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INTRODUCTION

The summing and nuclear norms of linear operators merit
recognition as very basic concepts in Banach space theory, even at quite an
elementary level. They have powerful applications to a variety of Banach
space questions, and they generate a theory that is interesting and elegant in its
own right. It is hoped that the pages that follow will go some way towards
justifying these assertions. The only prerequisite is a beginner’s course on
normed linear spaces. As well as the confirmed Banach space specialist, our
topic has something to offer to analysts whose main interest is, for example,
approximation theory or operator theory.

The origins of the subject can be traced to Khinchin’s inequality
(published in 1923) and to Orlicz’s deduction (1933) that for every
unconditionally convergent series Ix, in Lp (where 1 ¢ p € 2), L ||xn||2 is
convergent. In 1947, Macphail showed that in 2,, such a series may have I [Ixy
divergent. Dvoretzky and Rogers then proved that the same applies in every
infinite-dimensional Banach space. From this, it was a short step to define an
"absolutely summing operator" to be one for which I |ITx,fl is convergent for
every unconditionally convergent series Ix,. Further, Macphail’s work showed
how this property is equivalent to a certain numerical quantity being finite:
this is the "l-summing norm" m(T). The idea genecralizes easily to give norms
n, for each finite p > 1. The most interesting, and "natural", cases are p = 1,2,
and in this book our account will be largely concentrated on these cases. For
operators between Hilbert spaces, m, coincides with the classical Hilbert-Schmidt
norm.

The "nuclear" norms Vp (for 1 € p € =) are dual, in a very natural
sense, to the summing norms: Vp! is dual to s and v, to ordinary operator
norm.

It is the norms themselves, rather than the corresponding classes of
p-summing and p-nuclear operators, that have proved to be of such value in
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Banach space theory: hence our title. In the case of Vo it will be enough for
our purposes to confine attention to operators of finite rank. There are close
connections between these norms and other numerical quantities that are the
essential tools of the subject, such as projection constants, Banach-Mazur
distances and basis constants. Indeed, for finite-dimensional spaces, the
projection constant MX) is precisely Vo(Iy). The quantity m,(Iy) can itself be
regarded as a constant characteristic of the space. It is so closely related to the
projection constant that at times both can be evaluated together. We show how
this calculation can be done for the spaces #] and 2.

The central theorem of the subject is Pietsch’s theorem on the
existence of a dominating functional for p-summing operators. In the case p =
2, this theorem combines with the nice properties of Hilbert spaces to show that
(i) every 2-summing operator can be factorized through a Hilbert space, and
(ii) 2-summing operators can be extended, with the value of 7, preserved (in
other words, 7, is the notion that delivers a "Hahn-Banach" theorem for
operators).

Pietsch’s theorem also provides a beautifully simple proof that the
projection constant of an n-dimensional space, and the distance to l;‘, are not
greater than Yn.  This application on its own is perhaps enough to justify the
claim that these norms have a rightful place is Banach space theory. Another
good application is the Gordon-Lewis proof that the ordinary space of operators
on 112‘ has a basis constant that grows with n.

Some of the deepest results in the theory involve the comparison
of different summing norms for operators between certain spaces. Theorems of
this sort were initiated by Grothendieck, and the most important one is the
result known as "Grothendieck’s inequality”, which is coming to be recognized as
one of the really major theorems in Banach space theory. Part of the
fascination of this theorem is its abundance of equivalent formulations. It can
be (and often is) stated in terms of bilinear forms or tensor products instead of
summing norms, and it has important applications in harmonic analysis. This
illustrates again how intricately these norms are connected with other topics of
established interest. The notions of type 2 and cotype 2 constants are the key
to a wider formulation of results of this sort. In particular, the essence
of Grothendieck’s inequality is generalized by Maurey’s theorem stating that all
spaces of cotype 2 are "2-dominated".

There is a constant interplay between finite-dimensional and
infinite-dimensional spaces. Some of the results are specifically concerned with

finite dimensions. Others, including Grothendieck’s inequality, apply to infinite-
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Xi
dimensional spaces, but with all the real work taking place in a finite-
dimensional context. Pietsch’s theorem itself does not require any element of
finite dimensionality, but (as remarks above show) many of its applications do.

The summing and nuclear norms are examples (arguably the most
important ones) of "operator ideal" norms, and thereby provide an introduction
to the rapidly growing research area that is becoming known as operator ideals.

Concepts and definitions are introduced gently, with plenty of
simple examples (these seem to be almost entirely lacking in the existing
literature). Proofs are generally complete, though the details of some of the
examples are left to the reader. The author is strongly committed to the
principle that proofs should be as simple and direct as possible, and that they
should give a "feel" for why a result is true, as well as establishing it formally.
A number of the results in this book appear with a proof that is substantially
simpler than the original one - though in most cases the author does not claim
any of the credit for this. In other instances - such as the derivation of
Khinchin’s inequality with the best constant - a satisfactorily simple proof is
still awaited. There are several instances where two alternative proofs are
given, since both contribute something to the understanding. Results and
examples are numbered consecutively in each section. Moderately important
results are designated “proposition”, and the most important ones "theorem".
Exercises are scattered through the text, appearing at the point where they are
most relevant.

The list of references is intended both to point the way to further
reading and to pay some respect to those who have developed the highly
satisfying theory presented here. 1 have endeavoured to give just enough
attributions to identify the main landmarks in this development - but this does
not amount to an attempt to give a systematic historical survey.

Sections 1 to 11 contain the core material, and need to be read
more or less in order. The remaining sections deal with a selection of further
topics, and are independent of each other.
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0. BANACH SPACE BACKGROUND

Normed linear spaces, Hilbert spaces

We assume that the reader is familiar with the notions normed

linear space, Banach space, inner product space, Hilbert space, and with the

really basic facts about such spaces. Here we give a brief summary of the
results that are particularly relevant to our purposes. Proofs are given only
when it cannot be confidently asserted that they are to be found in any
elementary text on the subject. At the same time, we establish some notation.

We use the same notation || || for the norms in the various spaces
considered, except when it is necessary to distinguish different norms. The
(closed) unit ball in a normed linear space X (denoted by Uy) is the set
{x ¢ X :|x]| €1)

The scalar field may be either R or €. Most results will apply
to both cases simultaneously, or with minor modifications for the complex case.
Exceptions to this will be pointed out.

0.1. Every Hilbert space has a (finite or infinite) orthonormal
basis (bj). For each element x,
X = 3: (X,bj) bj ,
Ixi? = F 1<xb;>? .
J

(This means in the sense of "summation" when (bj) is uncountable,
but our main interest is in the finite-dimensional case.)

Operators

A linear operator T (from one normed linear space to another) is
continuous if and only if there exists M such that |Tx| € M|x|| for all x ¢ X.
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We will use the word "operator” to mean "continuous linear operator". The
(linear) space of operators from X to Y will be denoted by L(X,Y), and we
write L(X) for L(X,X). "Operator norm" is defined on L(X,Y) by:

ITI = sup( ITx]| : x € Uy} .

This is a norm, and |ITS| < |ITy.IS| .

An operator T is an isometry if | Tx|| = |xll for all x. Spaces
X,Y are said to be isometric if there is an isometry of X onto Y. An
operator T is an isomorphism if it is bijective and T,T"! are both continuous.
Spaces X,Y are said to be isomorphic if there is an isomorphism of X onto Y.
The Banach-Mazur distance between X and Y is then defined to be

d(X,Y) = inf { ITIIT} : T an isomorphism of X onto Y).

Though not truly a "distance” (or metric), this is a measure of the similarity of
X and Y. Clearly, d(X,Y) 2> 1, with equality when X is isometric to Y.
Also, d(X,Z) ¢ d(X,Y) d(Y,Z).

We say that T is an M-open operator of X onto Y if, given
y € Y, there exists x ¢ X with Tx =y and |x|| € Myl .

Duality and the Hahn-Banach theorem

Operators mapping into the scalar field (R or € ) are called linear
functionals. The space of all continuous linear functionals on X, with operator
norm, is-the dual space X*.

The Hahn-Banach theorem is the basic theorem on extension (and
existence) of linear functionals. There are two versions, as follows. A
real-valued function p (on a real linear space X) is sublinear if p(dx) = Mp(x)
and p(x+y) € p(x) + p(y) for all x,y ¢ X and X 2 0.

0.2 Theorem. (i) Let X be a real linear space, X, a linear
subspace and p a sublinear real function on X. Let f; be a linear functional
defined on X,, with f,(x) ¢ p(x) for ail x ¢ E Then there is a linear
functional f on X that extends f, and satisfies f(x) ¢ p(x) for all x ¢ X.

(ii) Let X be a normed linear space (real or complex), X, a
linear subspace. Let f, be a continuous linear functional defined on X,.
Then there is a linear functional f on X that extends f; and satisfies
NEN = 00 -
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0.3 Corollary. Let x, be an element of a normed linear space X.
Then there is an element f of Uxs such that f(xg) = [Ixgl .

0.4 Corollary. Any normed linear space X embeds isometrically
into its second dual X**, under the mapping J defined by : (JIx)(f) = f(x) for
f ¢ X* (If J maps onto X** then X is said to be reflexive).

A norming subset of Uyx is a subset K such that (x| =
sup {{f(x)] : f ¢ K} for all x ¢ X.

For T in L(X,Y), the adjoint (or dual) operator T* in L(Y*X¥*)
is defined by : (T*g)(x) = g(Tx) for g e Y* x ¢ X.

0.5. |IIT*| = IT|. Hence if X is isomorphic to Y, then d(X*Y*)
¢ d(X,Y), with equality if X,Y are reflexive.

Some particular spaces

We denote by 2.(S) the set of all bounded functions (real or
complex, according to context) on a set S, with norm defined by : x| =
sup { Ix(s) : s € S). We write simply 2, for 2,(N), and 22 for £,(S) when S
= (1,2, .. ,n} ; of course, 1% is simply R or @ with the above norm. (We shall
normally regard clements of RP, @ as functions on {1,2, .. ,n}, hence we use
the notation x(j) for the jth term).

When K is a compact topological space, we denote by C(K) the
space of all continuous real (or complex) functions on K, with norm defined as
for 24(S).

The symbol Rg (for p 2 1) denotes R® (or @) with norm :

Iy = (F 1x@P)/P .

In particular, (x|, = T Ix(i)I . Further, !p denotes the space of all infinite
1

sequences x for which ||x||p (defined in the same way) is finite. We shall
distinguish "real !3 " and "complex !g * when it matters.

The norm of !‘2’ (or 8,) is derived from the "natural" inner
product:

{x,y> = )Ex(i)m.

Every n-dimensional Hilbert space is isometric to R;l .
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We use the notation €j for the sequence (finite or infinite) having
1 in place j and 0 elsewhere.
The identity in R? (or @) , regarded as an operator from 29 to

P
n i (n)
nq , will be denoted by Ip’ a-
06 W™ = wi™h = a
Proof. Easy, except [x|l; ¢ vn {Ixll,.  This follows from
T(Ix(@l - ¢)? 3 0, with ¢ = 4 Ixl, .
0.7. The duals of 7, 22, 2% are isometric to 28, 20, o7

respectively (and the dual of ng to ng. , Where 115 + ]15- = 1) In each case,

the functional corresponding to an element y is fy, where fy(x) = L x({)y(@).
1

The spaces Lp(u) will occasionally be mentioned in examples, but
nothing of importance in this book depends on measure theory.

Finite-dimensional spaces

0.8 Theorem. Every linear mapping defined on a finite-
dimensional normed linear space is continuous, Consequently all n-dimensional

normed linear spaces (over the same field) are isomorphic.
0.9 Corollary. If X is finite-dimensional, then Uy is compact.

If dim X = n, then by elementary algebra, dim X* = n. Hence
X is isometric to X** and d(X*,Y*) = d(X,Y). In fact, if {b;, .. ,by} is a
basis of X, then the dual basis of X* is {f,, .. .f,} , where the f; are defined
by : fi(xj) = Sij . Clearly if |bjll = 1, then [|If;f 2 1.

0.10  Theorem. Let X be a n-dimensional normed linear space.
Then there exists a basis {b, .. ,bp} of X, with dual basis {fl, ,fn) , such
that |lbjll = If;)l = 1 for all i.  (Such a basis is called an Auerbach basis).

Proof. Take any basis {a,, .. ,a,) of X, and let T be the
corresponding isomorphism of X onto R® (or @). Given elements Xx,, .. Xp of
X, let D(x;, .. ,x;) be the determinant of the matrix with columns

Txy, o S TXp Then D is a continuous function on XPB, since it is formed by

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:23:30 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.002
Cambridge Books Online © Cambridge University Press, 2012




5

taking sums and products of coordinate functionals. Hence D attains its
maximum absolute value on the compact set (Ux)“, say at (b, .. ,by).  Write
D(b;, .. ,by) = &, and define

fi(x) = L D(by, .. X, .. bp)

(in which b; is replaced by x). Then fi(b;) = 1, and |fi(x)] € 1 for x ¢ Uy
By the elementary properties of determinants, f; is linear and fi(bj) =0 for
i#}

0.11 Corollary. If dim X = n, then d(X ,23) ¢ n, d(X,2]) ¢ n.
If dim X = dim Y = n, then d(X,Y) ¢ n?.

Proof. With (bj) as in 0.10, let Tx = If;(x)e; ¢ 2D We have
max [f;(x)] € Ix] € Zif;(x)} , hence [Tx}| ¢ x| € niTx| .

Some statements about infinite-dimensional spaces are really
statements about their finite-dimensional subspaces. This motivates the
following definition. If X,Y are normed linear spaces, we say that Y is
finitely represented in X if, given any finite-dimensional subspace Y, of Y and

& > 0, there is a subspace X, of X such that d(X,, Y;) < 1+& This says

that all the finite-dimensional subspaces of Y are "nearly isometric" to subspaces
of X.

Embedding in 1 .(S)

0.12  Proposition. Every normed linear space is isometric to a
subspace of 2,(S) for some set S, and to a subspace of C(K) for some compact
space K.

Proof. Let § = Uys . Given x in X, define Jx in £48) by
Ix)(f) = f(x). It follows from 0.3 that |Jx|| = [x}} . The same construction
proves the second statement, since Uys is compact in the weak-star topology,
and Jx is continuous with respect to this topology. (Familiarity with the

weak-star topology is not really needed for the purposes of this book).

For the first statement in 0.12, it is clearly enough for S to be a
norming subset of Uys.

An important variation of this for finite-dimensional spaces is :
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0.13  Proposition. Let dim X = n and § > 0. Then there exist
N and a subspace X, of 2% such that d(X,Xg) ¢ 1+6&.

Proof. The set Sys = {f ¢ X*: |f|l = 1} is totally bounded, so
contains elements f,, .. ,fy such that, given any f ¢ Sys, we have |If - ;| ¢ &
for some i. For x ¢ X, let Jx be the element [f,(x), .. ,fy(x)] of oY | Using
0.3, we have

(1-8) Ixll < Wil < IxIl .

A variant of this gives precise isometric embedding into a close
copy of &Y .

0.14. Let dim X = n and & > 0. Then there exist N and a
space Y such that d(Y,2¥) ¢ 1+¢& and X is isometric to a subspace of Y.

Proof. Let T : X - N be such that (x| € ITx| € (1+&fx| for
all x in X.  Let U, be the unit ball of 25, and let Y be RV with the norm
defined by taking as unit ball the convex cover of Uy, U T(Uy). One verifies
easily that the conditions hold.

Extensions and projections

Let X be a subspace of a normed linear space Y. A projection
of Y onto X is an operator P : Y - X such that Px = x for all x ¢ X. If
there is such a projection, then X is said to be complemented in Y; it must
then be a closed subspace, since X = ker(I - P).

0.15 Proposition. If Y is a Hilbert space, X a closed subspace,
then there is a projection (the "orthogonal" projection) P of Y onto X with
Pl = 1. The kernel of P is XJ'. If X is finite-dimensional, then P is given
by:

Py = )i: <y, bi> b;

where {b;} is an orthonormal basis of X.

A normed linear space X is said to be injective if there is a real
number ) such that the following holds: given any normed linear space E, a
subspace E; and T, in L(E;, X), there is an extension T in L(E,X) with
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ITH € MTHl . We define MX) to be the infimum of such X\

0.16. If X is isomorphic to Y, then X\Y) ¢ d(X,Y) 2X) .

Proof. Elementary.

0.17 Proposition. For any set S, X24(S)] = 1.

Proof. Let E; be a subspace of E, and let T, be an operator
from E, to 2.(S). For each s ¢ S, define fg ¢ E} by fgye) = (Tse;)(s). Then
Ifgl < NT,0 . By the Hahn-Banach theorem, fg can be extended to g; ¢ E*
with |lggi € IT,l . For e ¢ E, define (Te)(s) = ggle).

0.18 Corollary. If dim X = n, then )X) ¢ d(X, 2D) ¢ n.

Proof. By 0.16, 0.17, 0.11 .

0.19 Proposition. The following statements (for a given space X)
are equivalent:

(i) MX) € ),

(ii) if X is isometric to a subspace X, of a space Y, and & > 0,
then there is a projection P of Y onto X, with
WPl € (1+8))

(iii) for some set S, X is isometric to a subspace X, of 24S),
and for every & > 0, there is a projection P of 2,(S) onto
X, with [P € (1+8&)) .

Proof. (i) implies (ii). =~ We have MX,) = ).  The projection P
is obtained by extending Ixo

(ii) implies (iii), clearly.

(iii) implies (i). Let E, be a subspace of E, and T, an
element of L(E,, X,). By 0.16, there is an extension T in L(E, 2,(S)) with
ITH = IT,l . With P as in (iii), let T = PT. Then T is in L(E,Xy), extends
T, and has |IT| ¢ (1+&) MT,l . Hence MX) = MXy) ¢ (1+8&)X .

Because of the equivalence with (ii), MX) is called the projection
constant of X. We will see that in fact for n-dimensional X, both \X) and
d(X, !;‘) are not greater than ) (compare 0.11 and 0.18). We shall also
describe the evaluation of the projection constants of ¢F and fJ.
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Orderings; linear lattices

The (real) spaces RD, !p, £(S), C(S), Lp(u) all have a natural
partial ordering defined "pointwise" : x €y means x(s) € y(s) for each s.

In general, a real linear space is said to be a linear lattice (or
Riesz space) if it has a partial ordering € such that :

(1) if x €y and y € x, then x =y ;

(i) if x €y, then x +z €y + 2z for all z;

@(iii)) if x 20 and » 2 0, then Xx 2 0 ;

(iv) any two elements have a supremum.

The supremum of x and -x is denoted by |x]. The above examples are clearly
linear lattices, and |x| is the function given by : |x|(s) = |x(s)| . Note that
x| € v 1is equivalent to -y € x € y.

A norm on a linear lattice is a lattice norm if :

(i) 0 ¢ x ¢y implies [x|| ¢ |vll ,
and (ii) il | = lixlf for all x.

The space is then called a normed latticee.  The above examples are all normed
lattices.

A linear mapping T between linear lattices is positive if Tx 2 0
whenever x 2 0. This definition applies in particular to linear functionals,
thereby giving a partial ordering of the dual space. The functional fy on RD
defined by fy(x) = Ix(i)y(i) is positive if and only if y 3 0.

The spaces nll‘, 2,, L,(#) have the special property that
IZx;ll = Xix;l for positive elements (in general, normed lattices with this
property are called L-spaces).

The above terminology will be used where appropriate, but we do

not assume any knowledge of the general theory of normed lattices.

L, and X, spaces

These notions are the key to the extension of certain results to the
infinite-dimensional case. However, they can be omitted without serious loss.

We will say that a Banach space X is an f,-space if for every
finite-dimensional subspace E of X and & > 0, there is a finite-dimensional
subspace F such that E C F € X and d(F,lg) €1+ & where N = dim F.

(This is not quite the usual terminology; according to this, X is an
" p,x-space" if we have d(F,!g) ¢ X ; hence our definition equates to an

"fp 1+¢-space for every & > 0")
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We only need the fact the certain naturally arising spaces are £,

or £, spaces. The next lemma is useful for this purpose.

0.20 Lemma. The following is sufficient for X to be an tp-space.
Given by, .. ,b, € X and & > 0, there is a finite-dimensional subspace F of
X such that d(F, 15) € 1+& (where N = dim F) and dist(b;, F) < & for
each i.

Proof. Given E, let {b;} be an Auerbach basis of E. . Let F be
as stated, with & replaced by &' = &/2n%.  For each i, take f; ¢ F with
IIb;-f;ll < &'. Essentially, we modify F by replacing the b;’s by the f;’s. Define
J: E = F by Jb; = f; One verifies easily that |b - Jb|l € né&'|b]] for
b € B. We may assume né' ¢ % : then |b -Jb]] € 2né*|Jb}} . Let P be a
projection of F onto J(B) with [P € n (see 0.18), and define T on F by :

Tx = J71Px + (I - P)x.
Then T(F) contains B, and
Tx - x = J7'Px - Px =b - Jb,

where b = J'Px. Hence |Tx-x|| € 2n&"|Px| € 2n%8'|x| = ¢&x| , from
which |ITIl IT-Y € (1+8)/(1-8) .

0.21. 2, is an £ -space, and ¢, (the space of sequences tending
to 0) is an E,-space.

Proof. Let Ey = lin(e,, .. ,ey). This is isometric to 2Y, ¢¥ in
the two cases. Given elements by, .. ,by, and & > 0, there exists N such that
dist(b;, Ey) < & for each i

0.22. If p is a positive measure on a measure space, then L, (u)
is an tl-space, Lo(u) an £.-space.

Proof. In both cases, simple functions are dense. Hence if
elements b,, ... ,b, and & > 0 are given, there are disjoint measurable sets
A o HAyN (with finite measure in the case of L (#)) such that dist(b;,F) € ¢
for each i, where F is the subspace spanned by the characteristic functions of

the A;. It is easily seen that F is isometric to 2}, #¥ in the two cases.
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In particular, 2,(S) is an £.-space. By 0.12, it is clear that the
property of being an f.-space is not inherited by subspaces.

For readers with sufficient grounding in General Topology, we
show also that C(K) is an f.-space. We use the fact that if {G,, .. ,Gy) is an
open covering of a compact, Hausdorff space K, then there exist non-negative
continuous functions g; such that gl-F . +gy =1 and g;(s) = 0 for s not in G;
(a "partition of unity"). The covering might as well be chosen so that each G;

contains a point s; not in the other Gj : clearly, we then have g;(s;) = 1.

0.23 Lemma. Under these conditions, lin(g,, .. ,8y) is isometric
to oY .

Proof. Let g = I)\g;. Evaluation at s; shows that gl > |}
I

for each i.  Conversely, if M = max ||, then

lgs) ¢ M )1: gi(s) = M

for all s.

0.24 Proposition. If K is a compact, Hausdorff space, then C(K)
is an £.-space.

Proof.  Take elements f,, .. ,f, and & > 0. Let M be an integer
such that ||fi|| ¢ Mé¢ for each i, and write the numbers ré (r = -M, ... M-1 M)
as Xy, oM For (ry, ... .rp) in (1, . k™, let

G(ry, o orp) = {s ¢ |fi(x) - xri| < & for each i} .

These sets form an open covering: remove any that are empty or contained in
the others, and let B be the set of remaining (r,, .. ,ry). Choose corresponding

functions grp_"’rn to form a partition of unity. We must show that each f; is

close to the linear subspace spanned by these functions. We do this for f,. Let
h, = L {) - (ry, .. ,r.) € B} .
1 =E0r, gy - G i) € B)

Choose s ¢ K. There exists p such that xp < fl(s) < xp + &, Then s

belongs to G(ry, .. ,rp) only for r;, = p and r;, = p+ 1 (in which case

xrl = xp + &). Hence

hy(s) = %y Tgp, 0y - Jn(s) + Op+8) Zgpy,, T, ,rn(S)

g e

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:23:30 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.002
Cambridge Books Online © Cambridge University Press, 2012




11

(summation over all elements of B of this form)

=y *+ 8 Lgpy gy o ,rn(s) .

Hence xp € h,(s) < xpﬂ , 80 [fy(s) - hys) €& .
The argument can be adapted for the complex case.

A deeper analysis (see, e.g. [CBS]) shows in fact that £, and £,
spaces (in the sense defined here) can be characterized as follows:

(a) X is an £-space if and only if X is isometric to L,(#) for
some i,

(b) X is an Zf.-space if and only if X* is an ¥,-space.
The following, weaker result concerning the dual of an £.-space is easier to
prove and sufficient for our purposes.

0.25. If X is an fL4space, then X* is finitely represented in 2,

Proof. Let F be a finite dimensional subspace of X *, and take
& > 0. There is a finite-dimensional subspace E of X such that for each
f ¢ F, we have |Rf]| 3 (1-8) |Ifll , where Rf = f|g . (To prove this, take f; as
in 0.13 and x; ¢ Uy with fi(x;) > 1-%). By taking a larger subspace if
necessary, we may assume that d(E, #3) € 1+ ¢ . It follows that d(E*, 2))
¢ 148, and hence (by restriction of the isomorphism involved) that
d[R(F),G] € 1+§& , where G is a subspace of Ri‘. So d(F,G) € (1+8&)/(1-8).
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1. FINITE RANK OPERATORS: TRACE AND 1I-NUCLEAR NORM

Representation of finite-rank operators

Let X,Y be normed linear spaces. We denote by FL(X,Y) the
space of all continuous linear operators from X to Y with finite-dimensional
range. The dimension of the range is called the rank of the operator.

Given f ¢ X* and y € Y, we denote by f  y the rank-one
operator T : X = Y defined by : Tx = f(x)y for x € X. Clearly, we have
It e yll = Ufll -yl .

Any element T of FL(X,Y) is expressible (in many different ways)
in the form

m
i=21 fiey; , 1)

with m 2> rank T. For example, if (b, .. ,b;) is a basis of the range T(X),
then there are unique elements fi of X* such that for each x ¢ X,

n
Tx = I f00b; .

Note that if (b, .. ,by) 1is a basis of X, and £y ,fn) is the dual basis
of X*, then

n
Iy = Ifjeb;. @

Representations of the form (1) do not need to have the elements y; belonging
to T(X). For instance, if E is a subspace of X, then the expression in (2) can
serve as a representation of Ip (regarded as a mapping E - X), even when
none of the b; belong to E.

We start with two very simple results on representations.
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1.1 Let T be in FL(X,Y), and suppose that T = ¥ f;® vy; .
i

Then :

(i) for U in L(Y,Z), UT =

(ii)) for S in L(V, X), TS =

); f; e(Uyyp ,

)E (S*fl) ® ¥i -

Proof. For x ¢ X and v ¢ V, we have

UTx

TSv

In particular, given a basis (b,
space X, with dual basis (f;, ..

T = I f; @ (Tb)
S = L' @b

12. Let T be in FL(X,Y), with T =

where y - § is the natural embedding of a space into its second dual.

