA%/R
g

where 77 ~ N (0,1). On the event A we have
If = £l < NIfx—=FI7 + Zrn,ﬂ/\ = Al D0 2N = Y 2rn -
j=1 j=1

Adding the term Z T ]|/\ Aj| to both sides of this inequality yields,
on A,

M
T PSS sl Al < I fI2 23 (1% = Ml + 101 = 31) -
7j=1 j=1
Now, ]X] — Aj| 4+ A = \XJ] =0 for j ¢ J(A), so that on A we get (2.7).
To prove (2.8) it suffices to note that on A we have

(A.2) ]%D*WXTW‘OO <r/2.

Now, y = f + W, and (2.8) follows from (2.6), (A.2). R
We finally prove (2.9). The necessary and sufficient condition for A to be
the Lasso solution can be written in the form

1 ~ LR AN

fx%g,)(y _ X)\) = eran51gn()\j) if Aj £ 0,
(A:3) ! R R
|xy = XN < rllfiln i Xj=0
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where x(;) denotes the jth column of X, j = 1,..., M. Next, (A.2) yields
that on A we have

1 .
(A.4) ﬁx@)w\ < rlfln/2 j=1,..., M.

Combining (A.3) and (A.4) we get

1 - L
(A.5) ‘Exa)(f—XA)‘ > 7| flln/2 i N #£0.
Therefore,
1 NT o T ~ 1 & N2
SE-XNXXT(E-XN) = S Zl (x5 (£ = X))
‘]:
1 . 2
> = (i) (8 = x0)

n =
X £0

J
= MO)P|fl17/4 = famMN)r?/4.
Since the matrices X7 X/n and X X7 /n have the same maximal eigenvalues,

¢max

n ‘f - XX@ = Qbmax”f - f“?z

1 ~ ~
ﬁ(f —XNVITXXT(F- X)) <
and we deduce (2.9) from the last two displays.

Proof of Lemma 2. Inequality(2.11) follows immediately from the defini-
7

tion of Dantzig selector, cf. [7]. To prove (2.12) consider the event

n

M
B— {‘1D1/2XTW‘ < r} = (Vi < rus}.
0o j=1 ’

Analogously to (A.1), P{B} < M'~4*/2_ On the other hand, y = f + W
and using the definition of Dantzig selector it is easy to see that (2.12) is
satisfied on B.

Proof of Lemma 3. Consider a partition J§ into subsets of size m, with
the last subset of size < m: J§ = UK J, where K > 1, |Jy| = m for k =
1,..., K —1 and |Jg| < m, such that Ji is the set of indices corresponding
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to m largest in absolute value coordinates of A outside Uk 17 (for k < K)
and Jg is the remaining subset. We have

(A.6) PnXAl, > |P01XAJ01|2—‘ZP01XAJ,€
k=2

= |XAupl2—| ZPngAJk )
k=2

K

(XA, l2— > [PnX Ayl
k=2

v

We will prove first part (ii) of the lemma. Since for k& > 1 the vector A,
has only m non-zero components we obtain

1 1
(A.7) ﬁ!PmXAka < E\XAW < \/ Pmax(m) | A 5, 2.

Next, as in [7], we observe that [Aj |2 < [Aj|1/vm, k=1,...,K —1,
and therefore

J |1 Co AJ 1 S S
Z|AJk\2< N |\F°| < coyf - [Apl2 < coy/ o [Agy |2

where we used (3.3). From (A.6) — (A.8) we find

1 1 s
%|XA|2 > %|XAJ01|2 - CO\/M\/; ’AJm’?
(A.9)

> <\/¢min(8 +m) — CO\/M\/Z> Aoy |2

which proves part (ii) of the lemma.
The proof of part (i) is analogous. The only difference is that we replace

in the above argument m by s and instead of (A.7) we use the following
bound (cf. [7]):

98,25 |

1
|Poi XAy |2 £ ———=
¥ ¢min(23)

(A.10) =

Aj o

Proof of Theorem 6.1. Set A = BD — 3% and Jy = J(B"). Using Lemma
2 with A\ = B we get that on the event B (i.e., with probability at least
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1— MYA%/2): () LIXTXA|w < 2r, and (ii) inequality (3.3) holds with
co = 1. Therefore, on B we have

1 1
(A.11) “1XA)2 = —ATxTxA
n n

IN

%’XTXALO INE

< 27“(|AJO|1 + |AJ5|1)
< 2(1 +CO)T’AJO‘1
< 2(1—|—CQ)T\/§|AJO|2 :4T\/§‘AJO|2

since ¢ = 1. From Assumption RE(s,1) we get that
1
~|XA[ > KA gl
n
where k = k(s,1). This and (A.11) yield that, on B,
1
(A.12) “|IXA]Z <16r%s/K%,  |Agla < 4ry/s/K>.
n
The first inequality in (A.12) implies (6.5). Next, (6.4) is straightforward
in view of the second inequality in (A.12) of the following relations (with
Co = 1):
(A13) AL =[Asl +[Agl < (14 o)Al < (14 co)v/s|A )2

that hold on B. It remains to prove (6.6). It is easy to see that the kth
largest in absolute value element of A e satisfies |A je|x) < |Aye|1/k. Thus

(A.14) [Ags 5 <A >

and since (3.3) holds on B (with ¢y = 1) we find

col A gy |1 s s
Ay l2 < ~Jm < colA 2 = ol A gy |2 oot

Therefore, on B,

(A15) |A|2 < (1 +CO\/ ;) ‘AJ01‘2‘

On the other hand, it follows from (A.11) that
1
E|XA|3 <drys | Aoy J2-
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Combining this inequality with Assumption RE(s,m,1) we obtain that, on
B,

1A gy |2 < 4r/s /K.

Recalling that ¢y = 1 and applying the last inequality together with (A.15)
we get

(A.16) A% < 16 <1+c0\/z>2(r\/§/52)2.

It remains to note that (6.6) is a direct consequence of (6.4) and (A.16).
This follows from the fact that inequalities Zj]\/il a; < by and Zj]\il ajz < by
with a; > 0 imply

M M M =Py p=1
Sw=Sards (Yo (Y] s viepse
; j=1 J=1

Proof of Theorem 6.2. Set A = 8 — 8 and Jy = J(8*). Using (2.7)
where we put A = 3%, r, j = r and ||f\ — f||, = 0 we get that, on the event
A,

1
(A.17) E|XA|§ < 4ry/s|A g2

and (3.3) holds with ¢y = 3 on the same event. Thus, by Assumption RE(s,3)
and the last inequality we obtain that, on A,

1
(A.18) E\XAyg < 16r%s/K%,  |A g2 < 4ry/s/K?

where k = k(s,3). The first inequality here coincides with (6.8). Next, (6.9)
follows immediately from (2.9) and (6.8). To show (6.7) it suffices to note
that on the event A the relations (A.13) hold with ¢y = 3, to apply the
second inequality in (A.18) and to use (A.1).

Finally, the proof of (6.10) follows exactly the same lines as that of (6.6):
the only difference is that one should set ¢ = 3 in (A.15), (A.16), as well as
in the display preceding (A.15).
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