Proof. We have

Tx = L fi(x)y; for x ¢ X,
1

)i: f;(x)(Uyy ,
)i: fi(SV)yi .

,fn), we have "natural representations:

for T e L(X,Y),

for S e L(V,X).

A A
T** = z: f1® yi’

(T*g)(x) = g(Tx) = !l:f 108y

Hence T*g =

Ff g(yyf; -

for T** follows.

Trace

T fi ® y;. Then
1

So for g ¢ Y¥*,

13

,bp) of a finite-dimensional

This proves the statement for T*, and the statement

The reader may already be familiar with the following simple

algebraic facts.
1.3 Proposition.
i

Then )i fi(xp = ? gj(yy -

Let T be FL(X), and suppose that

n
jEI gj ® Yj
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n
Proof. We show by induction that if ,):1 fiex;=0, then
1=
I fi(x;) = 0. This is clearly true for n = 1.  Assume it for a certain n, and

suppose that

n+1
L f:ex. =0.
i=1 1 1

If the x; are linearly independent, then f; = 0 for all i, so the statement holds.
Assume that the x; are linearly dependent, so that (with suitable indexing)

n
X = L M\X; .
n+1 iy it

Then

n
i_zl (fl + xifn+1) ®x; = 0.
so the induction hypothesis gives

n
0 = izl (fi + Xifn+1)(xi)

n
i£1 f¢) + fr40 (Xpag) >

as required.

Hence, for T in FL(X), we can define the trace of T to be
L fi(x;) , where L f; ® x; is any representation of T. Trace is clearly a
1 1

linear functional on FL(X). Note that by 1.2, trace T* = trace T.

14 Example. Let X have basis (b, .. ,by), and let T ¢ L(X)

be given by : Tbj = F °‘ijbi , (so (“ij) is the matrix of T with respect to (b;)).
Then trace T = X% %
J

Proof. Let (f;) be biorthogonal to (b;). Then

trace T = Z-}] f](TbJ) = JZ(!JJ .

1.5 Example. Let H be a finite-dimensional Hilbert space, with
orthogonal basis (¢, .. ,65). Then for T in L(H),

trace T = L < Te;, ¢ 2.
1
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Proof. This follows from the fact that Tx = L <x,e; > Te; for

16 (i) If dim X = n, then trace Iy = n.
(ii) If P is a projection of rank n, then trace P =

Proof. (i) is a special case of (ii). Let P be a projection onto E,
and let (by, .. ,by) be a basis of E.  Then

n
Px = i}=:l fi(x)bi .
for x ¢ X, where fl(b) = SIJ’ since Pb; = b;. Hence

trace P = L fi(b;) =n.
1

Trace is not defined on FL(X,Y), where Y # X, However, if §
is in FL(X,Y) and T is in L(Y,X), then trace (TS) exists. In this context, we
have:

1.7. If S is in FL(X,Y) and T is in L(Y,X), then

trace (TS) = trace (ST).

Proof. Let S = L f; @ y1 . Then TS = I f; ® (Ty;), hence
trace (TS) = L f;(Ty;. Also, by 1.1, = IL(T*f;) ® y; so trace (ST) =
L (T*;)yp) =  fi(Tyy) .

For each T in L(Y,X), a linear functional ¢ on FL(X,Y) is
defined by : ¢,(S) = trace (TS). Furthermore, if X is finite-dimensional, then
all functionals on L(X,Y) are of this form:

1.8. Let X be finite-dimensional, and let ¢ be a linear functional
on L(X,Y). Then there exists T in L(Y,X) such that &8S) = trace (TS) for
all $ in L(X,Y).

Proof. Given any y € Y, define a corresponding functional § on
X* by : ¥f) = &f @ y) The functional ¢ corresponds to an element Ty of
X, that is : &f ® y) = f(Ty) for all £ in X*. This defines an element T of
L(Y,X), and if S = f ® y, we have §S) = f(Ty) = trace (TS) . Hence the same
holds for all S in L(X,Y).
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Remarks (1) When both X and Y are finite-dimensional, elements
S of L(X,Y) correspond to matrices (“i,j)’ and of course an element ¢ of the

dual identifies with a matrix (Bj,i) by the relation
) = TT ;8.

It is easy to reconcile this with 1.8 : the expression is exactly trace (TS), where
T is the operator in L(Y,X) corresponding to (Bj,i)-

(2) The proof of 1.8 remains valid (for functionals on FL(X,Y)) if
X is reflexive and there is a K such that |¢(f © y)| ¢ K|f|l.)lyl for all f,y.
If X is not reflexive, the same reasoning gives an operator T that maps into

X** instead of X ; we return to this question in section 17.

Now let X,Y be any normed linear spaces, and let « be some norm
defined at least on FL(X,Y) (not necessarily on the whole of L(X,Y)). Define

o*(T) = sup {ltrace (TS)|: S ¢ FL(X,Y), oS) € 1}

for those elements T of L(Y,X) for which this is finite (denote the set of such
T by La(Y,X) ). Then o* isa normon L(X,Y) : it is called the dual (or
conjugate) norm to o under trace duality. Of course, o*(T) is simply the norm
of ¢p as a functional omn [FL(X,Y),a] , and 1.8 shows that if X is
finite-dimensional, then L «(Y,X) identifies with the Banach space dual of
[L(X,Y),a].

Note that this definition has been framed in an unsymmetrical
manner : « is only applied to finite-rank operators, but o* it not restricted in
this way. The point of doing this will soon become apparent. However,
when both X and Y are finite-dimensional, everything is straightforward : the
dual of [L(X,Y),a] is [L(Y,X),e*], and conversely.

Exercise. Let X be finite-dimensional, and let « be a norm on
L(X,Y) such that o(S) 2 |IS| for all 8. Show that o*(g © x) € [igil. x|l for
all g € Y* x ¢ X, and hence that L (Y, X) is the whole of L(Y,X) .

We now proceed to identify the norm « for which o* is ordinary
operator norm.
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I-nuclear norm
Let X,Y be normed linear spaces. The l-nuclear norm v, is
defined on FL(X,Y) as follows:

vi(T) = inf { )1: BNyl - T = 113 fiey},

in which all finite representations of T are considered, of whatever length,

Equivalently, v,(T) is the infimum of X Tyl over expressions of T as L Tj,
a finite sum of rank-one operators.

19. v, is a norm, and v(T) 2 Tl . Further :
i) v(f ©y) = Ifi.lyll ,
(ii) vi(BT) ¢ [Bll vy(T), vi(TA) < v (T) Al (whenever

BT and TA are defined),
(iii)  v,(T*) € v(T), with equality when Y is finite-dimensional
(or reflexive).

Proof. The equality v,(\T) = |\ v(T) is trivial The fact that
V(T +Ty € v(T;) + v(T,) is seen by combining suitable representations for T,
and T, (note that this will give a representation of greater length).

If T=Xf;®y; and |x|| €1, then

Tl ¢ Z 166yl € 0. livil -

Hence |ITI € I [If5l.My;0l . so I ¢ v(T). This completes the proof that
v, is a norm, and (i) follows, since |If ® yll = |If]l. iyl} .

(ii) and (iii) follow from the corresponding statements in 1.1 and
1.2 (note that if Y is reflexive, then all representations of T* are of the form
given in 1.2).

We list some further immediate comments:

(1) Clearly we have |trace T| € v(T) for T in FL(X).

(2) If T, is a restriction of T, then v (T,) € v (T).

(3) The extension problem is trivial for v,. If X, is a subspace
of X, and we are given T, in FL(X,Y), then, for any & > 0, there is an
extension T of T, in FL(X,Y) with v(T) ¢ (1+&V(T,). This is obtained by
choosing a suitable representation Lf; ® y; for T, and taking Hahn-Banach
extensions of the fj,

(4) Any norm (for operators) satisfying conditions (i) and (ii) of

1.10 is called an operator ideal norm. We shall be meeting many further
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examples of such norms. From the way it is defined, it is clear that v, is the

largest possible operator ideal norm.

Exercise. Show that for T in L(X,Y*), v(T*) = v(T)
(Consider the mapping T .Y » X* defined by : (”i‘y)(x) = (Tx)Xy).).

The Auerbach basis theorem (0.10) gives :

1.10. (i) If dim X = n, then v(Iy) = n.

(ii) If rank T = n, then v(T) € nflT|.

(iii) Let E be an n-dimensional subspace of X. Then there is a
projection P of X onto E with v,(P) = n (and any projection has v,(P) > n).

n
Proof. (i) An Auerbach basis expresses I, as )E f; ® b; , with

Ifsl = Hbjk = 1 for each i Hence wv(Iy) € n. Conversely, vi(Iy) 2
trace Iy = n .
(ii) Let T(X) = Z. Then dim Z = n, and T = I,T, so

v(T) € v(IDITI = nlIT).

(iii) As in (i), w(P) 3 trace P = n. To obtain equality, take
an Auerbach basis (bj,f;) of E and extend the functionals f;.

The promised result on duality is completely straightforward:

1.11 Proposition.  Under trace duality, the dual of v, is ordinary
operator norm. In other words, for T in L(Y,X),

T = sup { |trace (TS)] : S e FL(X,Y), v,(8) €1}

and if X is finite-dimensional, then the Banach space dual of [L(X,Y)v]
identifies with [L(Y,X), I II'}.

Proof. If v, (8) €1, then

[trace (TS)] € v (TS) <€ HTI v,(S) ¢ T} .

Take & > 0. There exists y, € Y with |yl = 1 and
ITygl 3 (1-&) IIT| .  There exists f, ¢ X* with |fjl = 1 and

fo(Tyg) = Tyl > (1-8) IT) .

Downloaded from Cambndge Books Online by IP 171.67.128.228 on Fri Jul 13 22:22:37 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.003
Cambrldge Books Online © Cambridge University Press, 2012




19

Let S, = f, ® vy, Then vi(Sp) = 1 and f(Tyy) = trace (TSyp. The statement
follows.

By the Hahn-Banach theorem, we deduce:

1.12 Corollary. If X is finite-dimensional and S is in L(X,Y),
then there exists T in L(Y,X) with [Tl = 1 and trace (TS) = v (S).

(A direct proof of this is by no means as simple as 1.11 }).

By remark (2) after 1.8, we can allow X to be reflexive instead of
finite-dimensional in 1.11 and 1.12

The dual of || |, in the sense that we have defined, is not v,
since an operator for which ||T||* is finite certainly does not need to be of
finite rank. We return to this question (which is not really central to our
purposes) in section 16.

Using 1.12, we can derive a variant of 1.9 (iii).

1.13. If X is finite-dimensional (or reflexive) and S is in
FL(X,Y), then v,(§%) = v(S).

Proof. We have already vl(S') € v, (). Let T be as in 1.12
Then

v,(8) = trace (TS) = trace (S*T*) <€ v, (8%

since |IT*| = 1.

One can in fact show that v, (S*) = v/(S) without restrictions on
X or Y. This is best proved using "local reflexivity", and we defer it to
section 17.

Note. An operator T is said to be "nuclear" if it is expressible
o«
as }i f; ® y; with I lIfjllly;] finite. A norm is then defined by taking the
1

infimum of such sums. This is the usual definition of "nuclear norm". Even
for finite rank operators, it allows representations of infinite length, and
consequently can differ from our v,. However, one can show that the two
definitions do coincide when either X or Y is finite dimensional. For the
purposes of this book, it will be enough to confine attention to finite-rank
operators and v, as we have defined it.
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Some particular cases

It is not, in general, at all easy to compute v,(T) for a particular
operator T. However, there are certain situations where it is relatively simple,

and we now describe a few of them.

n
.14, For any operator T on 2%, v, (T) = ):lllTeill .

Proof. The obvious expression .Tx = Ix(i) Te; shows that
1
v (T) € %ITeyll .
1
Suppose that T = % fj ®y;, with llyjll =1 for each j. Then
J

ITx|l € % |fj(x)| for all x. Now ||ij| =1 |fj(ei)|‘, SO
J 1
EiTell < DXife = TG

This shows that v, (T) 2 L ||Tell -
1

115 Let T be the operator from X into 2! given by : Tx =

%: fi(x)e; (so that f; = T*¢;). Then v (T) = % el -

Proof. By L9, w(T) = vl(T*). The statement follows, by 1.14.
(A direct proof is also easy).

For operators between finite-dimensional Hilbert spaces, a
characterisation of v, (T) can be derived from the spectral theorem. This can
be stated (for both real and complex scalars) as follows: there exist finite

orthonormal sequences (ej) in X, (fj) in Y and numbers xj 2 0 such that

n
Tx = XL xj (x,ej> fj for x ¢ X.
J=1
The numbers x§ are the eigenvalues of T*T.

1.16. Let X,Y be finite-dimensional Hilbert spaces. Let T be

in L(X,Y), with spectral decomposition as above. Then

ZORERRY

inf { )i'. ITb;li : (b;) an orthonormal base of X}.
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Proof. If (bj) is any orthornomal base of X, then
Tx = Z (X,bj > Tbj
J
for x ¢ X, which shows that v, (T) € % ||Tbj|[ . Also, the given expression
J
implies that v, (T) ¢ zxj.

There is an operator S in L(Y,X) with |IS| = 1 and Sfj = ¢ for
each j. Clearly, trace (ST) = Dj. Hence v(T) > trace (ST) = Dj

(Though informative, this result is not actually needed for our

later developments).

Exercise. Let T be in FL(X,Y) and & > 0. Show that for some
k there are.operators T, in L(X, !5 ) and T, in L(!!.(° ,Y) such that T = T,T,
and |ITfl = 1, w(Ty € (1+8) v(T) .

Dependence on the range space

Suppose that T is in FL(X,Y), and that its range is contained in a
certain subspace Y, of Y. Let T, be the same mapping regarded as an
element of FL(X,Y,). It is clear that we must distinguish T, from T when
considering the nuclear norm. Among the representations I f; @ y; of T, only
those having y; ¢ Y, are allowable for T,. Consequently, v (T,) 3 v(T).

The following example illustrates the distinction nicely.

1.17_Example. Let Y = 2, and
Y, ={yveY : EIY(i)=0},

so that dim Y, = n-1. Let T, = IYl’ and let T be the same mapping

regarded as an element of L(Y, .,Y) .

By 110, v(T,) = n-1. For T, we have the obvious expression

n
T= I e;'"@®e;,
i=1 1 1
in which e;' is the functional on Y, defined by e;'(y) = v(i). It is
elementary that Jle;'l| = % . Hence vy(T) € n/2 (in fact, equality holds, by
1.15).

This example also illustrates the effect of allowing representations

of any length when defining v,. If we were to allow only representations of
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length n -1 (= rank T), we would in fact only be considering rcpresentations of
T,.

If, in the above situation, there is a projection P of Y onto Y,
and if If;®y; is a representation of T, then I f; ®(Pyi) is a represcntation
of T,. Hence we have v (T,) € [Pl vy(T).

A further statement in the positive direction is:

1.18. Let T be in FL(X,Y) and & > 0. Then there is a
finite-dimensional subspace Y; of Y such that (with T, defincd as above)
vi(T,) € (1+8&)vy(T).

Proof. There is a representation > fi @y; for T with
ZEHy;l € (1 +8)v(T). The statement follows on  putting Y
lin (Y o 5K

1

Exercise. Let X be infinite-dimensional, and let S be an operator

i
other words, a weak-star continuous opcrator). Show that v,(S) can be

in FL(X*Y) that can be represented in the form L X ® ¥i » where x; ¢ X (in

obtained wusing only such rcpresentations. (By 1.18, we may assumec Y
finite-dimcnsional, hence Y = Z* and S = T* for some T in L(Z,X)).

Relationship with tensor products

We finish this section by describing (rather briefly) how the above
results translate into statements about tensor products. This is not very
important for our development, but it is a notion that is widely used in the

literature.

The algcbraic tensor product X @ Y is the sct of clements of the
n

form ){ Xj ®y; which may be rcgarded as operators from X* to Y (or cqually
from Y* to X). If X or Y is finitc-dimensional, it equates with the space of
all such opcrators (and in any case, FL(X,Y) cquates with X* © Y). Given a
norm « on X @ Y, the tensor product X ®, Y is defined to be the completion
of (X @Y, «.

If o« is ordinary operator norm, the result of this is called the
"injective" tensor product, usually denoted by X &Y or X 5 Y. The "projective”
tensor product, denoted by X ®7 Y or X & Y, is derived from the norm Yy(u) =

inf { T lxgllly;ll : w = Z x; ® y; ). For finite-dimensional X, this coincides with
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v, 50 our results on v, can be regarded as results on this kind of tensor
product. In particular, 1.11 equates the dual of X ®7 Y (for finite-dimensional
X) with X* ¥y Y*. Actually, there is a simple description of this dual that
does not require finite-dimensionality, which we now decscribe (it will be used
once, in section 10).

Let B(X,Y) be the space of all bilinear forms on XxY, with norm
defined by

08I = sup { Byl s Wxlbo < 1, Qv < 1}
There is a natural isomctry between B(X,Y), L(X,Y*) and L(Y,X*), given by:
B(x,y) = (Tga)(y) = (Ugy)(x) .

Exactly as in 1.3, onc¢ shows that if 8 is in B(X,Y) and u is in X ® Y, then
the cxpresssion I B(x;,y;) is independent of the representation I x; @ y; for u

and hence can be used to definc a corresponding functional Bon Xev. By
essentially the same proof as 1.11, we now have:

1.19 Proposition. The dual of (X &y Y) is isometric to B(X,Y).

Proof.  With the above notation, we¢ have

Bl < 181 lix;h- Nyl

and hence |[@|| < |8 . For any & > 0 there exist Xg¥o with Ixgll = lygll and
B(xgYol = lé»(x0 ® yl 2 (1-8) 18] . Hence |ll§|| = |8 Finally, given any
functional ¢ on X &y Y, we have ¢ = B, where B is defined by B(x,y) =
Hx @ y).

It is instructive to scc how this rcsult translates back into the
notation of 1.11, Since (FL(X,Y),v,) equates to (X* ® Y, 7), its dual can be
identified with B(X*Y), and hence with L(X*,Y*) or L(Y,X**). It is now clcar
why we nceded reflexivity to equate this with L(Y,X).

While it might be said that this particular result has gained in
both clarity and generality by the tensor product presentation, this is not an
option when we come to the summing norms. These are delined for operators
in terms of their action, and arc in no way limited to finitc-rank opcrators, or

to opcrators approximable by finite-rank oncs.
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2. FINITE SEQUENCES OF ELEMENTS : THE QUANTITIES g,, i,

The definition and equivalent forms

The following notion is used in defining the summing and nuclear
norms (other than v,)). The results in this section are not deep, but they will
greatly facilitate our later deliberations on these norms.

Let p 2 1, and let (x;, .. ,X§) be a finite sequence of elements of
a normed linear space X (real or complex). We define

Mp(Xys - Xp) = sup ((Z PP f e Upn) .

(There is no generally accepted notation for this. Many writers do without a
special notation, repeatedly writing out the right-hand side. Pietsch [OI] uses
wp where we use up.)

Clearly, the ordering of the finite sequence makes no difference,
and up(x) = |x] for a "sequence" consisting of one element x. By the
Hahn-Banach theorem, if the x; belong to a subspace E of X, then “p(xv X))
is the same when evaluated in E and in X. Further immediate properties are

summarized in the next result (the proofs are obvious).

21 () mplogX, . ox) = ( 1gP)/P I
(i) max fIxjl € myxp - xQ) € (ThxPP
(iii) If p € q, then up(S) 2 uq(S) for any finite sequence S.
(iv) If T is an operator on X, then

Mp(TXp e ,TXk) € "T" up(xp . ,Xk)

V) p(xy, o Xp)P € #p(Xgy e XP + Ep(Xp - XpP .

Note that "p," would be simply max [x;l In fact, our real
interest is in p; and p,, and we proceed to look at these separately. We show
that (1) the functionals in the definition can be restricted to a norming subset,
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and (2) the definitions can be formulated purely in terms of norms of linear

combinations I );x;, avoiding the dual space.

2.2. Let x5, .. ;X be elements of X, and let K be a norming
subset of Uys. Let

A' =sup { T |f(xjl: f e K},
B =sup { |1 3x;ll : {5l € 1 for each i),
B' =sup ( IZ o5x;ll : lei = 1 for each i} .

Then A' =B =B' = ul(xl, o XE)

Proof. Let A = p(x,, .. Xy). Clearly, A' ¢ A and B' ¢ B
We complete the proof by showing B € A' and A € B'.

Let |»j] € 1 for each i, and take & > 0. There exists f ¢ K such
that

(1-8) N 3xgl € IBENxpl = I NG € DIEGxp)l € A .

This shows that (1-8)B € A' forall & >0,s0 B ¢ A' .
Now choose f ¢ Uys. For each i, take o« with || = 1 and
of(x;) = If(x;)l.  Then

T fxPl = £ o5x;) € ||):aixi|| ¢ B' .

Hence A € B',

Remarks. (1) Hence in the real case, u,(x,, .. ,x) is the greatest
of the 2K numbers N8 x4+ .. +8yxpll , with each & chosen from (-1,1}. In the
complex case, the supremum in B' is attained, by compactness, but not as the
maximum of a finite set.

(2) If the supremum in B' is attained at Zo«jx;, then the
supremum in the original definition is attained by f satisfying f(Xogx;) = [[Zegx;l
hence o;f(x;) = IF(xpl

23 Let x;, .. ,xp be elements of X, and let K be a norming
subset of X*.  Let

C'

sup { (TG : £ € K),

D

sup { 1 Z xx;ll - ED® € 1) .

Then C' = D = py(Xy, o Xg)

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:16:47 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.004
Cambridge Books Online © Cambridge University Press, 2012




26

Proof. Let C = py(xy o Xg) Clearly C' ¢ C. We show
C <D ¢gC'.

Let I|y? €1 and &> 0. There exists f ¢ K such that
|1Z )‘if(xi)l 2 (1-¢) ||}:xlxl|| .

By Schwarz’s inequality, |I Nf(x;)| € (T |f(xi)|z)” ¢ C'. Hence C'2 (1-8)D
for all € > 0, so C' 2 D.

Now choose f ¢ Uys. There exist numbers ); with I|\? = 1 and
(TEGIH® = ENnfx) € I Nxl € D

Therefore C € D.

Hence we have
EEEE € (2 D% ay(x s o Xy
In the same way, one finds that

'
Hp(Xgs o Xg) = sup{ IE Nxill : E P € 1),

1 1 _
whcrcp + pr = 1.
24. For f, .. fi in X* and p = 1,2,
#p(fys e Sfy) = sup ( (ZIGEPP : x e Uy

Proof. Uy (or strictly, the corresponding set in X**) is a norming
set of functionals on X*.

We can now show that the quantities by equate with the norms of
certain operators having the elements as "rows" or "columns."

25 (i) For S in L(2K, X), [SI = g,(Se,, - .Sey).
(i) For S in L(eX,X), ISl = uy(Se,, . ,Sey).
(iii) Let T in L(X,2%) be given by : Tx = T fi(x)e; , where fj ¢ X*.

Then ||Tj| = “p(fv ) (P =1o0r2).

Proof. (i) We have
IS = sup { Sxll : lixll» € 1}

= sup { | Z x(@)(Sepll : Uxlls € 1} .
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This equals p,(Se,, .. ,Sey), by 2.2.
(ii) Similar to (i), using 2.3.
(iii) This follows at once from 2.4.
Exercise. Show that

(X oo X)) € (T logR% y(xy o Xp).

Some particular cases

For spaces of the form £4(S) (in particular, 23) or C(K), there is a
very simple interpretation of Mo

2.6. In 2,8) or C(K),

Bp(Xy 5 o P = IIE [xylPY for p = 1,2.

Proof. The point-evaluation functionals 8y(x) = x(s) form a
norming set. The statement follows, by 2.2, 2.3.

In particular, if elements X; of 2,(S) have disjoint support, then

By(Xgs e X)) = My(Xy, e X)) = max ixgll .

27. If x,, .. X} are positive clements of 27 (or 2,), then

ul(xl’ 2 ’xk) z lelll )
o

By(Xg, wXp) = (Z IIXillz)%-

Proof. Let f be the functional defined by f(x) = L x(i). Then

Il =1 and f(x) = |Ix|| for positive x. The statements follow.

2.8. Let ¢,, .. ,¢p be orthonormal clements of an inner-product
space. Then

1%

"‘1(“1‘:1’ ,akek)

“2(“1"1’ ,akek) max |ogl.

Proof. Both statements follow at once from the equality
NI Negeil® = T Inel?,

together with 2.2 and 2.3.
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The last three results enable us to tabulate the values of

tp(€qs - s€p) in o8, o, o7
22 22 I
K,y 1 va n
Hy 1 1 Va

2.9 Example. Let x, = (1,1) , x, = (1,-1). In the space 22 , we
have [Ix; + X, = lIx, - x,0l = 2, so p(x;,x,) = 2. Since x| = 2, we also have
Hy(xy %) = 2.

The reader may care to calculate py(x,,x,) in 27 and 2% .

2.10. If Xg, o X ATE positive elements of any normed lattice,
then p(xy, . X)) = [ x;ll .

Proof. If |»j] € 1 for each i, then JIx;| € Zx;, so we have
NZxgll ¢ NEx;h .

We now state one result on interchanging the rows and columns of
a matrix. Given elements a,, .. ,a, of R%, we can define elements a, . .0,
of R® by : (i) = aj(j. We use the notation ugq) to mean u, with respect to

Il -

2.11. With this notation, we have
W @, ..oay) = la, .oy .
Proof. Let f be the functional on R® defined by f(a) = L tja(j).
J
Then

TRG = TITtpi)] = FIZ a1 = IT G, -

The statement follows on considering the supremum for all choices of t; with
|tJ| < 1.

(Alternatively, one can deduce 2.11 from 2.5).

There are further results of this kind, though we will not require
them. For example:

H 1)z a 2
Exercise. Show that ug )(a p o sdp) = u(l)(al, e sam)
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Further results on inner-product spaces

2.12 Proposition.  For ¢lements x; of an inner-product space,
2%
Ml(xp s ’xk) 3 ()E"Xi“ ) .

Proof. We show by induction that there exist &,, .. ,6p in {-1,1}
such that |iT &x;i% > L IIx;i® . Assume this statement for sequences of length

k, and let x;, .. ,Xg,, be given. Choose §&,, .. ,6 as just stated, and write

y = E &x;. The statement for k+1 follows at once from the equality
1

My + Xyl + ly-xpq 1 = 2017 + 2ixp, 017 .

We will return to this property later. We now look briefly at the
problem of identifying the scalars o; such that [L o«xgl|l is the element at which
u, or p, is attained. We include this because it is illuminating, but it will not
be used again.

2.13. Let x,, .. ,X| be elements of an inner-product space, and
let o, .. ,oq be scalars such that [o5| = 1 and

"z lei" = ul(xp e 9xk) .

For F C {1, .. )k}, write Sg = L {e;x; : i ¢ F), and let F' be the complement of
F. Then <SF, SF|> is real and non-negative for each F. The converse is
true in the real case.

Proof. Clearly, ISp + Spifl > [ISp + «Spill for all « with |of = 1
(and in the real case, this is sufficient). For real scalars, the result follows at
once by taking « = -1. In the compliex case, choose « such that « Sp Spr>
= [<Sp, Spi1. Then

ISp + aSpil® = [Spl® + ISpl® + 21<Sg, Spr ) .

The statement follows.

2.14 Example. In real 23, let

Vo Vs,
(1,0, x,= (3, 3) x3=1(3.- 3

Xy
so that <x;,x,> = <x;,X;> = } and <x,x;> =- 3. By 213,

B (XX ,Xg) = X3+ Xy + Xgll = 2.
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The choice of scalars ); such that || Zhx;ll = py(xy, .. ,Xy) can be
described as follows. Let A be the matrix ((xi,xj>). If y = I t(i)x;, then
{y, y> = {At, to. Hence we require the t with |lt], = 1 for which <At, t> is
largest. By the theory of positive definite operators, this occurs when t is an
eigenvector corresponding to the largest eigenvalue )\, of A, and we have

T I T V[

A note on complex scalars

Any linear space X over € can, of course, be regarded as a linear
space over R (which we denote by XR)- This leads to competing definitions of

Ky which we denote (temporarily) by ug and upR . When formulated in terms
of |X ijjII s ug allows complex scalars, while upR only allows real ones. So

clearly ug(S) > ug(S) for any S. Conversely, it is easy to see that
€ (s) « 2uR(s) , 1C©S) < V2 uR(s)

(the second statement is most easily seen from the dual formulation of u,). To
give examples of inequality, one need go no further than C€ itself; the
corresponding real space is !g , and one has, for example,

W, =2, WRa, D=2,

The comparison has more point when elements of real 20 | C(S),
etc. are regarded as elements of the corresponding complex space. In 24(8S) or
C(S), 2.6 shows that ug and upR then coincide. We indicate briefly by
examples what can happen in other cases.

2.15 Example. Let x,, x, be as in 29. We saw that
ui{(xl,xz) = 2. However, [x; + ix,) = 2¥2, so ulC(xl,xz) 3 2Y2 .

2.16 Example. Let H be a complex Hilbert space, and let
Xy, . Xk be elements such that (xi,xj> is real for each i,j. Then
Ky, x) = #R(xy, . X)) . (Thisfollows easily from the fact that [lu+iv]?
= Jlu)? + |v)I*> when <u,v> is real).

Exercise. Consider 2.14 again. Use 2.13 to show that ulc(xl,xz,xa)

is attained at x, + ax, + ;xs, where o = 1 +V3i , having the value 3/¥2 . (This

shows that the converse implication in 2.13 is not true in the complex case).
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3. THE SUMMING NORMS

The definition and immediate consequences

Let T be an operator between normed linear spaces. For (finite)

p # 1, the p-summing norm m, is defined by
1(T) = sup {( % ITx; |P) 1/p By (Xys o oXg) €1 } ,

where Kp is defined as in section 2. In this, all finite sequences (x;) are
considered: there is no restriction on the length k. Clearly, for any elements

xj, we have (for example) :
ZITx;E ¢ 7,(T) my(xq, o 0Xg) -

The operator T is said to be "p-summing" if np(T) is finite (some writers insert
- somewhat unnecessarily - the word "absolutely"). We denote Pp(X,Y) the set
of all p-summing operators from X to Y. Note that "n,” would be ordinary
operator norm,

Generally, we shall present our results in terms of 7m;, and 7,
rather than general p. These are the "natural" cases, and, as we shall see, each
has some special characteristics of its own. (Where appropriate, the reader may

treat it as an exercise to fill in the details for other p).

3.1 Pp(X,Y) is a linear subspace of L(X,Y), and np is a norm
on it.  Further:

(M > T,

,(BT) < [B my(T) ,

np(TA) ¢ my(T) JIA] .

Proof. Clearly, np(T) 2 |IT|| , since up(x) = x|l
The only property whose verification is non-trivial is
np(S + T) ¢ np(S) + np(T). We give the proof of this for the case p = 2.
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Let  py(xy, ... .Xp) €1 . Write ISxgll = o ITxjll = B;, (S + Tixjli = 7;.
Then 7; € o + B; , so

i
(EYHYV? < [Z(e + BY?
< (ZeghY? + (TBHY? (by Minkowski’s inequality)
§ TMyS) + my(T) .
The following very simple result is of great help in understanding
the meaning of the summing norms, and in obtaining an estimate for them in

particular cases. As we shall see in section 5, it can actually serve as an
alternative definition in the finite dimensional case.

3.2  Proposition. Let p 2 1. Suppose that there are functionals

f,, fy .. (a finite or infinite sequence) such that [Tx|P < I |fj(x)|p for all x.
J
Then
m(T) € (TP .
Proof. Let “p(xv « »Xg) € 1. Then
X lfj(xi)lp < I P for each j,
1
50

LITxP < X LIfepP < TP,
1 1) )

In particular, m(T) € v(T) for finite-rank operators.

33. If T is l-summing, then it is 2-summing, and nz(T) < (7).

Proof. Let my(x, , ..,xg) €1, and choose positive scalars ); .
For f in Uys , we have

LONIEG) € (T HYE,
1 1

since T IfGP € 1. Hence iy Oxy, o MeXy) € (§x12)1/2 , 50
lz N ITx; < (; N2 (T) .

The result follows on putting \; = ||Tx;ll.
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Similarly, of course, one can show that nq(T) < np(T) for p € q.

We now list 2 number of immediate consequences of the definition
and the above results.

(1) Since n, is defined in terms of the action of T on finite sets
of elements, we have:

np(T) = sup { np(TlE) : E a finite-dimensional subspace of X } .
-3

Also, if (E,) is a sequence of subspaces with nL—Jl E, dense in X, then
Tlp(T) = sup np(TIEn) .

(2 If T is in L(X,Y) and Y is a subspace of Z, then np(T)
(unlike nuclear norm) is the same when T is regarded as an element of L(X,Z).

(3) For a rank one operator T = f ® y, we have (using 3.2)
(M) = ATl = Jfl. Iyl for any p.

Hence m, is an operator ideal norm.

(4) If dim X = n, then, by 3.2 and 3.3,
m(y) € m(y) € v(dy) = n.

Hence all operators of rank n are I-summing, with 7(T) € nfT|| (since T =
I,T).

For a finite-dimensional space X, m(Iy) can be regarded as a
constant in some way descriptive of the space; sometimes we write n,(X)

instead of m(Iy). Clearly for isomorphic spaces X, Y, we have
n,(Y) ¢ dX)Y) n,(X).

In principle, the same is true of My(Iy), but we shall see that in fact this equals
va for every n-dimensional space (and hence that Iy is never 2-summing when
X is infinite-dimensional).

If T is an isometry of X onto itself, then it is clear from the
identities T = TIy and Iy = T'T that my(T) = my(ly) .

(5) In the definition of LY finite sequences of any length are
allowed. If the definition is modified by restricting the length to a certain n,
then we obtain a norm which we denote by "gn) . Clearly ngn)(T) increases
with n and tends to np(T) as n - @ For operators of rank n, one might
expect np(“)('l‘) to bear some relation to np(T). Later examples and results will
reveal the extent to which this is the case.

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:16:13 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.005
Cambridge Books Online © Cambridge University Press, 2012




34

(6) It is routine to verify that if Y is complete, then so is
[Pp(X,Y), np] (though this is not important for our purposes).

In general it is by no means easy to calculate np(T) for a
particular operator T, even when T is quite simple. In this section, we will
describe a few cases in which it does happen to be easy. Some of the results
obtained are not just included for practice: they will be used in the ensuing
general theory.

For now, consider diagonal operators in R® .  As before, 1(n)
denotes the identity in RP, and if T is an operator from R® to R™ | then Tp.q
denotes T regarded as a mapping from ng to !,‘_.ln .

3.5. Let T be the operator diag («, .. ,o) in R%. If each of p,
q is either 2 or = , then M(Tp o) = (£ Y2, In particular, m,a{")) = va .
(Similarly for @@ ).

Proof. In 29 and 2%, we have pye,, .. .6y) = 1. Hence
n(Tp? 3 LiTel? = I o

For x in R},
ITxIE € ITxl? = T ogx(®)? .

This is of the form L fi(x)2 » where |Ifjll = o« . By 3.2, it follows that

2 2
nz(Tp’q) € ):di .

Note. We have shown that in this case, M (T) = nz(n)(T) .

The premultiplication lemma and W(ly)

3.6. (i) Let T be in P(X,Y) and & > 0. Then there exist k
and an operator A in L(!ﬁ, X) such that ||Aj =1 and m(TA) 2 (1-¢) m,(T).

(ii) Let T be in Py(X,Y) and & > 0. Then there exist k and an
operator A in L(!lz(,X) such that JJA]l = 1 and @(TA) > (1-8) n,(T) . Further,
if rank T = n, we may take k € n.

Proof. (i) There exist elements x; of X with p(x;, .. ,xp) =1
and I [ITx;ll > (1-8) m(T). Define A l!.(, - X by: Ae¢ = x; . Then
NAl = 1 by 2.5) and I [TAe¢ll 2 (1-8) ny(T). Since p(ep, .. ) = 1 in
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!!f,, we have 7,(TA) 2 (1-€) n(T).

(ii) The first statement is proved as in (i). Suppose that
rank T = n. Let N = ker(TA), H = N1 and let P be the orthogonal projection
onto H. Write A; = Aly . Then TA, is one-to-one, so dim H € n . Also,
TA(x - Px) = 0 for all x in llz( , 50 TA = TA,P. Hence m,(TA) ¢ my(TA)),

and A, is the required mapping.

3.7 Corollary. If rank T = n, then

,(T) = sup {M,(Tlg) : dim E = n} .

Proof. Take E = AI(H) .

3.8 Proposition. Let X be any n-dimensional normed linear space.
Then m,(Iy) € Vn .

Proof. By 3.6, there exist a Hilbert space H with dim H ¢ n
and an operator A: H - X with JAl = 1 and m(A) > (1-8) ny(Iy). By
35, my(Iy) ¢ vn . Since A = Al; , we have

n,(A) € JAl Ya = Vn .

It follows that if rank T = n, then m(T) € Va |T| .
We shall see in section 5 that in fact Iy = Ya for any

n-dimensional space X.

Operators between Hilbert spaces

For any operator T between Hilbert spaces, there is a very

satisfactory characterisation of my(T) :

3.9 Proposition. Let H,, H, be Hilbert spaces (of finite or
infinite dimension), and let T be a 2-summing operator from H, to H,  Then:

(i) m(T)? = T ITe;)® for any orthonormal base (e;) of H,;
I
(i) m(T* = n,(T) .
Proof. For any finite set F of indices, we have pye;:i ¢ F} = 1,
and hence 5 ITe;i? € my(T)®.  Therefore I |ITe;l> ¢ my(T)2  (in the sense of
i i

summation if (e;) is uncountable) .
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For y in H,, we have |T*y|? = )i". (T*y, ¢;>? = ? <y, Tep>? .

Hence by 3.2,

m,(T*)? ¢ ;miuz ¢ m(T)?.

Now let (fj) be an orthonormal base of H, . For x in H,, we
have |Tx|? ¢ ¥ <Tx, f; 2 = T <, T‘fj>2 .  Hence, in the same way,
J J

n,(T)? < §||T*fj|| ¢ m(TH? .

The statements follow. (Of course, the complex case requires the insertion of

modulus signs.)

In other words, for operators between Hilbert spaces, 7, coincides

with the "Hilbert-Schmidt" norm.

Clearly, we have shown in 3.9 that if dim H,
n,(T) = n,(°X(T) .

It follows from 3.9 that an inner product (inducing the
can be defined on P,(H,, H,) by setting

S, T> = E <Se;. Te;> (= trace T*S) ,
1

this sum being independent of the choice of orthonormal base.
Note that for the operator T : 2} - ¢f' with matrix
have

BT = Bl

In the proof of 3.9, we have in fact established the

n , then

norm 1,)

(ai’j): we

following

statement for the cases where only one of the two spaces is a Hilbert space :

3.10. Let H,, H, be Hilbert spaces, with orthonormal bases (e;),

(fj) respectively. Let X, Y be normed linear spaces. Then :
(i) for S in P,(H,, Y),

m,(8*)* < ¥ ISe;IF € my(S)? ;
(ii) for T in P,(X, Hy),

n,(T)? ¢ JZ||T*fj||2 ¢ m(T*? .
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3.1 Example. Let S = I{%, , T = 1{¥} . Then S = T* We
have seen (3.5) that m,(S) = V2 . We show that m,(T) = 1 , establishing
that inequality can hold in both statements in 3.10. (We shall see in section 6
that in fact m(I{"} ) = 1 for all n)

Consider the orthonormal base (f,, f,), where f, = »/%(l’ 1),
f, = 4, -1). By 3.10, n(T)* < |Sf,* + ISfJ? = 1 . Equality holds, since
T =1.

This example also shows that in the situation of 3.10, EllSeill2
and I IIT"‘fjll2 are not independent of the choice of base.

We mention the following easy consequence of 3.9, though it is not
central to our development:

3.12. Let H,, H, be infinite-dimensional Hilbert spaces. Then
the finite-rank operators are dense in [Py(H,, Hy, n, ] Hence every

2-summing operator between Hilbert spaces is compact.

Proof. Let (e,) be an orthonormal base of H,. By 3.9, the setof

e, with Te, # 0 is countable, so can be expressed as a sequence (ep)-
Let

n
Tyx = 2=I x, > Te;
Then
2 - 2
M(T-Ty)* = n£1 ITeyll* = 0 as n -

1
3.13 Example. Define T in L(2,) by : (Tx)n) = "_H x(n) for all

n. Then T is compact, but not 2-summing, since X ||Teil|2 is divergent.

Operators on L.-spaces

For operators on %2 | there is a very simple - and useful -
characterisation of w, :

3.14. Let T be an operator from 22 to any normed linear space
Y. Then

() = AM(T) = v(T) = EITe .
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Proof. Since me;, .. .65) = 1 , we have n(ln)(T) 2 I|Te;ll
Conversely, the natural expression T = L ¢; ® (Te;) gives v((T) ¢ I [[Teyl .

This re-proves 1.15. Also, it shows that if T = diag (o, oo y2tp),
then "1(T°°,q) = L |l for each g 2 L

Exercise. For an operator T defined on ¢, prove that n, (T) =

T |Te,ll .
nII all

We can deduce a general relationship between m,,v, and projection
constants.

3.15. If X is finite-dimensional and T is in L(X,Y), then
vi(T) € )MX)m(T) .

Proof. It is enough to prove this for the case where X is a
subspace of 25, for some k, (by 0.13, X is nearly isometric to such a subspace).
Let P be a projection of !5 onto X. Then TP maps from !5 to Y and
extends T. Hence, by 3.14,

v(T) € v (TP) = a,(TP) ¢ n(T) [Pl

3.16 Corollary. If dim X = n, then MX) m(X) 2 n .

Proof.  Apply 3.15 with T = Iy .

In the following, L., denotes any of the spaces 22 , 2.(S), C(K),
Lo(#t) . There is a useful variant of 3.2 for operators defined on a subspace of
Lo . This is really quite general, since every normed linear space can be
regarded as a subspace of 2,4(S) for a suitable S (see 0.12). We use the fact
that L, is both a lattice and an algebra : given an element x, there are
well-defined elements |x| and x2 .

3.17 Let X be a subspace of L, , and let T be an operator
defined on X. Suppose that there is a positive linear functional ¢ on L, such
that |Tx|P € (x[P) for all x in X. Then np(T)p < |14l
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Proof. Choose elements x; of X. Recall from 2.6 that
up(xla X 9xk)p = " lelp”
Assume that the value of this is not greater than 1. Then

§||Txi||p < ’E“"‘i'p) = ¢(§|xilp) < .

Notes (1) There is no requirement here that [xiP belongs to X
when x does. But clearly, if this condition is satisfied, then it is enough for
¢ to be defined on X.

(2) In the complex case, it is sufficient if ¢ is defined on real
Le However, if it is defined on complex L., the meaning of "positive" is that

(x) is real and positive whenever x is real and positive.

The converse of 3.17 is in fact true as well. This is Pietsch’s
theorem, the fundamental theorem on p-summing operators. We give an
account of it in section 5.

From 3,17, we obtain at once one of the classical

infinite-dimensional examples of p-summing operators:

3.18 Example. Let I = [0,1], and let Jp be the formal identity
mapping from C(I) to Lp(I). Then "p(Jp) =1 forp=12

Proof. Let &(x) = I:x. Then ||l = 1 (as a functional on C(I))

and  3pxIP = ¢ (xiP) .

In the same way, if g is in L,(S,#) and T, is the multipication

g
operator from C(S) to L,(S,z) given by Tg(f) = fg , then "1(Tg) = T

flell, .

g“ =

It is not very hard to show that J, is not l-summing. However,

an easier example is as follows :

3.19 Example. Define T : £, = 2, by (Tx)(n) = & x(n) . Then

ITx)? = Elzx(n)z. This equals ¢(x?), where ¢ is a positive functional having
n
I =

1 for all n, while I |ITe;ll is divergent.

lz . Hence T is 2-summing. It is not 1-summing, since g,(e;, .. ,&q) =
n
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We now establish some nice facts about positive operators defined
on (real) L, or a sublattice (that is, a subspace X such that {x| belongs to X
whenever x does). For a positive operator on any normed lattice, we have that
if |x] € y, then |Tx| ¢ Ty (since -Ty € Tx ¢ Ty), hence |Tx|| € [Tyl In
particular, [Tx|l € [T(xDI -

Let ¢ be the element of L, with constant value 1. The unit ball
of Lo is the set of x satisfying |x| € e. Hence for a positive operator (or
functional) on L, we have |T|| = ||Te|| .

320. Let L, denote any of the spaces 20, 2, L,(w. Let X
be a linear sublattice of Lo, and let T be a positive operator from X into L.
Then m(T) = |T|\

Proof. There is a linear functional $ on L, such that [y =1
and Y¥(y) = |lyll for all y > 0 (this is the characteristic property of L, as a
normed lattice). For x ¢ X, we have

T < UTAxDE = ¢[TAxD] = (T*P)(x).
But |T*¢}| < [T, so the statement follows, by 3.17.
3.2]1 Example. Let T be the operator from 2% to !f defined by :

1 = (LD, Te, = (1,-1). Then T = 2 (eg. by 29), while a(T) =
ITe l+ I Te,ll = 4. So 3.20 certainly does not hold for non-positive operators.

Te

We now show, by a different method, that a similar statement
holds when &,, m, are replaced by 2, 7,

3.22. Let X be a linear sublattice of L., and let T be a positive
operator from X into 27 or 2, Then m(T) = |T|.

Proof. Let Tx = }:fj(x)ej , so that [Tx||* = ;z:fj(x)2 . (Remark:
fj = T*ej). By 3.2,

M, (T)? ¢ )J:uf,-u2 .
If X contains e, the statement follows at once, since

2 2 2 2
LGN = % f5e)° = ITelf® = ITI® .
] J
We now show that this equality still holds when X does not contain e. We
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N
must show that I ||fj||2 € |ITI? for each N. Take £€>0. For each j, there isa
1

positive element X of the wunit ball such that fj(xj) 2 (1-8) ||fj[| . Let

y = sup(Xy, .. ,Xxg) . Then [yl € 1 and fj(y) 2 fj(xj) for each j, so

N N
ITyl* = Ifi(y)* > (1-6)* T I .
1 1

Exercise. Let T be a positive operator from (the whole of) L, to
2, Use the fact that (x -ce)® » 0 to show that f(x)! ¢ f(x®f(e) for a

positive functional f. Deduce the existence of a functional ¢ as in 3.17.

Finally, we show that for operators on L, (or a sublattice), the
norms 1, are "monotonic". Simple examples show that this is not true for
operators on other normed lattices.

Define (temporarily) n;(T) in the same way as np(T), except that
only positive elements x; are allowed. (We come back to this idea in section
18). Clearly, if 0 €S € T, then ng(S) < n;;(T) .

3.23. Let X be a sublattice of Lo, Y any normed lattice. For
positive operators from X to Y, np('r) = rl;;(T). Hence if 0 € S ¢ T,
then Tlp(S) < np(T) .

Proof. This follows at once from the fact (special to L!) that
Mp(Xyly o xgl) = Bp(xy, . xy), together with |Tx| € I T(xDI .

Infinite series

We show next how l-summing operators can be characterized in
terms of their actions on infinite series. This description provided the original
motivation for the study of such operators.

A sequence (x;) in X is said to be summable (or the series Ix, to
be "unconditionally Cauchy") if, given & > 0, there exists N such that
“1("N+1’ ,xp) ¢ & for all p > N. This is clearly equivalent to the statement
that I);x, is a Cauchy series for every bounded scalar sequence ().

The sequence (x;) is said to be weakly summable if there exists M

such that p(x,, .. ,x;) ¢ M for all n. It is easily seen that this is equivalent
to either of the following statements:
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(a) I)E If(xy)l € M for all f in Uy,

(b) )&xnxn is a Cauchy series whenever X, =+ 0 .

Also, by applying the uniform boundedness theorem to the set of all finite sums
L)x; with each || € 1, one sees that it is equivalent to the statement that
LIf(xpy)l is convergent for each f in X*

3.24. Let T be an operator. The following statements are
equivalent:

(1) T is 1-summing,

(ii) I |ITxpll is convergent whenever (x,) is weakly summable,

(iii) I [Txpll is convergent whenever (x;) is summable.

Proof. Clearly, (i) implies (ii) and (ii) implies (iii). To show
that (iii) implies (i), suppose that T is not l-summing. For each n, there is a
finite sequence S, such that (S;) € 2, while I(ITx : x € Sp) > L
Form a sequence (x,) by taking the elements of S, §,, .. in turn. Then it
is clear that (x,) is summable and I |Tx,|l is divergent.

Similarly, T is 2-summing if and only if le’l‘xnllz is convergent
whenever I |f(x,)l? is convergent for all f in X*.

The mixed summing norm W,,

A "hybrid" summing norm 7,, is defined as follows:

M (T) = sup ((ZITx;IHY? : pylxy, xp) € 1)
(Similarly, one can define Ty p for any p, q > 1,)

Clearly, we have [T ¢ nm(T) ¢ m(T). One verifies as in 3.1
that My is a norm and that nm(AT) ¢ JA|l n, (T), etc.  As with n'p, we write
"2,1(X) for "2,1(Ix) .

We would not introduce m,, if it were not for the following fact,

which suggests that it is a more "natural concept" than one might suppose at

first sight. Recall from 2.12 that for elements of an inner product space,
(I Y2 € g (xys X)) -

In other words, we have:
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3.25. For any inner product space H, "2,1(H) =1.

It follows that for all operators from or into an inner product
space, T, ,(T) = |IT|l .

We return to a more thorough consideration of My in section 14.
In the meantime, our concern with it will be mostly limited to identity
operators. As in 3.24, nz,l(X) being finite is equivalent to ):llxnll2 being
convergent for every summable sequence (x;) in X. Orlicz (1933) showed that
Lp[O,l] has this property for 1 € p € 2 (we will prove the case p = 1 in section
7, in a rather stronger form). Consequently, an infinite-dimensional space X is

said to have the Orlicz property if nz,l(X) is finite.

3.26 Example. Let T be the operator diag(e;, .. ,o) in L(aD).

Exactly as in 3.5, we see that m, (T) = n(T) = (Zot'f)l/2 . In particular, 7, 1(!2)
="n.

Historical note

Orlicz’s theorem can be regarded as the historical beginning of the
study of summing operators. It was natural to ask next whether, in particular
infinite-dimensional spaces X, the series I [Ix,ll is convergent for every
summable sequence (xp). Macphail (1947) recognized that this was equivalent
to asking whether (in our notation) there was an upper bound to 7,(E) for all
finite-dimensional subspaces E of X. Actually, Macphail considered the
reciprocal of m(E), which became known as the "Macphail constant" of E. He
showed that 2, does not have the above property. Dvoretzky & Rogers (1950)
then proved that the same is true for every infinite-dimensional space. We
shall see in section 5 how easily this result can be derived from the theory as
now developed (though admittedly we will not reproduce the full strength of
the theorem as stated by Dvoretzky and Rogers).

The notion l-summing for operators other than the identity seems
to have originated in Grothendieck (1955, 1956), under the name “"applications
semi-integrales a droite.” Grothendieck’s work contained a wealth of new ideas
and deep theorems, and indeed underlies a large part of the contents in this
book. However, it is not easy reading ! The development of the theory of
I-summing operators (and norms) in their own right was eventually taken up by
Pelczynski (1962) and Pietsch (1963). The study of p-summing operators (for
other p) was then initiated by Pietsch (1967).
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Further examples

We conclude this section with some miscellancous further examples.

3.27 Example. In 2.14, we found three elements of (real) Dg
with Il = 1 and  py(x;, X Xg) = 2. It follows that m(23) > § .

The exact computation of nl(lg) is by no means trivial; we
will eventually achieve it in section 8.

328 Example. Let Hg be the subspace of 14 consisting of
elements x such that Ix(i) = 0. It is clementary that Hg is isometric to 2’1‘.
We show that @,(Hy) = 2. (The evaluation of nl(lll’) is described in section 7).
It is easy to verify that for x in Hy,

4
Ixll € 3T IxG) .
1=1

By 3.2, it follows that m(Hg) € 2. Let x, = (1,-1,0,0), x, = (0,0,1,-1). Then
iy(x;, Xp) = 1, while |yl + lIxjl = 2 .

3.29 Example. Choose a = (a; .. ,ap) in R%, and let

Uy, .. U be the elements obtained by permuting the terms of a cyclically.
Let T be the operator in L(2D) defined by: Te; = uj.  Then ny(T) = vn flall, .

To show this, observe first that |Tx| = |L ao(i)x(i)l , where o is
some permutation of 1,2, .. ,n . Hence, by Schwarz’s inequality,

ITI? < (3% @ x(@)? .

By 3.2, it follows that m(T)? ¢ L a} .
Clearly, |Tu;li = Eai2 for each i, and p,(u,, .. ,up) = fal, .
The stated equality follows.

3.30 Example. Let E be the operator from !f to 2% defined by:
Ee, = Ee, = (1,1). Then E = ¢ ® ¢, so m(E) = |E| = L Define S by :
Se, = (1,1), Se, = (0,1). Let x; = (1,1), x4 = (1,-1). Then py(x,,x;) = 2,
while  [ISx,]l + [ISx,l = 3. Hence we have 0 <€ S ¢ E, but m(S) > m(E)
(compare 3.23).

3.31 Example. Let E be the subspace of 23, consisting of elements
x satisfying x(1) = x(2) + x(3). This is not a sublattice of 25 (though it is a

lattice under its own ordering !). Let J be the "identity" mapping from E to ﬂi‘.
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Clearly, J is positive. We show that @,(J) > Ul (in contrast to 3.20). It is
easily shown that [J] = 2. Let x; = (2,1,1), x, = (0,1,-1). Then p(x,,x,) = 2,
while |JIx;| + Ix,l = 6. Hence m(J) > 3.

Exercise. Let X, .. ,X; be finite-dimensional spaces, and let X
be the product space X; x .. x X, , with norm defined by: [x]| = max [xgl.
Show that m,(X) = L m(X;) .
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4. OTHER NUCLEAR NORMS; DUALITY WITH THE SUMMING NORMS

The definition and immediate consequences

The norm v, was considered in section L. We now introduce
nuclear norms Vo for other p (including ). The definition perhaps seems
rather contrived at first sight, but it will soon be justified by results. In
particular, these norms are in trace duality with the summing norms. As with
the summing norms, we concentrate our account on the "natural" cases p =
1,2,

Let X,Y be normed linear spaces, and let 1 € p < « ., Let p'
be the conjugate index : 115 + ]15.= 1.

For T in FL(X,Y), we define

Vp(T) = inf( CIGIPYP wpi(yys i) = T = 65 @ 33y

Vo T) = inf{ g, (y4, -« ,yg) ¢ T = Lf; ® y; with each [If;}j < 1} .
1

4.1. Vp is a norm on FL(X,Y), and vp(T) 2 np(T). Further :
6] vp(f @ y) = Ifl. Ivll »
(i) vy (BT) < |B]| vp(T), Vp(TA) € vp(T) 1Al ,

(iii) if p € q, then vp(T) 2 vq(T) .
Proof. Take representations

S=Yf;ey;, T=1Lg; ®z;
Phiey 8 ® %

with the appropriate quantities approximating to vp(S), vp(T) . For p =« do
this with It = llgjl = 1. For p = 2, do it with (T I1D% = w(yp, - vp)
(and similarly for T). In each case, the combined representation for S+T
shows that vp(S+T) € vp(S) + vp(T).

Let T = Zl f; ®y; , with upu(yl, - ¥k} = 1. Then
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ITxI = IE £ )yl € (E IGEP)/P

It follows that my(T) ¢ (T ||fi||P)1/P, and hence m(T) < vu(T) (also TN ¢
Vel T)).

Statement (i) now follows, and statement (ii) is easy.

We prove (iii) in the form v(T) € V(T) € v (T). First, let
T= L fiey; with [If5i = lyjl and I |f; 2 ¢ (1+8) v(T) . Since
(Y - Vi) € lylH¥% ,  this gives at once vy(T) < I IIf;li? .

Now let T = I f; ® y; with mly,, .. ,yp) = 1 and I If;® ¢
(1+8)2v(T)? . Let o5 = Ifjll , 8 = o5;, 2z = gy; . Then T =I g; ® z;,
and we have (as in 3.3),

Wz 2zg) € (E D% € 1+ E)vy(T) .

As with v,, the following comments apply :

(1) If T, is a restriction of T, then vp(Tl) 4 vp(T) .

(2) Extensions (with almost the same values of vp) are given by
taking Hahn-Banach extensions of the f.

(3) One must distinguish between an element of FL(X,Y) and the
same mapping regarded as an eclement of FL(X,Y,) , where Y, is a subspace of
Y.

(4) By 1.2, we have vp(T“) < vp(T) .

The study of the norms v, and the corresponding class of

p
p-nuclear operators (not restricted to finite rank) was initiated by Persson &

Pietsch (1969).

Trace duality with the summing norms

The definitions of the summing and nuclear norms are ready made
to fit together, as follows :

42 Let S ¢ FL(X,Y) and T ¢ L(Y,Z). Then :
@) V(TS ¢ m(T) velS) ,
(i) v(TS) ¢ m(m v, (S) .

Proof. (i) Take €0. Let S = f. f, @ y; , with JIfjl =1 and

B (Yys o oY) € (1+6)v(S) . Then TS = lE f; ® (Ty;) , and
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LTyl ¢ m(T)py(yys - YK

$ (148) 1 (T)valS) .

The proof of (ii) is similar. We take I|fj)? = 1 and
uz(yl, e ’Yk) € (l+s) Vz(s)-

In the same way, one can show that v (TS) ¢ npu(T)vp(S) .

4.3 Proposition. Under trace duality, v& = m, and v’; = m,
(and VB = np.) . In other words, for T in P(Y,X),
n,(T) = sup {ltrace (TS)| : S ¢ FL(X,Y), vu(S) € 1},

and if X is finite-dimensional, then the Banach space dual of [L(X,Y),Va]
identifies with [L(Y,X), m,) (and similarly for m,v,).

Proof. Take T in L(Y,X). If v(S) € 1, then by 4.2,
jtrace (TS)| € v (TS) € 7 (T) va(S) € 1 (T) .

Take & > 0. There exist elements Vi with B(¥y o YR =
and I |Ty;ll 3 (1 -8) a(T). Take f; ¢ X* with |f;i = 1 and £;(Ty;) = [ Ty;ll.
Let S = L f; @ y; . Then viS) € I, and

trace (TS) = L f(Ty;y) 3 (1-&)n(T) .

For the pair v,, m, , we reason similarly, choosing f; with |fyl| =
ITy;l  and fi(Tyi) = llTyill2 . This gives S with v(S) ¢ n(T) and
trace (TS) » (1+6)2 my(T)? .

44 Corollary. If X is finite-dimensional (or reflexive) and S is
in FL(X,Y), then there exists T in L(Y,X) with nl(T) = 1 and trace (TS) =
Va(S).  Similatly for m, v, .

Using the corresponding duality result for v, itself, we can now
interchange np. and Vp in 4.2 (a fact that is not obvious a priori):

45 Let X be finite-dimensional, S ¢ L(X,Y) and T ¢ FL(Y,Z).
Then

VY(TS) € ve(TIMy(S),  V(TS) € vy(T) my(S) .
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Proof. By 1.12, there is an A in L(Z,X) with {|Afj = 1 and

V(TS) = trace (A.TS)
trace (AT.S)
trace (S.AT)
m,(S) Vo(AT) (by 4.2)
M,(S) v(T) .

N N

We defer to section 16 the question of identifying the duals of the
summing norms in the sense that we have defined.

Write v{,n)(T) for the quantity defined like vp(T), but only
allowing representations of length not greater than n (where n, of course, is
not less than the rank of T). We saw in 1.17 that this can differ from vp(T),
and in fact v(g) is not a norm. However, the reasoning of 4.2 and 4.3 still
holds to show that n(g)- is "dual" to v(g), and this sometimes yields useful facts
about n(g). .

Special properties of V.,

46. If T maps from or into 22 , then

Va(T) = VEOX(T) = |T)l .

Proof. First, suppose that T maps from 29 . Then T =
L x(i)(Tey), and i (Te,, .. ,Tey) € |ITI .
Now suppose that T maps into 20 | Let Tx = I fi(x)e; , so

that T = X f; ® ¢; .  Then |ifjl € |T| for each i, and g (e, .. .6) = L

From this and 4.3, we deduce at once :

4.7. If X is finite-dimensional and T is in L(X, 23) ., then
v(T) = n(T) (= n{"(T)) .

Recall (3.14) that the same applies to operators on 22 .

The last two results provide a very nice illustration of the
dependence of v, and v, on the range space. Lét Y be a subspace 2N . Let
J be the inclusion Y - 2¥ , and let T be an operator from X to Y. Then JT
is the same mapping, regarded as an operator from X to ¥ | and

v,(JT)

nl(JT) = Tll(T),
Ve(IT)

T = ITY .
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So if v(T) is different from n(T), then it is different from v,(JT) (and
similarly if v (T) # |ITI). As we shall see, we only need to take T = Iy (for
suitable Y) to obtain inequality in both cases.

The concept of an £,space (see section 0) is the key to a painless
extension of 4.6 and 4.7 to the infinite-dimensional case.

48 Let X be finite-dimensional, Y an an £, space and T an
element of L(X,Y). Then vu(T) = |[Tll, v,(T) = n(T).

Proof. Choose &>0. There is a subspace Y, of Y, containing
T(X), such that d(YO,!E',) € 1+¢& for some N. Let T, be the same mapping
T, regarded as an element of L(X,Y). Then v (T) € v(T,), while
n,(T) = m(Ty). It follows easily from 4.7 that (T, € (1+ &) m(Ty) .
Hence v, (T) € (1+ &) n(T) . Similarly for v, .

Using 4.6, we now derive two equivalent formulations, both very
"natural", of the meaning of v,

49. Let X be finite-dimensional, and let T be in L(X,Y). Then
Vo(T) is the infimum of the numbers « for which the following statement

holds : given any space Z containing X, there is an extension T:Z-YofT
with T} ¢ « .

Proof. Firstly, for any §&>0, there is an extension % with Iﬁ‘ll €
velT) € (1+8) v(T) .

By 0.14, there is a space Z containing X (strictly, an isometric
copy of X) with d(Z, ¢ ) ¢ 1+& for suitable N. Suppose that T has an
extension with lﬁ‘ I € «. By 46, v.,.(AT) ¢ o1+8) . The statement follows.

4.10  Corollary. If X is finite-dimensional, then vg(Iy) = MX)
(the projection constant of X).

4.11. Let T be in FL(X,Y). Then v(T) is the infimum of
ITJ.TH taken over all factorizations T = T,T;, where T, ¢ L(X, !5) .
T, ¢ L(nlﬁ, Y) and k is any integer.

Proof. Given such a factorization, we have by 4.6 :

Vol T) € Va(Ty) Tyl = ITHHT,N .
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For the converse, take §>0. Let T = Xf; ® y;, where [fjll =1
1

for each i and p,(y;, . ,¥K) € (1+8) v(T). Define T, : X -~ !5 and

Tz:ﬂlf,-'Yby:

1

Tx = L (0

1

Tzej =Y -

Then T = T,T,, IT,l =1 and by 2.5, [T, € (1+8) va(T) .

Note. For mappings between finite-dimensional spaces, it follows
that v(T*) equates to the quantity defined in the same way by factorizing T
through !‘f . Of course, vo(T*) is obtained by interchanging | || and g, in
the definition of v (T). In general, it bears no relation to v (T). For
example, if T is the identity in D, then T* is the identity in 2! , and
Vo(T) = 1, while v (T*) = x(!'ll). (But of course Vo(T**) = v(T) when the
spaces are finite-dimensional).

Exercise. Show that for a diagonal operator D from n!.‘, to !k,
vp(D) = |ID} . Deduce that for T in FL(X,Y), vp('l') is the infirmum of
ITA.IDI.IT,l taken over factorizations T = T,DT, , where T, ¢ L(X, 15,) ,
T, ¢ L(!g,Y) and D is a diagonal operator from !5. to !}; .

For identity mappings, vk has a nice interpretation.

4.12. LCet dim X = n. Then
vem) (1) = d(X, 18) .

Proof. Representations of length n for I, are of the form
Lf;® b, where (b;) is a base of X, and (f;) is the biorthogonal set of
functionals.

Given a base (b;) of X, define an isomorphism M - X by
Te; = b;.  Then |T) = p (b, .. ,by). Further, Tx = I fi(x)e; , so ITY =
max|if;l . All isomorphisms are of this form. The statement follows.

Compare this with the equality ve(Iy) = MX). Of course, M(X) ¢
d(x, 12 ). It is a long wunsolved question whether there is a constant C
(independent of n) such that d(X,28) ¢ CMX) for all n-dimensional spaces X.
We give a partial result in this direction later (12.11).
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Special properties of v,

The outstanding special property of v, is that it coincides with 7,
This will be proved in section 3. For the moment, we just remark that we
have already (in 3.9) essentially proved this statement for operators between
Hilbert spaces : with the notation used there,

T = }}(T*fj) ® fj R

s0 v,y (T)? ¢ }illT*fju” = m(T)Y .

Exercise. Prove by the steps indicated that the value of v, is
independent of the range space. Given py(y;, - ¥g) = 1 , let Z be a
subspace of Y, = lin(y;, .. ,¥g) By considering the mappings A : !f -~ Y,
given by Ae; = y; , show that there is a projection P of Y, onto Z with
Ey(PY,, Py € 1.

“Lifting” and right inverses

As with the extension problem, the solution to the "lifting" problem
is effectively built in to the definition of Vp - though we have to consider
vp(T*) rather than vp(T) (as we know, for p = 1 these coincide). Recall that
we say that Q is an "M-open” operator of Y onto Z if for each z ¢ Z, there
exists y € Y with Qy = z and |y|l € M|zl .

4.13. Let X,Y,Z be normed linear spaces (Z finite-dimensional).
Let Q be an M-open operator of Y onto Z. Given T in L(X,Z) and §&>0,
there exists T, in FL(X,Y) such that T = QT, and vp(Tl"‘) ¢ (1+8)M vp(T*).

Proof. Express T as L f. @ z, with up-(zl, v SZK) §
(1+8)vy(T* and I flz P € 1 (for p = = |zl € 1 for each r). Let y, be
such that Qy, =z, and |yl € Mllzl , and let T, =X f ®y,..

The special case Z = X, T = Iy gives :

4.14 Corollary. Let X be finite-dimensional, and let Q be an
M-open operator of Y onto X. Then, for any & > 0, there is an operator J

in L(X,Y) such that QJ = Iy and vp(J*) < (1 + &M vp(Ix*). Then JQ is a
projection of Y onto J(X).
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For a subspace E of Y, we denote by EC the annihilator of E in
Y*. If E is of codimension n (that is, it has an n-dimensional complement),
then dim E° = n.

4.15 Corollary. Let E be a closed, n-codimensional subspace of Y
(which may be infinite-dimensional). Then, given & > 0, there exists a
projection P on Y with kernel E and [P € (1 + &) E°).

Proof. In 44, let Q be the quotient map of Y onto Y/E , and
let P = JQ. Then ker P = ker Q = E.  Also, (Y/E)* is isometric to EO.
Apply 4.14 with p = ©: we have |J]| € v(J*) and vu(Igo) = \E?) .
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5. PIETSCH’S THEOREM AND ITS APPLICATIONS

The theorem

We now come to the fundamental theorem on p-summing operators.
We have seen (3.17) that if T is an operator defined on a subspace X of 24(8)
and if there is a functional ¢ on 2,(S) such that |Tx|? < &x/P) for all x ¢ X,
then np(T)p < |i¢ll . Pietsch’s theorem states that, conversely, such a functional
¢ always exists. Its application is quite general since, of course, every Banach
space can be embedded in a suitable £,(S) (note that there is no requirement
that |x|P belongs to X whenever x does). For p=1, Pietsch published the
theorem in a slightly disguised form in (1961), and in more or less the present
form in (1963). The version for general p appeared in (1967).

First, we mention one special case in which the proof is easy.

Suppose that T is defined on £ Then m(T) = I «, where o = [T
(3.14).  Now Tx = L x(i)(Te;), so |IITxl € T eaglx(i)l This is ¢(jx]), where
ol = £ o .

For the general case, we use the following lemma of F.F. Bonsall.
We say that a real-valued function q is "superlinear" if -q is sublinear. A

"wedge" is a subset admitting addition and positive scalar multiplication.

5.1 Lemma. Let Q be a wedge in a (real) linear space X.
Suppose that p is sublinear on X and q is superlinear on Q, with q(y) € p(y)
for all y € Q. Then there is a linear functional f on X such that

f(x) € p(x) for all x € X,

f(y) 2 q(y) for all y ¢ Q .

Proof. For x in X, define
1(x) = inf (p(x+y) - a(y) : y € Q).

Since p(x+y) + p(-x) 2 p(y) 2 q(y) , we have r(x) 2 -p(-x) . It is
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clementary that r is sublinear, and clearly r(x) € p(x) for x e X, while r(-y) ¢
-q(y) for y ¢ Q. By the Hahn-Banach theorem, there is a linear functional f
on X with f(x) € r(x) for all x. Then f has the required properties.

5.2 Theorem. Let X be a linear subspace of 24(S). Let T be a
p-summing operator defined on X (for any p 2 1) Then there is a positive
linear functional ¢ on 2,(S) such that |[|¢f = np(T)p and

ITx|P ¢ ¢(x|P) for x € X .

Proof. Consider the case of real scalars first. Let Q be the set
of non-negative functions in 2,(S). Given y € Q, let V(y) be the set of
finite sequences (x;, .. ,x) in X with I |x)P ¢ y. Let

a(y) = sup (Z [ITx;IP : (x;, .. ,xp) € V(¥)}.
For (x,, .. ,xy) in V(y), we have by 2.6 ,

tp(Xys o XP = Illz:lxilp" € vl s

and hence
):i ITx;IP < plivll ,

where p = np(T)p. Therefore q{y) € plyll . It is elementary that q is
superlinear, and clearly for x ¢ X, we have |[Tx|P ¢ q(x|P).

By the lemma, there is a functional ¢ on 24S) such that ¢z) ¢
plzll for all z in 2,(S) (so |I#)l € p), and &y) 2 a(y) (3 0) for yeQ. 1In
particular, ¢(x|P) 2 Tx|P for x ¢ X.

In the complex case, let 24(S), ﬂg(S) denote the spaces of
bounded real and complex functions on S respectively. The above proof gives
a positive real functional ¢ on £.(S) satisfying the stated conditions (it doesn’t
matter that X is not contained in 2,(S) !). There is an obvious way to extend
¢ to give a (complex) linear functional on !g(S) clet  d(x+iy) = §(x) + id(y).
It is elementary that this does not increase |4

Remarks (1) Suppose that X is embedded in C(K) (e.g. with K =
Uys). Then there is a positive functional ¢ on C(K) as stated in the theorem.
By the Riesz representation theorem, this functional can be identified with a
Borel measure on K. The theorem is often quoted in this form. However,
this is to obscure the fact that the theorem is simply a statement about the

existence of a functional, not a statement about measures. For some
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applications (notably the extension theorem) it is important that X can be
embedded in any space of the form 24(S) or C(K), not only in C(Ugs).

(2) A sketch of an alternative proof is as follows. Assume p = L.
Let

It

F;, = {y ¢ 24(8) : sup y(s) < 1},

F

, = co{lxP:x ¢ X and |Tx|| = 1) .

One verifies that F; and F, are disjoint. The separation theorem then gives
the required functional.

Given a positive functional ¢ on 2,(S), one obtains a
semi-inner-product by putting <x,y> = §xy) (real case) or ¢(x;) (complex case).
Then ¢(x)?) = <x,x> .+ This is the kcy/f to a number of important applications
specific to the case p = 2, obtained by taking advantage of the nice properties
of Hilbert spaces.

Exercise. Let f,, .. ,f; be functionals on C(K). Write I ||fi||2 =
M2, Show that there is a positive functional ¢ on C(K) such that I f;(x)? ¢
&(x?) for all x and ||¢] = M2 Is this obvious without Pietsch’s theorem ?

Exercise. Adapt the proof of 5.2 to obtain the following variant
for lattices. Let T be a l-summing operator on a normed lattice X. Then
there is a positive functional ¢ on X such that |¢ff = 7(T) and |Tx|| € &(x]
for all x ¢ X.

(However, the converse is not true. This will be clarified in
section 18).

Operators on finite-dimensional spaces.

As a first application of Pietsch’s theorem, we obtain the promised
converse of 3.2.

5.3 Proposition. Let T be an operator on a finite-dimensional
space X, and let €>0, p 2 1. Then there exist elements f;, .. ,f of X* such
that JTx|P ¢ ¢ Ifj(x)lp for all x ¢ X, and

J

@ IEHPIP < (1+8) my(T)
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Proof. It is sufficient to prove the statment (without &) for the
case when X is a subspace of some 15, since every X is almost isometric to
such a subspace (see 0.13).

Let ¢ be the functional given by Pietsch’s theorem. We can
express ¢ in the form

oY) = T oPyG)
J

where |4l = & ajp = np(T)p .  Then |Tx|P ¢ X |fj(x)|p for xeX, where
fj(x) = ozjx(j) . Clearly, ||fj|| € & .

Notes. (1) The number of functionals in 5.3 is bounded by the k
for which X is embedded in 115, . It is easy to see that this number may have
to- exceed the rank of T. Consider the identity in an n-dimensional space X.
We show later that there are cases for which "1(Ix) $ Y2n . Suppose we have
n functionals f; such that [x]| € I [f;(x)] for all x. Then the f; are linearly
independent, so there exist bj ¢ X such that fi(bj) = sij . From our
hypothesis, |lbjl € 1, so If;l > 1, and hence I |ifj} 2 n .

(2) Let K be a norming subset of Uyx. The near-isometric
embedding into R§ is of the form

Ax = [hy(x), . Jhy(x)]

where the hj are in K. From the way that co-ordinate functionals were used
in the proof, it is clear that the fj in 5.3 can be taken to be scalar multiples
of elements of K.

We have seen very easily (3.14, 4.6) that for operators defined on
o vw(T) = nl(T) and v (T) = |ITI. We can now show that the same is
true for general p (and in particular, p = 2).

5.4 _Proposition. For any operator T on 23, we have vp(T) =
np(T) for all p.

Proof. We assume 1 < p < . Let ¢ be the functional given by
Pietsch’s theorem, so that

0 = L oPx(j) ,

where ¢ = L ajp = np(T)p. Let K be the set of j for which «; > 0. For

jeK, let fix) = ox(j) and wuj = ozj"(Tej). For other j, let fj = u; = 0.
Then
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Tx = ):J x(j) (Tej) = ijj(x)uj .

Clearly, I ||fj||p =X osz = np(T)p . The result follows if we can show that
Bpr(uy, . oug) € 1. Take scalars ); with T |xj|p ¢ 1. Then I \uj= Tx,
where x(j) = a}lxj for j ¢ K (and 0 otherwise). Hence

fExu: P = TxIP € % «PIxGP = Z P €1,
gl HE J

which proves the required statement.
As in 4.7, we have at once by trace duality :

5.5 Corollary. If X is finite-dimensional and T is in L(X, D),
then V,(T) = my(T) = aLBX(T) for all p.

For the case p = 2, we will see below that the same statement
holds for operators on any finite-dimensional space.

An application to finite-dimensional spaces

Before continuing with the general discussion of Pietsch’s theorem,

we describe a beautiful application of our results on 2-summing norms.

5.6 Theorem. Let (X, || I) be an n-dimensional normed linear
space (real or complex). Then :
(i) there is an inner product on X giving a norm | |¢ such that
xlh € Ixlgy < Vh lIxll for all x € X ; hence d(X, 1) < v ;
Gi) MX) € Vn .

Proof. We give the details for the real case. The complex case
requires routine minor modifications.

(i) Embed X in a space 2.S). By 38, m(ly) € Vn. So by
Pietsch’s theorem, there is a positive linear functional ¢ on 2.(S) such that
I € n and xI® € &xH for all x ¢ X. Define a semi-inner-product on
2S) by putting <x,y> = ¢(xy). The corresponding seminorm | lo satisfies

Iylp? = ¢y®) < ally’l = nlly)?

for all y € 14S). Also, [x|? € &x?) = |x|¢2 for all x € X (so | |g is a
norm, not just a seminorm, on X).
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(ii) Let P be the orthogonal projection of 24S) onto X with
respect to | |¢ (The fact that | |¢ is only a seminorm on 2,(S) doesn’t matter :
Py = L <y,b;> b; , where (b;) is an orthonormal base of X). Then

IPYIl € IPyly € Iylg € Vo Iyl ,

so IIPl € Vn. (In fact, the inequality [Pyl? € ¢(y?) shows that m(P) € Yh.)

5.7 Corollary. If X,Y are any two n-dimensional normed linear
spaces, then d(X,Y) € n.

Notes (1) Statement (i) in 5.6 was originally proved by F. John
(1948), by much harder methods. Statement (ii) was derived from John’s result
by Kadec & Snobar (1971).

(2) It is elementary that d(2],2]) = Yh (see 6.10), so the Vn in
(i) is best possible. Also, we will show in section 6 that !{‘ and t;‘ have
projection constants not less than Yn/2 (though not actually equal to Vn).

(3) Gluskin (1981) has shown that there exists C such that for
each n, there are n-dimensional spaces X,Y with d(X,Y) > Cn. As mentioned
earlier, it is not kmown whether d(X,2%) < C MX) (or ¢ Cn ) for all
n-dimensional X.

(4) By 4.15, it follows that if E is a closed, n-codimensional
subspace of Y (not necessarily finite-dimensional), then there is a projection P
with kernel E and [P| € (1+&,Vn .

Factorization and extension

In 5.6, we have seen one example of what can be done (in the case
p = 2) using the inner product derived from Pietsch’s functional. We now
show how the same idea leads to a factorization theorem for 2-summing
operators in general.  This result is also known as Pietsch’s theorem, though a
version was published by Pelczynski (1962), and the idea is present in
Grothendieck (1956). At the same time, we obtain a "Hahn-Banach" theorem for
operators : any 2-summing operator can be extended without increasing the value
of m,

Let ¢ be a positive functional on 2(S). As Dbefore, a
semi-inner-product is defined on 248) by: <x,y> = &xy) (or ¢(x§) in the
complex case). Let | |¢ be the associated seminorm. The quotient by
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{x : |x|¢ = 0} is an inner product space (in the case of 2L, this just amounts
to leaving out some of the co-ordinates). The completion of this inner product
space is a Hilbert space, which we denote by Ly(¢). Note that this
construction has nothing to do with measure theory ! By a slight abuse, we
continue to use the notation < > and | |¢ in L,(¢). Let J be the natural
mapping from 24(S) to L,(¢) : strictly, this is the formal identity followed by
the quotient mapping. Then |Jx|¢2 = ¢(x?), so (by 3.17) we have m())? < |i¢il
We are now ready to formulate the factorization theorem :

5.8 Theorem. Let X,Y be normed linear spaces (Y complete), and
let T be a 2-summing operator from X to Y. Then there exist a Hilbert space
H and operators T, : X - H and T,: H - Y such that T = T,T; and
M(Ty) = m(T), T, = 1.

Proof. Embed X in some 24(S). Let ¢ be the functional given
by Pietsch’s theorem, and let L,(¢) and J be as above. Clearly, m(J) € my(T).
Let T, = Jl, and let H be the closure of J(X) in L,(¢). For x ¢ X, we have

ITxi? € &(x*) = IT;xlp? .

In particular, if T;x = 0, then Tx =0, so we can define T, on T(X) by:
Ty(Txx) = Tx. Further, [IT,(T,x)| ¢ |T1x|¢ ,» 8o |IT,l ¢ L Extend T, by
continuity to the domain H.

If Y is incomplete, we still obtain a factorization as above, with H
a (possibly incomplete) inner product space.

We now make use of the existence of orthogonal projections in
Hilbert spaces to derive the stated extension theorem.

5.9 Theorem. Let X be a subspace of a normed linear space Xy,
and let Y be a Banach space. Let T be a 2-summing operator from X to Y.
Then T has an extension T, : X; =Y with my(T,) = m(T).

Proof. Embed X, in a space 24(S). Continue to use the above
notation. Let P be the orthogonal projection of L,(¢) onto H, and let T, =
T,PJ. Then T, extends T and

M,(T) € TPl m,(3) € ny(T) .
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Exercise.  Use orthogonal projections to show that the operator T,
in 5.8 can be taken to be one-to-one.

How much of the above construction applies to other p, in

particular p = 1 ? A seminorm | ||, is defined by : |lixfl, = &(xI). By
taking the quotient with (x : [Ixll, = 0} and then the completion, we obtain a
space which we denote by L,(¢). One can show that this is indeed an
£, -space. For a l-summing operator, the method of 5.8 gives a factorization
through a subspace of L1(¢). However, this subspace need not be

complemented or an ¥,-space.
A simple example is enough to show that l-summing operators
cannot be extended with preservation of n, (although, of course, they must have

2-summing extensions !).

5.10 Example. Let E be a subspace of tN  isometric to n'l‘ (there
is such a subspace with N = 2M).  We show later (7.12) that m(Ig) € Y2n .
Let P : #2Y - E be an extension of Iz, in other words, a projection onto E.
By 3.14 and 1.10, m(P) = v(P) > n .

The equivalence of v, and m,

The extension theorem gives at once the promised generalization
of 54 :

5.11  Theorem. Let T be any operator defined on a
finite-dimensional space. Then Vy(T) = ny(T).

Proof. Let T be in L(X,Y). As usual, it is sufficient to consider
the case where X is a subspace of some 1!5,. There is an extension T, : !5 -Y
with m(T,) = M,(T) (note that T(X) is finite-dimensional, so complete). By 5.4,
Vy(T,) = My(T,). The statement follows.

We will see later (section 17) that the same holds for all finite-rank
operators, even when defined on infinite-dimensional spaces.

Because of 5.11, we can replace v, by 7, in the duality results of
section 4. In particular, from 4.2 we have vi(TS) € m(T)m(S) for S with
finite-dimensional domain. Without any finite dimensionality restrictions, we
deduce :
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5.12 Proposition. If S is in Py(X,Y) and T in Py(Y,Z), then TS is
in Py(X,Z), and m(TS) € my(T) my(S).

Proof. Let X, be a finite-dimensional subspace of X, and let

S, = SIXl. Then
(TS)) € v (TS)) € Ay(T)M,(S,) ¢ my(THM,(S) .

The statement follows.

We are now in a position to replace the inequality in 3.8 (which
has served us so well) by equality :

5.13 Proposition. For any n-dimensional normed linear space X,
we have my(ly) = Ya .

Proof. Since I, = I,% we have

n = vi(ly) € mIy?.

Hence m(ly) 3 vh . Further, we deduce :
5.14 Corollary. If X is infinite-dimensional, then Iy is not

2-summing. Nor is any isomorphism between infinite-dimensional spaces.

Proof. m(Iy) would have to exceed vn for all n. If an
isomorphism T were 2-summing, then T-!T = Iy would be too.

Hence Iy (for infinite-dimensional X) is not I-summing either.

Recall that by 3.24 this means that there is a summable sequence (x,) in X

with I |Ix,fl divergent.  This is the theorem of Dvoretzky & Rogers (1950).

Further applications

We finish this section with some further applications specific to
infinite dimensions. These results are not essential for our later theory, and

the reader is at liberty to leave them out.

5.15. If X,Y are Banach spaces, and if there is a 2-summing
operator mapping X onto Y, then Y is isomorphic to a Hilbert space.
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Proof. By 5.8, Y is the image of a Hilbert space under a

continuous linear mapping. Such a space is isomorphic to a Hilbert space.

We have already seen (3.12) that any 2-summing operator between
Hilbert spaces is compact. By the factorization theorem, the same is true for
operators from a Hilbert space to a Banach space. In the general case, we
have two weaker properties:

5.16. Any 2-summing operator between Banach spaces is weakly
compact.

Proof. The operator factorizes through a Hilbert space.

An operator T is "completely continuous" if |Tx,ll = 0 whenever
(xp) is weakly convergent to 0. This is equivalent to T(K) being norm-compact
whenever K is weakly compact. If X is reflexive or X* is separable, then all
completely continuous operators on X are compact. As a generalization of the
above statement for Hilbert spaces, we have :

5.17. Any 2-summing operator between Banach spaces is completely
continuous.

Proof. Embed X in a space C(K), and let ¢ be as in Pietsch’s
theorem.  Let x, = 0 weakly in X. Regarded as elements of C(K), this says
that x,(t) = 0 for each t ¢ K. Hence x} ~ 0 weakly, so ¢xZ) ~ 0. It
follows that [Txg|l = 0.

5.18 Corollary. If S and T are 2-summing, then TS is compact.

Proof. This follows from S being weakly compact and T
completely continuous.

It can actually be shown that the product of two 2-summing
operators is nuclear, in the sense mentioned after 1.13 (this strengthens both 5.18
and 5.12).

We saw in 3.13 that compact operators, even between Hilbert spaces,
are not always 2-summing. Conversely, there are 2-summing (even [-summing)

operators that are not compact (sece 6.2).
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6. AVERAGING : TYPE 2 AND COTYPE 2 CONSTANTS

The basic averaging result and its applications

So far, we have been essentially concerned with general results.
The emphasis will now shift to results applying to particular spaces, or to put
it another way, to properties of particular spaces that are (or can be)
formulated in terms of the summing and nuclear norms. The following very
simple "averaging" result underlies or motivates a high proportion of this work.

Let D, denote {-1,1}®, the set of 2" elements of form ¢ =
(81, ,8n) with each 8i e {-1,1} .

We make repeated use of the obvious fact that for fixed, distinct
integers 1i,j,

€:6: =0 .
8ED i =0

n

Since D, is a subset of RY, we can form inner products in the usual way
between elements of Dy and elements of R® (or C).

6.1 Proposition. Let K be Ror €. Then :

. 1 : n
1 = ~ ¥ £E® 8. That is, f e K",
1) KD 2 e, at is, for x

=1 X,E>6 .
x 2n EEDH X

(ii) For x,y ¢ K,

1 X8> <Byd> = <x,y>
7n 82€Dn X, 8 X,y> .

(iii) For x ¢ K&,

1 x,63? = x|
30 8€ED“ 1<x,621% = x| .
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Proof. Component j of lzn L <x,8> 8 s
1 N 0T e
2n % 8j le &ix(i) = n lZ x(i) )é 818_‘ .

When i # j, we have T ¢ =0, and clearly %n Fof=1. Hence the

above expression equals x(j), and (i) is proved. Statement (ii) follows on taking
the inner product with y, and statement (iii) is obtained by putting y = x .

Recall that Ig% denotes the identity in RM (or @), regarded as
an operator from !B to 22 , and Ip’q denotes the identity operator from Rp to
!q (for p € q). Proposition 6.1 enables us to evaluate a(Ig)f‘%l) (where « is
one of the summing or nuclear norms) in several of the cases not covered by
our earlier results. In certain cases, this does not grow with n : this leads to

a corresponding infinite-dimensional version.

6.2 Proposition. vl(lgnl) = nl(l(ln)&) = 1 for each n ; further,
1w = L.

. Proof. The statement for v, follows at once from 6.1 (i), since

I8l = 1 for each & ; of course, this is the norm when & is regarded as a
functional on 20

This gives Tll(I(l??.,) = 1. Let E; denote the obvious copy of ¥

in 2. For any operator T on 2, we have n,(T) = sr}lp "l(TIEn) ;  hence

Remarks. (1) Hence also nz(Il,w) =1,
(2) Il’w is not compact.
(3) Let T be the operator diag(ay, .. o). As before, let Tp’q

denote T regarded as an operator from lg to ng . Note that |IT, I = IT
= max | (= M, say). Since T, & = I;&T;,;, we have that V(T ) €

Vl(Il,w) ||T1,1|| , and hence vl(T1,°°) = M.

6.3 Proposition, nz(Igf‘;) 1 for each n; m(I,,) =1 .

Proof. The statement for I(l“; follows at once from 3.2 and
6.1(iii) (again, ||| = 1 as a functional on !{‘). The statement for 11,2 follows
as in 6.2.
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64 wa{™)) = vai™h) = ¥n .

Proof. 6.1(i), with appropriate norms, shows that both quantities

are not greater than vn . Equality for I (temporarily, we drop the

1,2
superscript (n)) follows from :

n o= vl ,) € vy I, = n VI 9) -

Similar reasoning applies to I, o

Let ugp)(S) denote the value of w,(S) in 23 . Statement (iii) of

6.1 is ready made to give us the value of ugp)(Dn) :

65 WD, = WDy = 272, while VD, = va 27/2,

Proof. Consider R{‘ (the other cases are similar). We have

[ 4P(DI? = sup ( F<x,6> ¢ lixle € 1)

2% sup (lIxhZ : Ixllo € 1}

= 2l |

With this, we can calculate the summing norms in three more cases:

6.6. nzag?g) = nl(ngl{) = nz(l&?}) =n.

Proof. If J denotes any of these operators, then the expression
L e; ® ¢; shows that v,(J) € n, so0 np(J) §£n.
Now u{? (D) = 27/2 | while

I |&IZ = nZ220
X el
n
Hence nz(Igf‘}) 2 n . The other two quantities are clearly not less than

nz(Igng) . (Alternatively, we have from 4.2 and 5.11 :

n = trace(Illl) € "2(11,2) "2(12,1) = n2(12,1) ).

Exercise. Give a direct proof that n2(1(1“2) ='n (of course, this

is a special case of 5.13).
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We summarize in tabular form what we now know about Ig?gl

from the above results and those of sections 1 and 3

Vi n2 mn
g== 2 1 o 2 1 °© 2 1
p=e n n n vn n n n n n
2 vn n n 3 i n va
11 Yo n 1 1 n

The remaining cases for 7, are not at all trivial; they will emerge from the
results of sections 7 and 8. We leave it to the reader to summarize what we

know so far about v,,(If)f‘Z]) .

Vector averaging and a property of Hilbert spaces

There are various ways to generalize 6.1. If we replace the
scalars x;, y; by vectors and functionals, we obtain the following :

6.7 Proposition. Let x;, .. ,x; be elements of a linear space X,
and let f,, ..,f, be functionals on X. For ¢& ¢ D,, write

ve = L &xi . gg =¥ §f; .

Then
1 5 =T fix:
2 ek, gelye) }1: i(xp) .

In particular, if X is an inner-product space, then

1 2 2
=~ L = 5.
¢k, Wel E il

Proof. For a particular & ,
gs(}’g) = }i fi(xi) + 151 8i8j fl(xj) .

Summation over & gives the first statement, and the second statement follows at

once.
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6.8 Corollary. Given elements x;, .. ,x, of an inner-product
space, there éxist 6, & ¢ Dp such that

e sx 2 € Zxit,
HE x> I x;?.

(This re-proves 2.12, and gives an opposite inequality as well).

6.9 Coroliary. For any inner-product space H, nl(“)(H) $ 'n s
with equality if dim H 2 n .

Proof. Given n elements x,, .. ,x,, we have by 6.8,
gl € Ya (Chg% <« VR gy, .oxg)

Equality occurs for n orthonormal elements.
We shall see in section 8 that m(20) > Ya , so m(ed) # ”(1n)(’1121).
This result has a nice application to Banach-Mazur distances :
6.10 Proposition. d(28, 1) = d(aP, D) = Vn .

Proof. The identity operator shows that both quantities are not
greater than Yn . Equality for 21 follows from the fact that 11(1“)(22) =n
The statement for 27 follows by duality.

Of course, it is casy to deduce 6.10 from 6.8 without mentioning
"(ln). For example, let S : 20 - 20 be an isomorphism with (S| = L.
Then there exists 8 ¢ Dy with |Z 8(Sepll, ¢ Yn. Since IZ 8;e;ll; = n, this
shows that Sy 2 Vn .

Exercise.  With the notation of 6.7, show that
1
5n ¥ 86 ®Ve = Efjox
and p{yg : & € Dy} = 2n/2 B Xy5 o Xp) ©
(These statements generalize 6.1 (i) and 6.5 respectively).

Exercise. For any operator T on 2P, show that

ny(T) € py(Tey, .. ,Tey).
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Type 2 and cotype 2 constants

Given a finite sequence (x,, .. ,x,) of elements of a normed linear
space, write

%
1 2
pz(xl, e ,Xn) = [En GEDn "Y&" ]

where yg = L &;x; . (The notation p,, like Ko is not standard).

Proposition 6.7 says that for elements of an inner product space,
Py(Xps o Xg) = (EIxgH% .

Motivated by this, we define the type 2 constant T, and the
cotype 2 constant x, of a normed linear space X as follows:

T, (X)

sup {py(x;, ~oXp) : I lx;i? € 1),

() = sup (€ IxH% 1 oy, o xp) € 1)

The space X is said to be of type or cotype 2 if the corresponding constant is
finite. Clearly we have Tz(H) = k,(H) = 1 for any inner-product space H.
At this stage, we restrict our account to the really elementary facts related to
these concepts. The connection with summing and nuclear norms will unfold
in later sections.  First, some immediate remarks on the definitions
(1) If T is an operator, then py(Tx,, .. ,Txp) € ITI py(x4, o ,Xp)
(2) If X is a subspace of X, then T, (X,) € TyuX), «(X,) ¢

Ky(X). Since the definitions involve only finitely many elements, we have
T,(X) = sup {T,(X,) : X; a finite-dimensional subspace X} ,

and similarly for «, Further, if Y is finitely represented in X (for the
meaning of this, see section 0), then TyY) ¢ Ty(X), etc.

(3) py(xqs « oXp) € My(Xy o X)), since llygll € py(xy, .. xp) for
each ¢&. Hence "2,1(Ix) € Kky(X). In words, cotype 2 implies the Orlicz
property.

(4) Clearly, the definitions of T, &, can be applied to linear
operators : we simply replace x; by Tx; on the left-hand side. Then T4(X)
equates to T,(I,). In particular, x, can be thought of as a modification of
m,, in which p, replaces p,.  The statement in (3) becomes nz,l(T) € xky(T).

(5) An alternative expression for p,(x,, .. ,xn)z, which the reader
will often encounter in the literature, is
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1
I NEr(t) x;i? dt
0 1

where r,, .. ,ry, are the first in Rademacher functions on [0,1]. This is the

same, since for each & ¢ D, the set (t : ry(t) = & for each i} is an interval
of length 1720 .

(6) The definitions only use real scalars.

6.11.  py(Xy, o Xp) 3 Hy(Xy, o Xp) Hence xz(T) ¢ m(T) for any
operator T, and if dim X = n, then Kky(X) ¢ o .

Proof. Take f ¢ Uy We have f(yg) = Z&if(xi), and hence
by 6.1(iii),

F f(x)? = %,, Fi(ye) < ‘5,, T Ivel® = palxy. - xp)?

6.12. For isomorphic spaces X,Y, we have
TY) € dX,)Y) Ty(X),  1(Y) € d(X,)Y) k,(X) .

For 7, (but not x,) we have the following stronger statement : if there is an
M-open operator 7 of X onto Y with |7 = 1, then T,Y) ¢ M 7,(X). Hence
if E is a subspace of X, then T,(E*) € T,(X*).

Proof. We just prove the "stronger statement” for T, Take
elements y; of Y with I llyiu2 ¢ 1. There are elements x; of X with Tx; = ¥;
and [Ixjl € MIlyjll . Then py(x,, .. X)) € MT,X). Since [T € 1, it follows
that  p,(yy, - »¥p) € MT,(X).

The reader should reflect on why a similar argument cannot be
used to prove the "stronger statement” for «,. Examples below will show that
no such statement is true.

Clearly we have from 6.12 and 5.6 that for any n-dimensional
space X, T,(X) ¢ Yh and (again) Ky(X) ¢ o .

6.13 Example «,(13) = 7,(a0) = Vn .
T,(88) »» as n -,

Proof. In 2%, |L &eill = 1 for all & s0 pyley, .. ,eq) = 1,
while I fleji? = n .
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In 1, we have pye,, .. .6p) = n, while (T Ileillz)% = 'n.

The final statement follows from the fact that 2] embeds
isometrically into 2N for a suitable N. This is achieved (in the real case) by
associating with x ¢ 2] the function X on D, defined by : X&) = <x,8>.
Hence N = 27, and we have shown that T7,(25) > n.

The most interesting result of this sort on elementary spaces is
that 2, is of cotype 2. This will be proved in section 7.

6.14. For any normed linear space X,
Ky (X*) € T(X), K(X) € T,(X*) .

Proof. The second statement follows from the first, since «,(X)
€ Ky (X**).

Let Ty(X) = «. Take f,, .. ,f; ¢ X* and & > 0. There are
elements x; of X with Ix;l = 06l and  fi(x;) 2 (l+8)'1||fi||2. Write
yg = L &;xj, 8g =L &f; . Then

lznfinz € 1+8) T fi(x)

= 2 ¥ e by 6.7

< L2 @ iegry @ ot
< (146 2772 gl # @ (Fixy®

by the definition of o Since |[ix;|l = |If;ll, this gives
E D% € (148) @ py(f,, . fp)

Hence ky(X*) ¢ (1+8)a.

In exactly the same way, one has nz(T*) ¢ 7,(T) for an operator T.
The above remark about 2, shows that 7, and «, cannot be interchanged.

For general p, "type p" and "cotype p" constants are defined in the
same way, replacing (I |]xi||2)% by (T leillp)l/p , but leaving p, unchanged
(actually, Pp is "equivalent" to p,). Clearly, even R! is only of type p for
p € 2 and cotype p for p 2 2. The study of these concepts was initiated by
Maurey & Pisier (see especially (1976)).
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Averaging operators : a general result on trace duality

We now describe one way in which the averaging notion can be
applied to operators. Roughly speaking, "averaging" any operator on KD
reduces it to a multiple of the identity. This leads to a general trace duality
result on Igf‘a . The idea is due to Garling & Gordon (1971). As before, K
denotes R or C.

6.15. Let S be be any operator in L(KD), and let Scj =} %36
— 1

for each j. For & in D, let Ug be the operator diag(¢,, . 8n). Let

=1
So " 3n G)E:Dn UgSUg .

Then §; = diag (e;, .. o)
Proof. For each j, we have SUgej = 8jSej, and hence

UgSUng = 8j U&SCj = 8j ? % 6ie4
= a” Cj + l§_] sisj C!ij (1
Summation over & ¢ D, gives the statement.

6.16. Let S,S, be as in 6.15, and define H ¢ LK™ by

He; = ¢;,, for 1 <€i €n-], He, = ¢;. Then

i

r_ﬁlH'rSOHr = (trace )1

Proof. For any permutation o of (1, .. ,n}, let H, be the
operator defined by : Hge; = eq4).  Then Hy'SHge; = (i) o(i)Ci - Now
let o be the particular permutation given by o(i) = i+1 for i < n, on) = 1.
The clements o(i), o%(i), .. ,0%(i) are 1, .. ,n in some order. The statement

follows.

6.17 Proposition. Let « be any operator ideal norm, o* its dual
under finite-dimensional trace duality. Then, for any p,q,n,

afy «agh - n.

Proof. The quantity under consideration is of course not less
than n.  There is an element S of L(!B, Rg) such that ofS) = 1 and trace S =
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oi“(Ign%)). In both Rg and Rg, we have (with the above notation) |Ugf = |[H|
= 1. Hence ofUgSUg) € 1 (as an operator from !g to 1!3) , and  «S,)
€ 1. So by 6.16,

(trace S) o«1{R)) < I ofHTS,H') € n ofSy) € n .

This proves the statement.
6.18 Corollary. For each p and n, x(ng) nl(!g) =n.

6.19 Corollary. Suppose that d(X, !g) = C for some p. If
o, o* are as in 6.17, then ofI )e*(I,) ¢ C?n .

Proof. ~We have a(ly) € C«(I(P)), and similarly for o*.

6.20 Example. Let X = 23 x @ | with norm defined by
Kx, 9l = max(lx|, llyl). Then dim X = 2n and n(X) 2 nl(ng) =n. As we
will see in section 7, (2l vn/2, and hence we have AX)m(X) 2 nvn/2 .
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7. MORE AVERAGING : KHINCHIN'S INEQUALITY AND RELATED
RESULTS

Khinchin’s inequality

Section 6 was concerned with statements derived from the easy
"averaging" result 6.1, or variants of it (all equalities). We now prove an
inequality that is distinctly less easy; it was discovered by Khinchin as long ago
as 1923, (The spelling Khinchin is the correct romanization according to the
system normally used in English. However, the French version Khintchine is
often encountered). The inequality deals with the average of |<&x) instead of
<8,x> As we shall see, it is of fundamental importance in the study of 7,
projection constants and cotype 2 constants.

Let x = (X;, ... ,Xx,) be an element of RM (in this section, we write
x; rather than x(i)). Write

1
pl(x) = 2‘,,

L <&,x>) .
8eDn| X2

First, note that p,(x) € |Ix|,. This follows from 6.1(iii) and the elementary

fact that for positive numbers a;, .. ,ay,

11;, (ag+.+ay) € [11v (a12+...+aN2)]%

(proof : ¥ @j-0)? > 0, with ¢ =4 (a+.4ay)) .

Khinchin’s inequality is the remarkable statement that, conversely,
py(x) 2 Clxll, for a certain C independent of n and x. Before proving it, we
note that a very simple example is enough to show that C ¢ l/‘/-2— .

71 Example Let x=(1,1) ¢ R2 Then p,(x) = 12(2+0) =1,

while [Ixll, = V2 .

We will give two proofs of the inequality. One of them depends
on the following lemma (which is used again in section 11).
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72 Lemma. L1 T x>t <« 3x?.
Le _emma. 7, tep_ X Il 5

Proof. We have

4 _ 2 4 2,2
ip = D =T xf 2 Bt

In the sum }é(&,x)‘, summation over & gives 0 for the terms
involving  §;6;% (=8;¢), &;;6,? (=8;8) and 6886, (ijk.2 distinct). The

remaining terms in <&,x>* are

4 2.2
x:*+ 6 L. x:x;
? 1 i<j 17

(note that (§) = 6). This expression is therefore the average of <&x>*, and the
statement follows.

7.3 Theorem. There exists C 2 1/‘/5 such that for any n and
any x ¢ R%,

Clixll, & py(x) € lixlly ,

where p, is defined as above.

Proof 1.  For all real t, we have |t| > 3t -3¢ , since the
greatest value of t - Jt° for t > 0 occurs at t = I, and is £ . Hence
31 2 _ 1 4
X) 32 2 8, x 0 - = <§,x) ]
py(x) 5 5n {, [ 3
>3 @t - 1Y

by 6.1 and 7.2 (we write || | for || l};). Hence

p(x) |3 C eh®
Xl 2 5 =il - 1xit®) .

Since p,(x)/lxll is unchanged if x is replaced by Mx, we have

P 3 g
R

3

for all u > 0. The greatest value of u-u® occurs when 3u? = 1, giving

P 3 12
fixll 2 v3 3
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Proof 2. This uses complex numbers (although the conclusion,

again, is only for real xj). Write
g(8) = (I +i&;x)) .. (1 + i8yxp) .
Then

BN = (1 +x,3) .. (I +xp9

2
so  |g(&) ¢ HlxI®
Consider the sum )E <8,x>g(8). It is clear that the only term that

does not give 0 when summed over all & is i(x,2 + .. + x,%). Hence
30 § G088 = it

and therefore
1
Ixi? < a0 § 1<6x> g(8)

¢ SN (x) .

So if |Ixll = 1, then py(x) 2 1/‘/e_ (note : te'%t2 is greatest when t = 1),
This proves the theorem, this time with constant 1/Ye .

Notes (1) One can check that 7.2 and Proof 1 adapt for complex
scalars. However, we will deduce the complex case as part of a more general
extension to Hilbert spaces.

(2) For many years, the best constant known for the inequality
was the 1/‘/3 obtained in proof 1. It was eventually shown by Szarek (1976)
that the best constant is in fact l/‘/f, so that the simple example in 7.1 is
already the extreme case. Known proofs of this fact are surprisingly hard,
and will not be reproduced here (see, for example, Haagerup (1982)). However,
in stating further results that depend on Khinchin’s inequality, we shall allow
ourselves to assume the inequality with constant l/‘/f .

(3) There are in fact "Khinchin inequalities" for each p 2 1.
Write

op0) = (1, F <6 oP/P.
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Then there are constants Ap, Bp such that

Aplixll, € py(x) € Byl

for all x € RM (it is trivial that Ap =1 for p 2 2 and B, = 1 for p € 2).
Note that 7.2 is the case p = 4; the proof is an extension of this method, and
shows that Bp ¢ CYp for a constant C. Sce for example [CBS I}, 2b. Using
this, one can extend some of the applications below to p other than 1,2.

Exercise.  Fill in the dctails of the following proof of Khinchin’s
inequality (with the right constant ]/‘/5) for n ¢ 4. Assume x; >..2 x, 20,
Ixll, = 1. Squaring shows that  3x,+ X, + Xz + X, 2 22, Let Ay be the
following cight clements of D, : those & with at most onc¢ -1, and those with
&, = 1 and two -l's.  These add up to (6,2,2,2), so

L v ojeexd 2 L v <> 1 3
88€A4I X 88€A4 ,X 4(3x1+x2+x3+x4)

N =

v

Exercise. Show that if 0 € x €y, then py(x) ¢ p,(y). (Consider
the case where only one coordinate is different).

Hilbert space version and cotypc 2 constant of 2,

Let x,, .. ,x; Dbe clements of a normed lincar space X. As

before, write yg = L&;x;

i and

Py(Xy s X)) = 21“ 82:{) llyelt -
n

Then, as for scalars, p(xy, . X)) € Py(Xy, . Xp)
Now consider RK with the natural ordering and any lattice norm

(see section 0), in particular any || "p' Given clements x;, there is an obvious
"pointwis¢” definition of the element

By applying Khinchin’s inequality to cach coordinate, we have
V2
0 sz ¢ £ s
2n %IY(;I
and hence

J_ -
llzl € % T lygl = ¥ py(xys o 5Xp). (1)
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In ll§ we have, clearly, [izI? = T IIx;i® . Hence we have proved
1

the following extension of Khinchin’s inequality to inner-product spaces :

7.4. Let x,, .. ,x, be elements of a (real) inner-product space.
Then

L@ixgd® < pyxg, « xp) € (Tl .
\/2 1 1
In particular, Khinchin’s inequality holds for complex numbers.

Proof. We may assume that the space is R‘;. The above
remarks prove the left-hand inequality, and the right-hand one follows from
PoXgs v Xp) = (E |lxil|2)% 6.7). The statement for complex numbers follows,
since €= 2% . ‘

The statement holds in fact for complex inner-product spaces too,
since a real inner product, inducing the same norm, is defined on such a space
by <x,y>5 = Relx,y>.

In order to apply (1) to 2,, we need information about fzll  This
is provided by the following simple lemma : the property of 2, it describes is
known as "2-concavity".

7.5 Lemma, Let x;, .. ,Xx, be elements of (real) Rll( or 2

19
and let z = (F x;%%  Then Iz > Tixyi? .

Proof. Let [ix;ll = ). By Schwarz’s inequality,
Tl « @tz
1 i 1
Now
II? NIl = Zl NIxil = ? 5,
S0

(F LI

Notes (1) Clearly, this applies also to complex £,, with

z = (X Ixilz)% (note that |x;] and z are still elements of real £, !).
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(2) Similar reasoning shows that ¢(z)? 3 I ¢(xi)2 for any
positive functional on RK,

7.6 _Proposition. Let X be !ll( or #, (real or complex; k 2> 2).
Then 7, (X) € ky(X) = V2, In the real case, "2,1(X) = V2.

Proof. By (1) and 7.5, we have
C % <zl € V2 pylxgy - xp)

50 that «(X) ¢ va (note that our statement is slightly stronger, in that p;
appears instead of p,). Of course, nz,l(X) € x,(X).

To prove equality where stated, let x, = (1,1), x,
Then |Ix; + %0l = Xy - X,fl = 2, 80 py(X;,%,) = 2, and  p,(xy, x,)
the real case. But (IxI? + Ix 9% = 22 .

Q,-1).

2 in

L}

Of course, the same applies to any subspace of 2,, and to any
space (like L,(p) or C(S)') that is finitely represented in 8, (for L,(m), the above
proof can be applied directly). As mentioned earlier, the statement for m,,
was proved by Orlicz (1933), in what can be regarded as the article that
originated the whole theory of summing operators.

1.7 _Corollary. If E is any n-dimensional subspace of 2,, then
d(E, 23) » Yn/2 .

Proof. «(E) € V2, while w,(28) = Vn .

Notes. (1) Since z = %n (X y,;’)” , we have from 7.5 that |z|| 2

Py(Xys . 5Xp), @ reverse inequality for |lzf|.

(2) In the same way, one can show that i is of cotype 2 for p
¢ 2 and type 2 for p 2 2 (in particular, Hilbert spaces are not the only spaces
of type 2).

7.8 Example. As far as the author knows, the exact value of n,,
for complex £, is not known. We give a bare sketch of the steps required to
prove that nm(lf) =1 and nz'l(!‘l’) 3 3Y2/4 in the complex case; the reader
may care to fill in the details.

To show "2,l(x) = 1, it is sufficient to show that given elements
X,y, there exists o with |of = 1 and {x + oyl®? 2> [Ix§® + lIyi? (D). Let

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:17:07 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.009
Cambridge Books Online © Cambridge University Press, 2012




80

X = (X4, PXy), ¥ = (¥4 POY,) with XY real, positive and |p| = |o = 1. Let
o= ¢e2® (with - /2 €0 € m/2), «=ei® .  Then (1) holds.

For 23, let x = (1,1,1), y = (B, -1, B), where B = ¢i™3 . The
statement follows if we can show pu(x,y) 4. To prove this, we use the fact
that Ieie -ewl = 2 |sin ¥® -¢)] to prove that if « = eie, where 8] € n/3, then
loc - Bl + |« - B €2 .

fl

Khinchin’s inequality also shows that (apart from the factor ‘/5) 2,
is finitely represented in 2,. More precisely.

79. Let N = 2% Then there is a subspace E, of ﬂ'l" such that
d(Eg, 1) € V2.

Proof. Let Y be the space of all functions y on the set D,
with norm defined by : |ly|| = %n §|y(8)l. Clearly, Y is isometric to !lN. For

X in l?, define Jx ¢ Y by : (IJx)(8) = <x,€&>. Khinchin’s inequality gives

Lo, < Wxi < ixi, -
V2

Applications to I-summing norms and projection constants

Khinchin’s inequality enables us to provide estimates (either exact
or in the form of inequalities) for nl(Ig%) in the cases left unsolved in
section 6. In each case, the answer is extreme in the sense of being close to
the smallest possible, and we conclude that the projection constants of n{‘ and

!g are close to being the largest possible (i.e. ‘/;) for n-dimensional spaces.

7.10 Proposition.  m(I{M}) < Y2 for all n > 2; m(1,,) € V2
Equality holds in the real case.

Proof. By 7.3 (also valid in the complex case),
V2
lixi, € 5n % [<&x .

As a functional on !‘11 , 1€l = 1. The statements follow, by 3.2.
To prove equality for the real case with n=2, let x, = (L,1),
Xy = (1,-1). Then p(xy,x,) = 2 in 22 (as in 7.6), while [xfl, + lIx,l, = 2v2 .
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7.11 Proposition.  m,(27) € vV2n, M2D) 2 vn/2 . The space L, is
not injective.

Proof. The statement for m, is proved as in 7.10; we now have
el = Vn .

If dim X = n, then XMX)n(X) 3 n, by 3.8. Hence e 2
‘/H/_2, and 2, is not injective.

7.12 Proposition.  m(2]) ¢ v2n , 2Dy > vn/2 . The space 2,
is not injective.

Proof. Again as in 7.10, using the fact that |[xj, ¢ va lixll, -
The other statements follow, as in 7.11.

7.13 Example. For the complex case, example 7.8 adapts easily to
show that nl(Ilfg)) 2 3‘/5/4 (though this is certainly not the exact value ).
With the notation of 7.8, let a, = (1,B8), a, = (1,-1), a; = (I,E). In the

same way (or by 2.11), we have u(aja,ag) = 4 in 23 , while I fajll, = 3v2,

Exact evaluation of constants for !‘l'

For interest, we now show how one can determine n, and X
exactly for (real) Ri‘. Of course, the reader who is content with the estimate
in 7.12 can leave this out. The evaluation of x(n{‘) was first achieved by B.
Griinbaum (1960); the method presented here is essentially that of Y. Gordon
(1969). It depends on a direct comparison of p,(x) and [x|l; (not [xi,),
independent of Khinchin’s inequality.

It is clear that p; is a norm and that p,(xl) = p,(x). Write
Cp = py(e), where e = (1, .. ,1) ¢ R,

From the expression I(M = 21 g & ® & (6.1), we have

eD) = vad (M) € 27uNDy) .
7.14 Lemma. M) <C, .

Proof. D, is a norming subset of the unit ball of o1 (regarded
as the dual of 27), so

VD) = sup {sgDn 1<€,8>| : 8 ¢ Dy}
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2" sup {p,(8) : 8 € D) .

But p,(8) = p,(e) = C, for each & ¢ Dy . Hence u{P(Dy) =2°C, .
1 R0
7.15 Lemma. p,(x) 2 5 Cplixll, for x € .
Proof. We assume x 2 0, since p,(xl) = p,(x). Let Hx
(Xg, - sXpsXy), Where x = (x,, .. ,xp). Clearly, p,(Hx) = p,(x). Now
x + Hx + .. + H"x = |Ixll,e
Since

p, is sub-additive, it follows that

HPI(X) 3 "xlll Pl(e) = "xlllcn

Note. This shows that the least value of p(x) when [ixl; = 1
occurs at e/n.

Of course, the greatest value is 1, attained at each €5

716 22} = C,, n(eMH = %
n
Proof. The previous lemma says that

¢ 1 &x

Ixity c. » }él X2

so by 3.2, m () <2

Since
n

MeD) m(a) > n (by 3.8), equality follows.
(Note that 6.18 is not needed).

Remark.

D, itself is a finite set of which m(2]) is attained,
since u,(Dp) = 2nCn (see 7.14), while I {l|léfi, : 8 ¢ D) = n2t |

We now tackle the essentially combinatorial problem of evaluating

7.17 Proposition. We have

Cpr=C

p = L3e(20-1)
n

24....(2n-2)

= 24 .. (2n)
n (a3 = n (0% = n

2,
. = (2n+1 n+]e 0.
13 o oenn” 2D .[0 cos d

p://dx.doi.org/10.1017/CBO9780511569166.
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Let K, = Cp/Vn. Then K, tV2/m and K, , ¢ V2/m as n -«

Proof. Write

! = 2°c, = PG = FIT &l

Firstly, we show that C2:1 = 2(‘1:‘_1 . Consideran element & of D, , with
2n-1
¥ & 2 0. This sum is then at least 1, and the choices &, = 1,-1 give

two extensions of & to clements of D, , which we denote by ¢t & . Both have
non-negative sum, and

2 2 20-1

Fet=Fe=271 g.

1 1 1

We now calculate C;n . Let D} be the set of & in D, with

I § > 0, in other words at the most n terms equal to -1. The number of
members of D} s

§ @2ny _ 201 . 1 2n
RAC! 1ém
The total number of -1’s occuring in these members is

n
Erem-oamE (2] - 202202 o po2eel,

Ir=

By considering the difference between this and the number of +1’s, we obtain

- - 2n-1 1,2n 2n
G _sﬂ)):;; <ee> = 2n[220°1 + 3 h] - n2

B | =

= a3,
The stated expressions for C, ,, C,, and nl(lln) follow. Also,

Contz = {1 + %n]c2n’ so

K

2n4+2  _ 1 YT + 1/n
. _[l+§n]/l+l/n > 1,

n
K P

an+l = 1 \/(2n+l)(2n_1)< 1.
I(2n-l

The stated limit follows from the well-known "Wallis product”.
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We record the values for small n.

n Ml n, (2
2 1 2

3 3/2 2

4 3/2 8/3

5 15/8 8/3.

Before leaving this topic, let us observe that we have also
evaluated n(ln)(!l):

218 w{My) = n,e] .

Proof. We show in fact that n(ln)(!'f’) = n(lp)(l{‘). The statement
then follows on letting p » = Given a,, .. ,a, in !{", define a, . ,Ep in
1! by (1) = aj(j).  Then §llail|1 = 3: lZl;, and by 2.11,

u(ll)(é'p w S3p) = “(1 l)(av - s3g) .

The assertion follows.
This enables us to strengthen 7.7 slightly:

1.19 Corollary. If E is any n-dimensional subspace of 2,, then
n
d(E, 1) 2 C,,.

Proof. By 7.18, mME) ¢ n/Cp, while n{M(D) = n .

It was possible to perform this calculation wusing finite sums
because of the existence of a finite norming set in the unit ball of (!{’)*. This
does not happen for complex !‘l‘ , or for !;‘ (real or complex). In such cases,
one must expect to have to use integrals instead of finite sums. We consider
this, and describe the evaluation of 7, and ) for !;‘, in section 8.

Konig (1985) has given examples of n-dimensional spaces X, with
MX,) very close to n . Konig and Lewis (not yet published) have also proved

that no n-dimensional space has projection constant exactly equal to vn .

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:17:07 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.009
Cambridge Books Online © Cambridge University Press, 2012




85
The dual of a C®*-algebra

A C*-algebra is a sub-algebra of E of L(H) (for some Hilbert
space H) such that T* is in E whenever T is in E. The next result, which is
due to Tomczak-Jaegermann (1974), says that the dual of any C*-algebra (with
identity) is of cotype 2, with K (E¥) ¢ 2ve . This can be regarded as a
generalization of 7.6, since the diagonal operators on !;‘ form a C*-algebra that
is isometric to 2% ; its dual it therefore isometric to 20 .

This result will not actually be deduced from Khinchin’s
inequality; rather, the proof is itself a very nice generalization of our second
proof of the inequality. In contrast to our usual practice, we will give the
proof for the complex case in the first instance.

We do not require much from the theory of operators on Hilbert
spaces. We just need to recall that |T*T| = ||T||2 for T in L(H). Consequently,
if A,B are self-adjoint and AB = BA, then

IA + iB|2 = (A - iB)A + iB)| = |AZ + BY (1).

A functional $ on E is said to be hermitian if $(T*) = m‘) for
all T (so that Y(A) is real for self-adjoint A).

720 Lemma. (i) If ¢ is a hermitian functional on E, then
Il = sup {[Y(A)| : A self-adjoint and ||A]] € 1}.

(ii) Any functional ¢ on E is expressible as ¢ + ix, where §,X are
hermitian and ||, X € ¢l .

Proof. (i) Take & > 0. There exists T in E such that |T| = 1
and (T) is real and not less than (1-8&)|¢j. Let A = %(T+T*). Then A is
self-adjoint, Al € 1 and @A) = ¥T).

(ii) Define

WT) = 1 1) + LT, D) = 3 &T) - } (T .

1.21 Proposition. Let E be a complex C*-algebra containing the
identity. Then «,(E*) ¢ 2Ve .

Proof. We will show that for hermitian elements ¥, .. ¥,
of E*,
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(§||wj||2)” € Ve p by, o 5Py -

Once this is done, the proof is completed as follows. Given arbitrary elements
* . o= . 1% 1 N o .

$ys o 20y of E¥, let d)J = dJJ +ix; as in 7.20. Then ||¢J|| € II‘I’JII + ||xJ|| , SO
GUoHE €« Gt + G
] J J

Also, it is clear from the expression in 7.20 that || L Ejdajll S|z 6j¢j|| for each
& in Dy, so p,($p, . »¥y) € py(4y, .. ,4,) (and similarly for xj).

Choose 8 > 0. For each j, there is a self-adjoint Aj in E such
that [lAjl = ¥l and  Wj(A; 3 (1-s)||¢j||2. For & in D, define Sy ¢ E by

Sg = (I + i8A)) .. (T +ibjAL) .
By remark (1),

ISgl? < (1 + AN .. (1 + AD
< exp (T 1A,
Cancellation of the terms involving sj, Gij, etc., shows that
1 ¥ &.0:(Se) = i (A -
A R R

The absolute value of the left-hand side is not greater than

1 1 2

7n ISgl )J:llfrj‘bjll < exp [7 il ] pr(dys e W¥p) .
Hence if I [[¥ji* = 1, then

1-8 € e p (b)) . by

This is true for all & > 0, so the statement follows.

This result does apply to the real case too, but only after some
further discussion, as follows. Given a real Hilbert space H, one can define in
an obvious way a complex Hilbert space H, with elements x + iy for x,y ¢ H,
and |x + iyl? = xi® + v . An operator T in L(H) extends automatically to
give an operator in L(H.) with the same norm; we continue to denote the
extension by T.

Let E be a C*-algebra in L(H), and let E; be the set of operators
in L(Hg) of the form A + iB, where AB ¢ E. Then E; is a complex
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C*-algebra. Clearly A + iB is self-adjoint if and only if A* = A and B¥ = -B
(that is, B is "skew"). Any functional ¢ on E extends to a functional $ on E,
in the obvious way : a(A + iB) = ¢&(A) + i¥(B).

A functional § on E is "symmetric" if (T*) = §T) for all T.
Clearly, @- is then hermijtian, Also, both [||¥fl and ||$l| can be computed using
self-adjoint operators as in 7.20, and (B) = 0 for skew B. It follows that u(f)ﬂ
= ||[¥il (note: this does not apply to functionals on E in general!).

A functional X on E is "anti-symmetric" if X(T*) = -x(T) for all
T. It is easily verified that iX is then hermitian. Further, X =
sup {IX(B)| : B skew, [|Bl € 1}. One deduces that ||)Ad| = |Ixl .

Finally, any functional ¢ on E is expressible as ¢ + X, where ¥ is
symmetric and X anti-symmetric. The result now follows from the inequality
for hermitian functionals proved in 7.21.
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8. INTEGRAL METHODS ; GAUSSIAN AVERAGING

The basic results

As already mentioned, we can sometimes expect the exact
evaluation of summing norms to require consideration of integrals rather than
finite sums. In this section, we start by describing the (very simple) principles
involved in doing this, and go on to apply them to the evaluation of nl(ng),
using ideas than can be thought of as a continuous version of the "averaging"
of sections 6 and 7.

The reader who is unfamiliar with measure theory should not be
put off by the first two results. Though they are stated in terms of measures,
what we will actually use is a version requiring no more than ordinary
Riemann integration on R&. For added clarity, we state the results for the
case p=1 (which is how they will be applied). There should be no problem in
formulation the corresponding statements for other p.

We have made repeated use of 3.2 : if we know of functionals fj
such that ||Tx|| ¢ T Ifj(x)l for all x, then n(T) ¢ X ||fj||. The following is the
natural generalization of this to a "continuous" instead of "discrete" collection of

functionals. What is needed is a measure on the collection, allowing
integration.

8.1. Let T be an operator on X. Suppose that there is a subset
V of X* and a positive measure g on V such that

HTx|| € I If(x)l df (with respect to p)
v
for all x ¢ X. Then

n,(T) < Lufu df .
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Proof. Let (X, .. ,Xx) =1, so that I,;]f(xi)l < |If| for each f
Then

£ Tl < lzjv IfGxp) df

< I el df .
\

Typically, V will be either X*, Uys or Sys.

Our second result, giving an inequality in the opposite sense, is a
“continuous” analogue of the definition of n, itself. Given elements b SN M
such that |[if} 2 );lf(xi)l for all f ¢ X* (thatis, u,(x;, .. .xg) € 1), the

definition says that #,(T) > T |ITx;. The analogous statement is :
1

8.2. Let T be an operator on a finite-dimensional space X.
Suppose that there is a subset U of X and a positive measure g on U such that

Il 2 I If(x)] dx (with respect to p)

U

for all f in X* (or a norming subset of Uxs). Then

n,(T) > I ITxf| dx .

U

Proof. Take & > 0. By 5.3, there exist elements fj of X* such
that |[[Tx]] € & |fj(x)| for all x, and X% llfjll € (1+8)n (T). We have
J J

R > 3 jU I£001 dx

2 I iTx| dx .
U

As remarked after 5.3, the functionals fj can be chosen from a norming subset
of Uys .

Remarks. 1) The promised version wusing only Riemann
integration is as follows. Let X be R with some norm, and U a subset of X.

Expressions like I h(x) dx are, of course, "multiple integrals" : x stands for
U

(x{s « »Xg).  The statement of 8.2 becomes : if there is a positive function
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w on U such that |f|] 2 L}lf(x)l w(x) dx for all f, then n,(T) 3
I ITx]] w(x)dx . The statement of 8.1 translates similarly.
U

(2) The converse to 8.1 is essentially Pietsch’s theorem, in
combination with the Riesz representation theorem. The space X embeds into
C(Uxs), and there is a positive functional ¢ on C(Uys) such that [ITx| ¢
#(x)) for all x and |I¢| = 7, (T). There is a measure g on Ugs such that

&(x}) equates to I|f(x)| df. Using this in place of 5.3, one can show that 8.2

holds without the requirement that X should be finite dimensional.

(3) One can prove 8.2 directly, approximating to the integrals by
finite sums. We sketch the argument for the case when U is bounded. Let
U be the union of disjoint sets U,, .. ,Uy with diameters less than &.
Choose u; ¢ U;, and let v; = w(Uju;. Then I [f(v;)l approximates to

I f(x)] dx (hence p (vy, .. ,vy) € 1+&) and X |Tv;l approximates to
U

I ITx| dx.
U

Application to lg

Before attempting something more general, we illustrate the above
ideas by applying them to (real) n§ . The elements with unit norm can of
course be written as yg = (cos®, sin8) for 0 € © < 2n.  The norm is
reproduced exactly by integration, as follows:

2n
83. For x in 22, |x| = % Io | <x,yg>l de.

Proof. Let x = (r cos o« r sin «), so that x| = r. Then
<x, yg”» = r cos (8 - o), which is positive for & between « - n/2 and « + m/2.
Now

o+ /2
J- cos (0-«) d6 = 2.
«-7/2

It follows easily that

2n o+
I I<x,yg2 d& = r j |cos(8- )| d® = 4r .
0 «-n
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84. We have m(23) = m/2.

Proof. By 8.1,

2n
m(3) < HO lygll 8 = m/2 .

Since lg coincides with its own dual, we can apply 8.2 with Vg
substituted for "x" to obtain the opposite inequality.

Exercise. Show by the steps indicated that if X is complex nf,
then m(X) = m/2. Write yg = (1,¢i®), and

n
80 = [ 1xygdl a8 .
-n
Show that (i) g(1,1) = 8§, (ii) glx) = g(x), Gii)  g(xg %) = 8(xp, %),

@iv) x|, ¢ % g(x). To apply 8.2, note that the functionals yg form a

norming set and that g(yg) = 8, by (i) and (ii).

Gaussian averaging

Recall that

Ie'%xz dx = Ix’ MR ax - 2n ,
both integrations being on the whole real line.

Write G, (x) = (1/%2m) o¥x? for x ¢ R, and define the function
G, on R* by:

Gp(x) = Gy(x,) -« G,(xq)

= L HxP
(Zn)n/2 .
Here x = (x4, . ,Xx5) and || || means | |l,, Clearly
n
IR"GH(X) dx =i=l'll IR G,(x;) dx; = 1.

In the following, we will be considering ordinary (Riemann) integrals on RD

with "weight" function G,. Unless otherwise stated, the integration is over the
whole of RO,
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8.5. Let a,b be elements of R'. Then

I(a,x) <bx> Gp(x) dx = <a,b> .

j(a,x)’ Gp(x) dx = [ali,? .
Proof. A bilinear form ¢ is defined on R® by putting
$a,b) = I(a,x) <b,x> Gu(x) dx .

If i # j, then

Mepey) =

0. Further,

XiXj Gp(x) dx .
R
2

[
—

This equals 0, since I x; G, (x;) dx;

epep) = | x* Gu(x) dx =

since I xizGl(xi) dx; = 1. The first statement follows by bilinearity, and the
R

second statement is obtained by taking b = a.

This is the continuous analogue of the finite averaging statements
in 6.1. The 20 elements of & of D, have been replaced by the elements x of
the whole of R" (with the weighting factor G,(x)).

Khinchin’s inequality dealt with the average of [<a,8>], showing
that it lies between (1/‘/5)||a]|2 and Jall,, We now show that the "Gaussian"
average of |<a,x>| does even better : it is a constant multiple of jall, for all a.
For the proof of this, we assume one major fact about integration on R : it is
“invariant under isometries." In other words, if f is integrable on RM and T is
an isometry of 27, then

I f(Tx) dx = If(x) dx.
Since (clearly) Gp(Tx) = Gy(x), it follows that

I f(x) Gp(x) dx = If(Tx) Gp(x) dx.

8.6 Proposition. For any a in RP,

I IKa,x> Gp(x) dx = Y2/ |jall, .
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Proof. We prove the statement first for the case a = ¢, :

II(cl,xMGn(x) dx IR|X1|G1(X1)dX1 IR G, (x,)dx, ... LRGn(xn)dxn

IRIXII G,(xy) dx, .
- 2 I x e'%"2 dx
vam ‘o
= Y2/m .

Now let any a be given. There is an isometry T of !‘2" such that
Ta = falle;, Then <a,x> = <Ta,Tx> = fali<e,,Tx>, so

Jl(a,x)l Gp(x) dx = {lal Il(el,TxN Gp(x) dx.
By the preceding remark, this equals [l jl(el,x>| G,(x) dx. We have just
shown that the value of this is Y2/ .
It now follows at once from 8.1 and 8.2 that (in the real case)
n(e5) = Va2 juxu Gp(x) dx .

(For 8.1, we regard a as being in !‘2‘ itself and the elements x as being in the
dual, which of course also identifies with l;‘. For 82, we reverse this.)
Before attempting an exact expression for this integral, we can show very easily

that it already gives an improvement to the estimate in 7.11:
8.7 In the real case, m(2]) < Ynm/2 and M2 > Y2n/m.

Proof. By 85, [x2 Gp(x) dx = 1, and hence [|Ix|? Gy(x) dx =n.
For any function f, we have (‘[fGn)2 € Iszn : this follows from I(f-c)an 20,
with ¢ equal to _[fGn. Hence Illxll Gp(x)dx ¢ n , and the statments follow.

For an exact evaluation, we have to transform to n-dimensional
polar co-ordinates r,8;, .. .8, ,. These are defined by:

X

r sin 8, sin 6, .. sin 8, ,,

X = r cos O, , sin Oy .. sin 6, , (2 £k ¢n)
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Here 6, ranges between 0 and 27, and the other Gj between 0 and 7. The

Jacobian is
™l K(8,, .. .6,

where  K(8,, .. .8, ) = sin 0, sin?, .. sin™? 6, , (the exact expression for
K does not matter for our purposes).
Write

2
I, = I XXt gy |
0

Then I, = "11/_2 , I; =1 and the value of I,, is deduced from the recurrence
relation Iy = (n-1) I, 5 for n 2 2,

8.8 Proposition. (Gordon, 1969). Let nl(!;‘) = B, (real case).

Then:
— 1 /2
B, = Yn/2 —"=nI/cos“9 de ,
Ina 0
By = 13 ..QC2n-H n B = _24 .. (2n)
2n 34 (2n2) 2° 2041 7 T3 " (2n-1y

Bn/‘/ﬁ increases with n, and tends to Yi/2 asn - = .
Proof. Write ¢, = 2m™2.  We have

1= JGn(x)dx = ¢, I Mle¥rlar ([x),
0

IIIXII Gy(x)dx = ¢, j r“c'}6r2 dr (IK),
0

where IK means IK(OZ, w 38p_y) d(8y, ... ,8, ;) over the full range of these

variables. Hence
I"x" Gn(x) dx = In/ln-] :

This gives the first expression for B,. The other statements follow from the
recurrence relation quoted and the well-known facts about I cos™® d® and the

"Wallis" product.

Notes. (1) By 6.18, we have X\¢§) = n/B, .
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(2) Comparison with 7.17 shows that m(23*) = @ (enth
(= Bypyp)-  The value of m(23™ is again By, while m (22" s
smaller.

(3) Recall from 69 that m{™(e}) = vn .

(4) The first integral in the proof shows that J'K = (21'1)“/2/111_1 .
Let f be a function defined on the sphere S, = (x : {Ixll, = 1}. The "integral
of f with respect to rotation-invariant measure” means If(g) K(8) d8, where 6
stands for (8,, .., 8, ;). Usually such integrals are normalized by dividing by
j'K (so that the integral of 1 becomes 1). By transforming the integrals in 8.5
and 8.6 to polar form and considering the integration with respect to r (as we

did in 8.8), one finds that these integrals translate to :

I(a,x) Gbx>dx = ) @by,

Il(a,x>| dx = L llally .
By

where these integrals are taken over Sy in the normalized form. (The reader
may care to check the details).

We now show how to modify the above work for the complex case.
Denote (temporarily) real and complex 27 by 2J(R), 2IC ). Then (€ ) is
isometric as a real space to #3"(R) : the element (XX, .. ,X,) of 227%R)
corresponds to (X +ix,, .. Xy ,Fix,). We denote both by x, but we must
distinguish between the inner products in € and R?" : the notation < > will refer
to the inner product of €D, Integrations will be over R®*"

The following is the complex equivalent of 8.6. Curiously, the
constant is exactly the reciprocal of the one obtained in the real case.

89 For a in €",
I|<a,x>| Gyp(x) dx = V1/2 Jall, .

Proof. The reduction to the case a = ¢, remains valid, but
|[<¢,x>] now means (x2 + xf)%. Hence

Il(cl,x>| G,, (x) dx LR’ (x12+x22)” G, (x,) G,(x,) d(x,,x,)

21 o
1 I de J pze'%‘} dp
2n g 0

]
2)
~
[\ %]
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8.10 Proposition. In the complex case,

oy = L3 .. @nl) _2 g
™ (23) 24 .. (2n2) n

2n

i/Yn n,(17) increases with n, and tends to 2/ asn -

Proof. By 8.1 and 8.2,
1'[1(1!;1) = Yi/2 I Ixil G, (x) dx = —2ﬁ B,
(The inequality nl(lg) € 2¥n/n follows more easily, as in 8.7).

We finish this section with two further comments on Gaussian
averaging. Firstly 8.6 (or 8.9) shows that !;‘ embeds isometrically into the
L,(u)-space consisting of functions on R integrable in the sense that

N, = Ilf(x)l Gp(x) dx
is finite. Consequently, ng embeds "almost isometrically" into !’l‘ for suitable

N (compare 7.9).

Secondly, the type 2 and cotype 2 constants have "Gaussian"
variants (denoted by 7§, «§) in which the discrete averages p,(a,, .. ,a,) are
replaced by

%
Ta@ge i) = [ [IExiail Gp) ax]
The quantity 7, can be either greater or less than p,, but it can be shown that

V2/m TX) € 15 (X) € T,(X),

K HX) €k, (X)

(see [FDBS]), lecture 19). Instead of relating the Gaussian constants to the
ordinary ones, it is perhaps more profitable simply to regard them as giving an
alternative parallel theory. For example, by applying 8.6 instead of Khinchin’s
inequality, we find (as in 7.6) that «$(2,) € Vn/2 .

Exercise. For elements a,, .. ,a, of a Hilbert space, prove that
Y@y - ap)? = I gl .
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9. 2-DOMINATED SPACES

Equivalent formulations of the property

It is a highly significant fact, first recognized by Grothendieck,
that certain infinite-dimensional Banach spaces X have the property that all
2-summing operators on X are l-summing, and that there is a constant K such
that m,(S) ¢ Kn,(S) for all such operators S. There is no generally agreed
name for this property; we will adopt a term once used by Rosenthal and say
that the space X is "2-dominated" if the above holds. We also write 4,(X) for
the least constant K for which it holds (again, there is no standard notation; in
Pietsch [OI], this quantity appears as MZ,I(IX))'

Any finite-dimensional space is, of course, 2-dominated. For such
spaces, the interest lies in determining the value of A (X). This can be
regarded as another numerical parameter descriptive of the space (like MX),
Ky(X), etc.).

Trace duality provides an equivalent formulation of the property.
Let o* B8* be dual norms to B under finite-dimensional trace duality.
Restricting attention (for the moment) to finite-dimensional spaces, note that if
we have B(S) ¢ K«(S) for all S in L(X,Y), then o*T) ¢ KBXT) for all T
in L(Y,X). Since m* = m, and v * = M, we have that the following
statements (for a particular finite-dimensional space X) are equivalent :

(i) for all finite-dimensional Y and all S§ in L(X,Y),

m,(S) ¢ Kny(S) ;
(ii) for all finite-dimensional Y and all T in L(Y,X),
M(T) ¢ Kv(T) .

With a bit of care, we can show that there is no need for the

restriction to finite-dimensional spaces here, and that weaker versions of both (i)

and (ii) are also equivalent:

9.1 Proposition. Let X be any normed linear space. The

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:17:10 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.011
Cambridge Books Online © Cambridge University Press, 2012




98

following statements are equivalent:
(i) for any normed linear space Y and any S in P, (X,Y),
n,(S) ¢ Kn,(S) ;
(1)* as (i), but with Y restricted to the spaces !lz( (k € N);
(ii) for any normed linear space Y and any T in FL(Y,X);
1 (T) € Kv(T) ;
(ii)! for any k and any T in L(!!ﬁ, X), m(T) ¢ KT

Proof. It is enough to prove that (i)' implies (ii) and that (ii)'
implies (i).

(i)' implies (ii). Take T as in (ii) and & > 0. By 3.6, there
exist k and A in L(!i‘,Y) such that [|Al = 1 and m,(TA) 2 (1-&)n(T). By
4.3, there exist S in FL(X,!Iz() with  v,(S) € 1 and trace TAS 2 (1-8)n,(TA).
By (i)', m(S) ¢ Km(S) ¢ K. By 42,

trace TAS = trace (AS)T ¢ m,(AS) v(T)
€ M(S) volT) € Kvo(T).
So we have (1-8)? m(T) € Kva(T).
(ii)' implies (i). Take S as in (i) and &>0. There is a

finite-dimensional subspace X, of X such that m(S)) > (1-8)m(S), where

S, = S|x1 . We may assume that S,(X,) is a subspace of some !!S,. Trace

duality applied to (ii)' (with X replaced by X,) gives

(S € Kmy(S)) € KnyS).

Note. An alternative proof that (ii)' implies (i) is as follows.
Choose S and & By 3.6, there exist k and A in L(n.,lf,, X) such that Al =
and W(SA) > (1-&)m(S). By (i)', m(A) ¢ K. By 5.12,

M(SA) € M(S) My(A) $ KmyS).

It is easy to give direct proofs that (i)' implies (i) and (ii)’
implies (ii) using the Pietsch factorization theorem and 4.11 respectively.

We now describe some elementary consequences of the definition.

9.2. If X, is a subspace of X, then A,(X,) € 8,(X).

Proof. This is immediate from 9.1(ii)’. (It is also easy from

formulation (i), using the extension theorem 5.9).
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It is also clear that, for an infinite-dimensional space X, 4,(X) is
the supremum of A, (X,) for finite-dimensional subspaces X, of X. Further, if
Y is finitely represented in X (see section O for the meaning of this), then
A(Y) € B8,(X).

It is elementary that 8,(Y) ¢ d(X,Y) 8,(X). Also, if d(z,2¥) =
Cand T is in L(X,Y), then my(T) ¢ CA,(X) [T We now give a further
equivalent form of (ii), in which RE is replaced by any f,-space (in particular,
2(S) or C(K)).

9.3.  Suppose that A(X) = K. If Y is an %, space and T is in
L(Y,X), then m(T) ¢ K|T|.

Proof. Take & > 0. There is a finite-dimensional subspace Y, of
Y such that  m(T|Y,) 2 (1-6)m,(T). There is a subspace Y, containing
Y,, such that d(Yo,JlE) ¢ 1+§ for some k. Then m(Ty) ¢ (1+&K(T,
where T, = T|Y0 . The statement follows.

94. For any normed linear space X, we have M, (X) € A(X).
Hence a 2-dominated space has the Orlicz property.

Proof. Let p(x,, .. ,xg) = 1. Then [T = 1, where T is the
operator in L(283,X) such that Te; = x; for each i. So M(T) € A(X).
Clearly, (T lIx;I®% ¢ my(T).

9.5. If dim X = n, then A(X) ¢ Vn .
Proof. Let T be an operator from !1.‘, to X. Then T = I,T, so
m(T) € my(Iy) ITHl = Vo |TJl .

Exercise. Prove 9.5 using formulation (i) of 9.1.

9.6 Example. 8,(23) = vn , since for the identity in 22 we have
I = 1, while m,() = Vn .

97. If dim X = n and 0,X) = K, then m(X) ¢ Kn and
MX) * Vn/K.

Proof. These inequalities follow at once from 9.1 (i),(ii) and the
fact that m(Iy) = Yn (recall that MX) = va(Iy)).
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This simple result betrays some of the strength of the 2-dominated
property. Suppose that X is an infinite-dimensional space with the property.
To within the constant multiple K (= 24X)), 9.7 shows that every
finite-dimensional subspace X; of X has m(X,) as small as possible and MX,)
as large as possible.

Spaces with dual of type 2 ; Hilbert spaces

We now turn to the problem of establishing that certain spaces are
2-dominated. Khinchin’s inequality, once again, is the key to our first result
of this sort.

9.8 Proposition. Suppose that X* is of type 2. Then X is
2-dominated, and Ay(X) € V2 T,(X*).

Proof. For any subspace E of X, we have (by 6.12) 'rz(E*) <
Tz(X*). Hence it is sufficient to prove the statement for finite-dimensional X.
Take S in L(X,Y) and & > 0. By 5.3, there exist f,, .., f; in X* such that

ISx|i® < ?: fi(x)% .
for all x and
I € (1+8)? my(S)? .
For & ¢ D, write gg = ZI:Gifi. By Khinchin’s inequality,

v2
o % g g(x)! for all x.

ISxIl €

Hence

\F]
m(S) ¢ n )é llgel -
By the definition of T,, this is not greater than
Y2 T,(X% CTIED%
so we have

1,(S) € V2 T,(X*)(1+8) n,(S).
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Hence, in particular, A,(H) ¢ V2 for any Hilbert space H. (Recall
from 3.22 that for positive operators from f, to 2,, it is elementary that m(T)
= |ITI). We return to a more precise evaluation of A, (H) in a moment.
Before doing this, we show that in this case, #, can be replaced by 2, in
9.1(i1)".

9.9 Proposition. For any n,p and any S in L(2], 20), we have
n,(S) € A(H)S|.  Similarly for § in L(2,, 1,).

Proof. Any S in L(2],20) is of the form

p
Sx =, L {a;x>¢,
i=1
with the a; in 23 By 2.5, [SI = uy(a,, .. ap).  Let [SI = 1
Any T in L(28, 2fM) is of the form

m
Ty = I <y, b>e;,
M= A M

with the bj in !{‘ , and |ITI = py(by, .. ,by). Let [Tl = 1.  Then 7(7) <
A,(H), and we have

T ISHjl® = T E<agbp? = TiTa;l® € a,(H)? .
J 1] 1

The final statement follows in the usual way.

The reasoning in 9.9 is clearly reversible. We mention a nice
application to infinite-dimensional theory:

9.10. Let X be a Banach space that contains an isomorphic copy
of 2, (for example, 2, or C(D)). Then there is a continuous (in fact,

2-summing) operator mapping X onto £,

Proof. Let X, be the subspace isomorphic to 2,. There is a
continuous operator T, mapping X, onto 2, By 99, T, is 2-summing. By

5.9, it has a 2-summing extension defined on X.

Exercise. Let H be a Hilbert space, and let T be an operator in
L(X,H). Use the Pietsch factorization theorem to show that m(T) ¢
A,(H) 1,(T*).
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We now return to the evaluation of A,(H), using the Gaussian
integrals introduced in section 8 (of course, the reader who is content with 9.8

can omit this). The method is basically the integral analogue of 9.8.

9.11 Proposition. Az(lg) tends to "n/_Z (real case) or 2/"1_1
(complex case) as n = «,

Proof. Clearly Az(nlz") 3 nl(!;‘)/"; . By 8.8 and 8.10, this tends
to the stated limits in the two cases.

To prove the reverse inequality, it is sufficient to prove that
m(S) ¢ AmS) for S in L(2],2]"), where A is the appropriate constant.
We give the details for the real case. Let Sx = 212 <x,b;> ¢;. By 3.9, le(S)2

= I fIbjl>%. By 8.6,
ISxl = “F/?j | Sy; bdl Go(y) dy
,Rm 1
By 8.1, it follows that
n,(S) ¢ Vn/2 [u % yibill Gp(y) dy.

Recall from 8.5 that '[yi2 Gp(y) dy =1 and Iyiyj Gp(y) dy = 0. Also,
(J‘me)2 < Iszm (see 8.7). Hence

% n,(S)? < fu % ¥ibi I Gpp(y) dy

- I F y;? b2 G (y) dy

T lib;2
1

m,(S)? .

Exercise. By considering integrals on S, instead of R (see
note (4) following 8.8), show that in fact Az(n;‘) = nl(!;‘)/‘/;.

Proposition 9.11, with the constants as stated, was obtained by
Grothendieck (1956). The other results above, and the idea of recognizing the
"2-dominated" property in its own right, can be largely traced to Dubinsky et al.
(1972). In the next two sections, we will show that 2, and in fact all spaces

of cotype 2, are 2-dominated. These are among the deepest results in this book.
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Internal characterization of A,(X)

The following purely internal characterization is of interest, though
it is not essential for our later results.

Given a finite sequence (x,, .. ,xi) of elements of a normed linear
space, define ®,(x,, .. ,X;) to be the infimum of (Df)” for (3j) such that
||thxj||2 £z tjzsz for all choices of (real) scalars tj. (Again, the notation &,
is not standard; in [OI] the notation is m(z’l)). Clearly:

(M) % 3 Il so 8,0, . x> (Elx)%
(@ If |t €1 for all j, then | Ztjx;I? € B3, so

8,(Xps o oXg) 3 B(Xy, e SXE)

9.12. Let T be an operator from 15 to X, and let Tej = X;

i
Then MY(T) = 8B,(x;, .. Xk)
Proof. (i) If (\) satisfies (x), then for u in £X,
ITul® = I Eu(xji? € X X¥u(? .
J J
Hence m(T)? ¢ L x} . It follows that M(T) € B,(X;, ... Xg).
(i) By Pietsch’s theorem, take )j such that I sz = n,(T)* and
ITull® = I Tu@x;i® € ¥ 2Pu()?
J J
for all u in !5. Then (Xj) satisfies (), 50 By(x,, ... ,Xy) € MY(T) .
9.13 Corollary. The statement AX) < K is equivalent to
By(Xg5 e X)) € K p(xy, .., xp) for all finite sequences (xj) in X.
Exercise. Prove the following statements :
@ 8,05 - xg) = inf((E D% xj = ayj and m(y v = 1

(ii) T ||ij|| € MY(S) By(xys v WXg) .

Note that (ii) gives another alternative proof that (ii)' implies (i) in 9.1.

Exercise. Let a;, .. ,a; be elements of a real Hilbert space with

<aja;> 2 0 for all i,j  Write Iaj = s. Show that (x) is satisfied with sz =

<aj,s> , and hence that 8,(a,, .. ,ay) = [Isl. Deduce that if T : M - H is such
that <Te;, Tej> 2 0 for all i,j, then 7y (T) = |IT| .
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10. GROTHENDIECK’S INEQUALITY

Introduction

The result known as Grothendieck’s inequality is coming to be
recognized as one of the really major theorems of Banach space theory. It
first appeared in Grothendieck (1956) under the title "the Fundamental theorem
of the metric theory of tensor products" (as we have seen, a number of the
other results considered in this book can be traced to the same memoir). In
fact, the theorem admits a remarkable number of equivalent formulations,
expressed variously in terms of summing norms, bilinear forms and tensor
products. One version says that 2, has a property rather stronger than being
2-dominated. Some of these formulations were given by Grothendieck himself,
others by later writers. A particularly elementary version was given by
Lindenstrauss & Pelczynski (1968); this served to make the theorem much better
known and understood by mathematicians generally.

The theorem has many applications, both within Banach space
theory and in other areas, notably harmonic analysis (we cannot attempt to do
justice to these in this book). Also, there is by now a repertoire of
alternative proofs that must have few parallels in Mathematics. Despite this,
the exact determination of the constant appearing in the inequality remains an
unsolved problem. There are actually two separate problems, for the real and
complex cases respectively.

In this section, we start with the Lindenstrauss-Pelczynski
formulation, and give a version of the proof, due to Krivine (1979), that yields
the best current estimate of the constant in the real case. We then derive
several of the equivalent formulations. Finally, we describe a few of the more
immediate applications. A second, completely different, proof 1is given in

section 11, and some more applications follow in section 12.
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The basic statement and Krivine's proof

We take as our "basic" version of Grothendieck’s inequality the

following statement, formulated by Lindenstrauss and Pelczynski (1968).

10.1 Theorem. There is a constant K, (independent of m,n) such
that the following holds. If aj j (1 €i €m, 1 €j € n) are real numbers such
that | XX 3 sitjl € 1 whenever |[s;] €1, |tj| ¢ 1 for all i,j, then

1] b

a:: <x:,y:>| € K
|2:3: ij xpyi2 | G

whenever x;,y; are elements of the unit ball of a real Hilbert space. There is
another constant Kg such that a similar statement holds for complex scalars.

The notation K, Kg is taken to mean the least possible constants
in this statement. They are known as "Grothendieck’s constants” for the real
and complex case, and as already mentioned, their exact values have not been
determined. If the Hilbert space is restricted to dimension n, the resulting
constants are denoted by K(n), Kg (n).

We will refer to the condition imposed on the aj in 10.1 as (LP).

Remark. It is equivalent, in the statement of 10.1, if we restrict
to elements satisfying fix;l = fly;l = L For then if we are given elements
with [Ix;f = p; , llyill = 5; (where p;, oj ¢ 1), it is clear that bi,j satisfies (LP),
where bi,j = a;j Pi% and we have

ai,j <Xi,Yj> = bi <Xi',Yj'>

9j

where lIx;'ll = lly;'ll = 1.

We now present, with some slight simplifications, the modification
by Krivine (1979) of the proof of Lindenstrauss and Pelczynski for the real
case. It yields the estimate K ¢ 1/(2 log(l+"5)) (=1.782..). The starting
point is the following geometrically motivated lemma on Gaussian integrals; the
notation was introduced in section 8. By the "measure" of a set E in RP, we

mean I Gp(x) dx.
E

10.2 Lemma. Let u,v be elements of 27 with [u| = fivl = L
Then
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I sign<u,x> sign<v,x> Gp(x) dx = 2 sint o,y .
RR n
Proof. Let cosu,v> = 8, sothat 0 € & ¢ 7 and sin"<uv>

Take o 8 such that 0 < B - « < @1, and let
E(«,B) = {(r cos 8, r sin 8, x5 .. ,Xxy) : 1 30, « € 0 € B).

The measure of E(e B), as one would expect, is (B-«)/27, since after integrating
with respect to Xg, . sXps W€ are left with

8
2 2 2
1 I XL +X,) dx, dx, = 1 Ide Irc-%r dr.
2n E(«,B8) 2n o 0
Now consider the integral in question. There is an isometry T of
22 such that Tu = ¢, and Tv = (cos 8, sin 6, 0, .. ,0).

The integral equals
j‘Rn sign <(Tu,x> sign <Tv, x> G,(x) dx.

The set of x for which <Tu,x> > 0 and <Tv,x> > 0 is E(6 - n/2, n/2), which
has measure (n-6)/2n (a diagram helps !). The set of x for which <Tu,x> < 0
and <Tv,x> > 0 is E(n/2, 8 + n/2), which has measure 8/2n . Combining this
with the negatives of these two sets, we see that the value of the integral is

2 M-28 _ 320 _ 2 ginl (uvd) .
2n n n
10.3 Corollary. Suppose that 3 ; satisfies (LP), and that LIg
are elements of a Hilbert space with |l = ||vj|| =1 for all i,j. Then

.. sl n.v. n
| ? Ijjau sin <u1vJ>| € 3

Proof. We may assume that the space is !;‘ for some n. For
each x in 23, condition (LP) gives

| ¥ Zaij sign <u;,x> sign <vj,x> I
1] *.

Taking the Gaussian integral over R® and applying 10.2, we obtain the
statement.
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From this point, Lindenstrauss and Pelczynski finish the proof
with a fairly short argument, obtaining Grothendieck’s estimate K ¢ sinh 7/2
(= 2.301.). We follow instead Krivine’s method, which - at the cost of
slightly more work - leads to the better estimate implied by sinh(m/2Ky) > 1.

The point of the next lemma is to show that we can replace <x,y>
by <x,y>k in the basic statement. Recall from 6.1 that for x,y in RD,

1 KEXEYD = <Xy
7n 8§Dn X, Y Xy> .

10.4 Lemma. For each positive integer k, there is a mapping
Wi 2] - 21: (where N = 2nk) such that for all x,y,
wi(x), wily)> = (x,y)k .

Proof. Let H be the set of all real-valued mappings on the set
(DH)k (which has 2PK clements), with inner product

L8>y = 211‘ L {f(e)gle) : e € (Dn)k} .
Given x in !;1, let Wi x be the element of H given by
wk’x(Gl, w a8) = X8 L 8D
(here each 8j is an element of D). It follows at once from 6.1 that

<wk,x s Wk,y>n = <x,y>k .

Notes. (1) Putting y = x, we see that [w (I = x|¥ .

(2) One can use Gaussian integration (in particular, 8.5) instead of
6.1. The space !;" is then replaced by the L, space corresponding to RK with
Gaussian measure.

10.5 Lemma. Let c > 0. There are mappings u,v from n;‘ to 2,
such that for all x,y,

ux), v(y)> = sin ¢<x,y>,

lu(x)I? = sinh (clxl?) , Iv(VI? = sinh (cllyl®) .

Proof. Let Hy = 2 (K), where N(k) = 27K, and let

H = (H x Hy x ), .
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Of course, H is isometric to 2,. Let I} be the natural injection of Hy into H.
With wy as in 10.4, we have

«©
sin cCxy> = T (D¥ og Wy (0, Wy, (¥)
where ¢y = ¢?-1/(2k-1) ! . The required mappings are given by

u(x) = E“Ek I Wy (0],

vy = IO Ve Iy Wy 1N .

Proof of 10.1. As remarked after 10.1, we may assume that
Ixill = lyjll =1 for each ij. Write ¢ = sinh’ll = log(l + Y2). With uyv as
in 10.5, let u; = u(x;), vi= v(y;) . Then |yl = ||vj]| = 1, and

clxyyy> = sin'l(ui,vj>
(note that |c<xi,yj>| < 1). So by 10.8,

| )I:J}:au <xl,yJ> | € 3o

Complex scalars

We now consider the relation between the real and complex cases.
Of course we must distinguish between the real and complex version of
condition (LP).

10.6. The real and complex versions of 10.1 imply each other,

1 C
and 3K € Kg € 2K,

Proof. (i) Assume 10.1 for the real case, and suppose that the
numbers ajg = xj’k + i“j,k satisfy complex-(LP). Then xj,k and K5 K satisfy
real-(LP). Let XYk be elements of the unit ball of a complex Hilbert space
H, and let

S = ? E aj,k (xj,yk> .

By multiplying by a suitable complex « we may suppose that S is real A
real inner product is defined as H by : <x,y>g = Re<{x,y>  Note that Im<x,y>
= <x,iy>p. It follows that |§| ¢ 2 Kq.
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(ii) Assume 10.1 for the complex case, and suppose that ajx
satisfy real-(LP). Let Sjptk be complex numbers with |sj|, ltgl € 1, and let

S' = s Sity.
JEEaJks_‘k

Again, we may assume that S' is real, and it follows that |S'| € 2. Any real
Hilbert space can be embedded in a complex one (in the way remarked after
7.21). Hence we obtain Kg ¢ 2 K§.

Note. In (ii) we actually have [S'] € K4(2), since for complex s,t,
one has Re (st) = <s,t— >, using the usual inner product on R:.  Hence in fact
Kg € Kg(2) K§.  Krivine (1979) has shown that Kg(2) = Y2 (though even this
is not trivial).

One can prove directly that Kg ¢ Ky , but the best known
estimates for Kg have been found by giving separate proofs specific to the
complex case. Pisier (1978) showed that Kg s el (= 1.5262.). Haagerup
(1978) has improved the estimate to Kg ¢ 1.4049.. . His method is roughly the
complex analogue of Krivine’s proof, but the technical details are much harder.

Egquivalent formulations

We now describe some equivalent formulations of the statement.
As we have already pointed out, there are a remarkable number of these, and
each of them constitutes a significant theorem in its own right. The matrix
(ai,j) in 10.1 will be associated in turn with (i) a set of elements of RP, (ii) a
bilinear form, (iii) an operator.

We start with a restatement in terms of summing norms.
Naturally, this form is particularly relevant from the point of view of this
book.

10.7 Theorem. Let H be a Hilbert space, and let T belong to

L(#™H) (for any n). Then w(T) ¢ KgITi Furthermore, this statement is
equivalent to 10.1.

Proof. Let a,, .. a,, be elements of 2.  Then

T sl = TIZsai1 = F % sia0)
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for suitable ¥ with |tj| = 1, Hence condition (LP) for the numbers a;(j) is
equivalent to the statement p(a;,.. ,a5,) € 1L

Let T be in L(RIII,H), and write ch = ¥j Then |IT|| = max |y
If x; ¢ H and |Ix;§ € 1 for each i, then

ik

| £ <x; Tap> | € I ITayl
1 1

and equality holds for suitable xj.  But Ta; = ¥ aj(j)y;, so
J
1: (xi,Tai> = 21: ? ai(j) <xia}'j>~

The equivalence of 10.1 and 10.7 (for both the real and complex case) is now
clear.

Remarks. (1) The least constant in the statement of 10.7 is again
Kg (or Kg ). Of course, Kg(n) applies when dim H = n.

(2) In the usual way, !'1’ can be replaced by #; or any Zl-space. In
particular, all continuous operators from 2, to 2, are I-summing, with n(T) ¢
KlTI  (Of course, it follows that £, is 2-dominated; we return to this point
later).

(3) By trace duality, the following is also equivalent: for S in
L(n;“,ni‘), Vi(8) € KvulS).

10.8 Theorem. Given a bilinear form B on 2 x 22 and elements
xg of 23, yp of 2% (1 € k ¢ N), we have

IEB(xlpyk)l € KG "B“ uz(x]a oo ’XN) #2()’1, e 9YN)-
Furthermore, this statement is equivalent to 10.1.

Proof. As usual, we set out the proof for the real case; routine
small modifications are required for the complex case.

A general bilinear form B is given by
B(xy) = I T a;; x(y(D) ,
1] b

and condition (LP) is equivalent to [iB} ¢ 1. Given elements x of 1M and Yk
of 15, define elements X; (1 <i € m) of 2) by : ¥i(k) = xi(i) (and ¥;

similarly). By 2.6,
2 _ N2 _ 7.2
By(Xy, e XR)° = m?x E xp()*= max [X;l°,
so the condition py(x;, .. ,X) € 1 is equivalent to (X] ¢ I for each i
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The equivalence with 10.1 is now clear from the equality
E B(xy,yy) = § }3 E aj ; x¢(D) v

= Z ): ai’j <’X’i,§7j> .

Note that the Hilbert space has disappeared from this form of the
statement. Clearly, K (N) applies when the number of xy, yy is restricted to
N.

Since only finite numbers of elements are involved, ¢ and 28 can
be replaced by any E£.-spaces (in particular, C(S)).

We now prove a "Pietsch" type theorem for bilinear forms as in
10.8. This will provide us with a further equivalent version of Grothendieck’s
inequality in terms of bilinear forms. Again, we use notation appropriate to
the real case.

10.9 Proposition. Let S,T be compact spaces, and let B be a
bilinear form on C(S) x C(T). Then the following statements are equivalent:
(i) for all finite sequences (xy,yg) in C(S) x C(T),

| ZkB(xk,yk)l € Bo(Xqy v X)) Bo(Yys o LYN) 5

(ii) there exist positive functionals ¢ on C(S), ¥ on C(T) such that
I# = Ul = 1 and  B(x,y)* € &(xDWy?) for all x,y.

Proof.  First, assume (ii) and choose a sequence (xy,yy). Then
| E B (o) | € F dog aty
<@ o @ Wy N (by Schwarz's
inequality)
€ Hy(xyy o Xp) Be(Yy o YN
Now assume (i). It is enough to find ¢,p such that
| B(x,y) € § [#(x) + Wy?)

for all x,y. For then, if y® > 0, there exists X such that »2(y%) = ¢(x?),
and we have [B(x,>y| € ®x?), hence B(x,y)? ¢ &x2) Wy?.
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Given x in C(S), let X be the function in C(SxT) defined by X(s,t)
= x(s) (and define ¥ similarly for y in C(T).  Obviously, X + ¥l = lIxll + {Iyll
for positive x in C(S), y in C(T). Since py(x;, .. ,xN)2 = | inzll and ab ¢
}a?+b?) for positive a,b, the hypothesis implies that

FE By | € FNE xc 2+ 3T vl
We will use Lemma 5.1. For a positive function h in C(SxT), let
q(h) = sup{1 L Bxy,y)l : § T X + § Z¥* € h) .

Then q is clearly superlinear. It is clear from the above that q(h) < |h|.
Hence there is a positive functional F on C(SxT) such that ||F} € 1 and
F(h) 2 q(h) for all h 2 0. For x in C(S), y in C(T), we have

Bx,y)l € FFE® + ¥5) = 1 &xh) + § Wyd),

as required.

So we can now state the following, which is one of the most
frequently quoted versions of Grothendieck’s inequality.

10.10 Theorem. Let S,T be compact spaces, and let B be a
bilinear form on C(S) x C(T) (real or complex). Then there exist positive
functionals ¢ on C(S), ¢ on C(T) such that |§ = || = 1 and

IBx,) € Kg 18I 60xD% d(lyiH”

for all x,y. Furthermore, this statement is equivalent to 10.1.

Our next reformulation is an easy step from 10.8. It uses the
following variant of 2-summing norm. Let Y be R®™ with any lattice norm.
As in section 7, we consider elements of the form (Eykz)%. For T in L(X,Y),
we define

T) = sup (I [ETx)? 1 : iylxg, oo xpg) € 1.

One can verify that M, is a norm (though this is not important for our
purposes). Our interest is in the case when X is #F (or #,) and Y is !{1

(or 2,). Note that for this case it follows from 7.5 that T,(T) 3 my(T).
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10.11 Lemma. Let vy, .. ,yy € 2] , and let y = (I ykz)%.
Then

liyll = sup { ﬁ YoVk> T Vi € B oand (v, ., vy € 1)

Proof. Let py(vy, ..,V € 1, s0 E vk(j)2 €1 for each j Then
E y(@) vi () € y(j), by Schwarz’s inequality, so

E YoV > € %y(j) = Iyl .
Now define vi(j) to be yi(j)/y(j) if vy(j) # 0, and 0 otherwise. Then

IZ( v €1 and Zl'( y(vg() = y(i) for each j. Hence kZ <y = Iyl

10.12 Theorem. If T is in L(2@,2]) (for any m,n), then
M,(T) € KGIT .  Furthermore, this statement is equivalent to 10.1.

Proof. There is an isometry between B(2D 21) (the space of
bilinear forms) and L(2T, 2D), defined by : B(u,v) = <Tu,v> By the lemma,
it is now clear that the statements in 10.8 and 10.12 are equivalent.

It is easily checked that this applies in the complex case too.

Again, 2J' can be replaced by any f.space, and 2] by any
£-space.  The constant is K4(N) when the number of elements x; is restricted
to N.

This version (10.12) is the form used by our second proof of
Grothendieck’s inequality (see section 11). It can be generalized to operators
between any pair of Banach lattices (see [CBS II], If).

Exercise. Give a direct proof of the equivalence of 10.12 and

10.7 (write the operators concerned as L <a;x>; and I <bj,y>ej).

Our final reformulation, which is one of Grothendieck’s original
ones, is seemingly quite different. It dispenses with the aj j entirely, and takes
the form of an assertion about tensor expressions for inner products.

Let S,T be compact spaces. The algebraic tensor product
C(S) ® C(T) can be identified with a subspace of C(SxT) by taking f ® g to
be the function h(s,t) = f(s)g(t). For present purposes, this may be regarded
as the definition of C(S) ® C(T). The "projective" norm 7 is defined by :

Yu) = inf (ZHfNlgd v =Zf g }.
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Recall from 1.19 that the dual of C(S) @7 C(T) identifies with the space of
bilinear forms on C(S) x C(T) (our new interpretation of C(S) @ C(T)
makes no difference).

10.13 Theorem. Let S, = {x ¢ 2 : |Ix| = 1}, and let P, be the
inner-product function on S, x S,, that is : Pp(x,y) = <xy> Then
7(Py) = Kg(n) (so tends to Ky as n ~ =),

Proof. Suppose that <x,y> = }}_fr(x)gr(y). Let (ai,j) satisfy (LP)

and let x;, ¥j be elements of S;. For each r,
I ;I )}ai,j £.x;) gyl € NEA- N
Summation over r gives
I FJ}: ajj xpyp 1 € ;‘: NE NNl s

and hence Kg(n) € 7(P,) .
To prove the converse, define & in C(S,) by : 8;(x) = x(0).

Then P, = lZ 8, ® 5;, and )i'.'c‘:i(x)2 =1 for all x in S, so By(8y, .. 1.

,sn)=

By 1.19, there is a bilinear form B on C(S;) x C(S;) such that |8 = 1 and

7Py = }:B(Si’f’i)- By 10.8, the value of this is not greater than Ky(n).

Lower bounds for K
10.14. Kg » m/2, while KE» 4/n.

Proof. Recall from 9.11 that A,(20) = A as n - « where A is
Y7/2 in the real case, 2/Ym in the complex case. This means that for any
& > 0, there exist m,n and an operator T from 23 to 20 such that |T|| = 1 and
n,(T) 2 (1-8)A. So there are elements xj with py(x;, .. ,x) = 1 and
I ITxl? > (1-8)’°A% Define B on 2T x 2T by : B(x,y) = <Tx,Ty>  Then
I8 = 1 and I B(xy,xy) 3 (1-8)2A%  The statements follow, by 10.8. (In the
complex case, 8 is actually “sesquilinear", not bilinear, but it is easily checked
that 10.8 still applies).

These lower bounds were stated by Grothendieck. Krivine and

AM. Davie (unpublished) have improved them to : K5 > 1.676.., KE> 1.338....
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2, is 2-dominated

Both 10.7 and 10.12 imply that 2, is 2-dominated, using the
appropriate alternative formulations of this property from 9.1.  Clearly, A\(2,)
¢ Ke. Like K itself, the exact value of A,(f,) is not known, and one can
expect it to be different in the real and complex cases. Denote it temporarily
by K,. In the real case, we have K, 3 ‘/5, since "2(11,2) = 1, while "1(11.2)
= Y2 (6.3, 7.10); in fact, this applies to 23 as well as 1.

Of course, if X is any space that is finitely represented in 2, (e.g.

C(S)*; sec 0.24), then 4,(X) € K,.

Recall that for T in L(2,,2,), we have my(T) ¢ A|TI|, where A is
"11/_2 in the real case, 2/‘/5 in the complex case (9.9, 9.11). Hence K € AK,,
and any direct proof that £, is 2-dominated affords an alternative proof of
Grothendieck’s inequality (in the form 10.7). It is instructive to see how one
can also obtain the form 10.10, again with AK, in place of K.

Proof of a version of 10.10. Assume 8] = 1. Define B : C(S) -~
C(T)* by (Bx)y) = B(x,y). Then [B] =1, so nB) ¢ K, . By 5.8, there
exist a Hilbert space H and B, : C(S8) - H, B, : H ~ C(T)* such that
B = BB, and m(B,) < K, [BJ = 1. Let B, be the restriction to C(T) of
B,* : C(T)** -~ H. Since A,(H) = A, we have m(B,) ¢ A. Now

B(x,y) = (B,Bx)(y) = (B,y)(B,x) .

By Pietsch’s theorem, there are positive functionals ¢ on C(S), ¥ on C(T) such
that ¢ = [l = 1 and [BxI® € K26(x?), By ¢ A%(y®). Hence IB(x,y)
< AK, oxH% Wy .

Two further applications

To exemplify what can be done with Grothendieck’s inequality, we
mention two simple applications to Banach-Mazur distances and projection
constants. We continue to distinguish K5 and K,.

10.15 (Gordon, 1968). For any n-dimensional space X,

m(X) € Kg dX,2M) d(X,2]) .

Proof. There are operators S : n{‘ - X and T :X - !;’ such
that S| = T} = 1 and S = dX,2]), (T = d(X,2]). By 107,
m(TS) ¢ K. Now I, = THTS)SE, so m(ly) € KGITHUSY .
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Of course, we knew already that d(X, 1) d(X,2]) 3 d(2],2}) = vn,

10.16 (Garling & Gordon, 1971). For any n-dimensional space X,
we have MX)MX*) > Vn/K,.

Proof. We may assume that X is a subspace of some 1!5. Let P
be a projection of !E onto X with |IPJ = MX). Then P*X*) is a subspace
of 1!‘1(, 50 by 9.7, \P*X*)] 2 ‘/H/Kl. For f in X*, it is clear that P*f is an

extension of f, so |P*f]] 3 |f. Hence
d[X*, P¥X*)] ¢ |P¥ = MX) ,
so that

én € MPHX®)] € MX*) dIX*PHX®] € MXNX?) .
1
Note that n{‘ is itself an example of a space X for which
AXOMX*) < Vn .

The Grothendieck property

It is natural to ask whether other spaces could replace 2, in
Grothendieck’s inequality as formulated in 10.7. A space X is said to have the
"Grothendieck property" with constant K if for all operators T from X to a
Hilbert space, we have m(T) ¢ K]|TJ. Note that this implies that X is
2-dominated, with Ay X) ¢ K (see 9.1). However, 8, itself does not have the
Grothendieck property (consider the identity !), although it is 2-dominated.
Further, while the 2-dominated property is inherited by subspaces, this is not
the case for the Grothendieck property (recall that 2;‘ embeds into 2,). What
can be said in this direction is the following:

10.17. If X has the Grothendieck property with constant K, and
X, is a complemented subspace of X (with projection P), then X, has the
Grothendieck property with constant K[P}.

Proof. Let T be an operator from X, to a Hilbert space H.
Then TP is in L(X,H), so m(TP) ¢ K|TP| ¢ KI|PI{TI Since TP is an
extension of T, we have w(T) ¢ m(TP).

We will see in Section 12 that a space with a "good" basis and the
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Grothendieck property is isomorphic to l‘l‘ (or 2,). However, there are spaces
with the property that are not tl-spaces. For a good survey of results related
to this, see [FLO], Chapter 6.

Exercise. Prove that X has the Grothendieck property with
constant K if and only if for all S in L(X*,R’l‘), n,(8) ¢ K'IS|j (where K' ¢
K € K'a(H)).

(Necessity can be proved directly. For sufficiency, restate the
Grothendieck property using trace duality, and apply 4.11.)

Concluding remarks

As observed earlier, there are many further applications of
Grothendieck’s inequality. We will outline a few of them in Section 12, in
conjunction with basis constants.

A second proof of the inequality (giving version 10.12) is described
in Section 11. This has the attraction of being free of integration, and it
adapts to show that all cotype-2 spaces are 2-dominated. However, it gives a
less accurate estimate of the constant.

Among the many other methods of proof that have been devised,
we mention one that is at first sight very appealing. Suppose that we can
find a Banach space X and a l-summing operator Q of X onto 2, (so that Q is
M-open for some M). Let T be in L(2,,2,). Then there is an operator T :
2, = X such that T = QT, and |T,|| ¢ M|T|| (this is elementary). Hence

n(T) ¢ a(QIT, ¢« M (QITI ,

so version 10.7 of the statement follows. However, no entirely easy way is
known of exhibiting such X and Q, or finite-dimensional equivalents (see
[FLO], Chapter 5).
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11. THE INTERPOLATION METHOD FOR GROTHENDIECK-TYPE
THEOREMS

An interpolation theorem

We now prove a theorem that, for operators on 2%, establishes a
relationship between np(T) for different p. For this purpose, we relax our
general principle of concentrating on the cases p = 1.2, In fact, our
applications of the theorem (including the promised alternative proof of
Grothendieck’s inequality) will make use of the statement with "r" equal to 4.
The proof is a direct application of Pietsch’s theorem, together with Holder’s
inequality in the form : I ajijl'e ¢ (X aj)e(}: Bj)l'e.

i11.1 Theorem. Let T be any operator from 22 to a normed
linear space Y. Let 1 € p <r, and write 2 = 6. Then

8y 1-0
m(T) < (T
In particular, 1:2p(r)2 < n(MITY .

Proof. Write Tej = aj By Pietsch’s theorem (5.2), there is a
positive linear functional ¢ on 28 such that [ = np(T)p and |Tx|P < ¢(xiP)

for all x. For certain < 2 0, we have ¢x) = L « o y where x = (3j,..,Mp).
Then Tx =L xJaJ, and the above conditions become
. = P
T % np(T) s 1)
I Xja;lP € I eginP. @

’

Choose x = ()}, .. ,hp). There is an element f of Uys such that f(T xjaj) =

ZXaJﬂ Write If(aj)l = Bj. Then Bj = ij(aj) , where |8j| =1, so
)3 Bj = f(T Gjaj) = f [T(¢p. 8] € IITI . 3)

Also, for b; 20,
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r uij = f(X 6jujaj) ,
50
(T iByP € IT &uajlP € T ou® 4)
by (2). By H;lder’s inequality,

||E )‘Ja-‘“ = f(): Xjaj) ¢z IXJIBJ
= Z(hy8;) 88
< (= uB)® @sy!®

where Ky = |xj|1/°. Remembering that r6 = p, we now have from (3) and (4):
.a-if P p . r-p NI
IE 23510 € (T oguy®) ITI TS Z e .
By 3.17 (the easy converse of Pietsch’s theorem), this implies that

1(TF € ITITPE o)
= ITI™P my(T)P .

This is equivalent to the statement.

In particular, rlz(T)2 ¢ n(T) ITIl (the above proof becomes rather
simpler for this case). Easy examples show that this does not hold for
operators defined on spaces other than 22 : in fact, when applied to I, (where
dim X = n), it gives 7(X) > n. As we know, this fails for 11’1‘, n;‘. An
immediate consequence is:

11.2.  For any finite-dimensional X, we have 4,(X)? ¢ m(X).

Proof. For any operator from 22 to X, we have n,(T) € |ITiA(X),
and hence m(T)? < m(X) ITI? .

For T as in 11.1, it can also be shown that

1(T) ¢ my(T)Pny(myi-®

where p <r < q and 1!-=g+]—a9.
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Second proof of Grothendieck’s inequality

We prove Grothendieck’s inequality in the form 10.12, using 11.1
and Khinchin’s inequality. The proof adapts easily for complex scalars. Recall
from 10.12 the meaning of T,(T) .

11.3 Lemma. Let Y be R? with any lattice norm, and let T be

an opetator from 2% to Y. Then
ny(T) € 314 212 nq(T),

Proof. Take elements x X of 23 For & in Dy, write

o
yg = L §;x;. By Khinchin’s inequality, applied pointwise,

@ < 2 gy ()

By 7.2, also applied pointwise,
L Evet «3@Ex) @

Recall that l%-(cl+...+cN) < [1{I (¢t +.tcyH1V4 for ¢; 2 0. Using this and
the definition of n, for operators on M we have :
v2

I EZ (T2 < & 3 ITyel (by (1))

< V2 [%k I ITygl*)/4
$ V2 n(T) || %k L oygt/e .

< V2

N

n(T) 3Y4 1T 5212 (by (2)).

This proves the statement.

Proof of 10.12. Let T be an operator from 22 to f7.  Recall
that M (T) ¢ m,(T). By 11.3 and 11.1, we have

m(T? < 2Y3 m,(T)?
< 2Y3 m(MITI
< 2Y3 m(ITN,

50 M,(T) ¢ 2Y3|T| . This is the required statement (with Kg € 2V3 ) .
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Cotype 2 spaces are 2-dominated

A slight adaptation of the above proof gives the result stated. The
following is a modified version of Lemma 11.3, in which the notion of cotype 2

effectively replaces Khinchin’s inequality.

114 Lemma. Let ki(X) = K, and let T be an operator from
2T to X. Then my(T) ¢ 34K m(T).

Proof.  With the notation of 11.3, we have Tyg = L &(Tx;), and
hence, by the definition of cotype 2,

(@ ITx; %)%

N

KL E ITygt”

N

K( 5, F ITygl*)/4
¢ K (™ g Dy It
¢ K™ 3zt (by ).

11.5 Theorem. Every space of cotype 2 is 2-dominated. In fact,
8,(X) € V3 ,(X)? .

Proof. Let xy(X) = K, and let T be an operator from 2I' to X.
By 11.4 and 11.1,

n(T)? < V3 K? n(T)?
< V3 K? n(DITI ,

so M(T) € V2 K2 T .

Clearly, this theorem can be regarded as a generalization of the
essence of Grothendieck’s inequality. It was first proved by Maurey (1974a).
Another proof was given by Rosenthal (1976). The method reproduced here -
which is substantially shorter than the known alternatives - is due to Pisier
(1978): the idea of it can be traced to Krivine (1973-74). Pisier in fact
obtained both 11.5 and Grothendieck’s inequality in a generalized form : the
23

spaces are replaced in the statements by C*-algebras (not necessarily

commutative). His results have been further generalized by Haagerup (1985).
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Using Khinchin’s incquality for r > 2, one can modify 114 to
obtain  M(T) € B, k(X) m(T). This vyiclds the following variant of 115
8,(X) € Cp k,(X)P for any p > 1. However, the constant Cp tends to infinity
as p tends to 1, and it is not known whether a similar statcment holds with p
= 1. Nor is it known whether, conversely, all 2-dominated spaces (or even all
spaces with the Orlicz property) are of cotype 2. A conditional result in this
direction will be described in section 12.

We outline briefly one alternative approach, also due to Pisier

(for the details, sece [FLO], chapter 4). For elements x:

i of X, write

PE(Xp o uxp) = osup (Efi(x;) @ £ieX®, py(f,, o fy) €1}
One shows that for 0 < & < 1 and any 2-summing opcrator T,
Py(Txyy o ,TX) € [ 8M,(T) + 87 V2T ] pk(x,, . ,Xp) (1).

For x; in ¢M it is easily shown from Khinchin’s inequality that p;‘(xl, e 3Xp)
$ V2 Hy(xy, .. xp). If X is of cotype 2 and T is an opcrator from M to X, it
follows that

m(T) € Y2 (X) [ 87my(T) + 87421 ] .

Write V2 k(X) = K, and put 8 = 1/2K). We obtain m(T) ¢ QK)¥?T|, so
that A,X) ¢ C :(2()()3/2 for a certain C. A refinement of the method shows
that in fact 4,(X) € C'iy(X) log(2x,(X)).

The above approach is closely connccted with the notion of
factorization through a Hilbert space (and is presented in [FLO] in such terms).
Given T in L(X,Y), let 7,T) be the infimum of ITJNT,l taken over all
possible factorizations T = T,T,, where T, is in L(X,H) for somc Hilbert
space H, and T, is in L(H,Y). Of course, Pictsch’s thcorem shows that 7,(T) ¢
m,(T). A basic result on factorization is the theorem of Kwapicn (1972), which
states that  7,(TS) € ky(T)T,(S) for any opcrators S,T. (Note that when applied
to the identity in a space X, this shows that if X is both of type 2 and cotype
2, then X is isomorphic to a Hilbert space H, and d(X,H) € k(X)) T,(X) ).
Now statement (1) applics in fact with m, rcplaced by 7, In combination with
Kwapien’s theorem, this lecads to the following result, which Pisier calls the
"abstract version of Grothendieck’s theorem™ if X* and Y are of cotype 2 and
T is in FL(X,Y) (or is "approximable"), then 7,(T) < C|T|, where C =
[2 6,(X*) %, (Y)P/2.
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12. RESULTS CONNECTED WITH THE BASIS CONSTANT

The basis constant

Let X be an n-dimensional normed linear space. Let (b,,..,b,) be
a basis of X, and let (f,..,f,) be the dual basis of X*, so that x = L f(x)b;
1

for all x in X. The "constant" (or "unconditional constant") of this basis,
denoted by B(b,,..,b;) is defined to be

sup { ||{"_‘ xifi(x)bill TIxli € 1 and x| €1 for each i).
Two equivalent ways of describing this quantity are, firstly,
sup { ITOp, -, 3pll : IN) € 1 for each i},

where  T(),...Ap) is the operator that maps b; to M\b; for each i, and
secondly,

sup (4 [£,(0by, ... £p(X)bp] ¢ lixl € 1) .

From the last expression, it is clear that we can restrict to ¥l = 1 in the
previous ones.

The (unconditional) basis constant of the space X is defined to be
the infimum of the constants of all bases of X.

First, some immediate remarks on these definitions :

(1) The usual basis of !g (for each p) has constant 1.

(2) For non-zero o, we have B(ab,, .. ,ayb,) = B(b, ... ,bp).

(3) In the real case, there is a lattice ordering associated with a
basis: we define x ¢ y to mean f(x) ¢ fi(y) for all i Then |x| is the
element I [f;(x)[b; (this notation makes sense in the complex case as well).
The constant of the basis equates to sup { llyll : Iyl € [xi, lIxll € 1}

(4) The definition applies equally to an unconditional basis of an
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infinite-dimensional Banach space. It is a standard consequence of the uniform
boundedness theorem that the constant of such a basis is finite. Two such
bases are said to be "equivalent” if there is an isomorphism mapping one onto
the other.

12.1. A basis and its dual basis have the same constant. Hence
B(X*) = B(X) for any finite-dimensional space X.

Proof. Let T be the operator such that Tb; = )\b; for each i.
It is easily verified that T*f; = Mf; for each i.  The result follows, by the
first equivalent form of the definition given above.

12.2. If X,Y have the same (finite) dimension, then B(Y) ¢
d(X,Y)B8(X). Hence B(X) ¢ vn for any n-dimensional space X.

Proof. Let A be an isomorphism of X onto Y, and let (b, by)
be a basis of X, with constant Bo. Let T be the operator such that
Tb; = M\b; for each i.  Then ATA™! maps Ab; to X(Ab;). It follows that
B(Ab,,..,Aby) € ByllA|l AT

The second statement follows, by 5.6.

Exercise. Let (by,..,b,) be a normalized basis of X, with
constant B,  Show that

d(X,13) € B2 libg+ .. +byll .

Note. Among infinite-dimensional spaces, only separable ones are
candidates to have a basis. The following notion (defined on the pattern of
fe-spaces) is not restricted in this way. The space X is said to have "local
unconditional structure” with constant K if each finite-dimensional subspace E is
contained in a larger finite-dimensional subspace F with B(F) ¢ K. The
infimum of such K is then called the "local unconditional structure constant" of

X. It is known that all Banach lattices have local unconditional structure.

Connections with 1, and the Gordon-Lewis constant

A number of results relate the basis constant to d(X, !{1). The
simplest one is:
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123. If dim X = n, then d(X, M) ¢ BX) M{M(X) .

Proof. Let (by, .. ,by) be a normalized basis of X, with dual

basis (f,,..,f;) and constant B, . Since x = L fj(x)b; , we have [x|| ¢ I |f;(x)|

for each x. If we show that for some C, we have L I[fi(x)] ¢ Clx|| for all x,
it follows that d(X, ¢!) € C. Now by definition,

1y[f 1 (X)by, o T (x)bp] € Byllxll (1)

Hence
F GO = % If(0byl - € B M(X) Ixll

The statement follows.

This is of very limited use, since n,(X) is at least n, We now
describe a more useful variant. For an operator T between finite-dimensional

spaces, write
7{(T) = vo(T*) = inf (p(g) ...8y) : T = L g; ® y; with each [ly;ll = 1} .

Recall from 4.11 that this describes "factorization through #,"

124.  For any operator T defined on X, 7(T) ¢ B(X) n(T).

Proof. Let (b, .. ,by) be a normalized basis of X, with dual
basis (fy, .. ,f,) and constant B,  Then

T = )i:fi ® (Tby) = )i‘.gi ®y; »
where g; = ||Tbi|lfi and |ly;ll = L. From (1),
F E;CO(To = ?Igi(X)I € By m(T)IIx{ .

Hence u,(g;, .. ,8) € Byny(T) , and the statement follows.

This result was formulated by Gordon & Lewis (1974), who used it
to show that certain spaces have "large" basis constants. We give an account

of this below. The quantity
sup {¥(T) : T e L(X,Y), a(T) ¢ 1}

is consequently known as the Gordon-Lewis constant of the space X. Clearly,

is not greater than B(X).
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The 2-dominated property and cotype 2

We saw in Section 11 that all spaces of cotype 2 are 2-dominated.
With the help of the basis constant, we can prove a restricted converse. The
method is essentially an abstract version of the proof that 2, is of cotype 2 (see
Section 7). (The details are given for the real case; the complex case is the
same with some modulus signs inserted).

Given a basis (by,..,by), with dual basis (f,..,f;), we have already
mentioned how the element [x| can be defined. Similarly, it is natural to

define multiplication "coordinatewise”, so that, in particular, x? = ij(x)zbj.
J
Given elements x,,..,xp of X, the element z = (% xiz)” can be defined in the
1

same way. The 2-dominated constant A,(X) now enables us to formulate an

abstract analogue of 7.5.

125 Let B(by, ...by) = B, and let z = (Zx;)% in the sense
1
just indicated. Then

(T IxI)% < By 8,(X) Izl

Proof. We have fj(z)2 = ):fj(xi)2 for each j. Define an
1

operator T from &2 to X by :

Ty = Ly() f{(2)b; .

J

By the definition of the basis constant, if |lylloe € 1, then |Ty| ¢ B, lizll.
Hence |T| € Bylizl, so my(T) € By A,(X) izl .

We obtain elements y; of 22 such that Ty; = x{ by choosing

y;(3) so that y;(j) fj(z) = fj(xi) (if fj(z) = 0, put y;(h = 0) . Then
g:yi(j)2 <1 for all j, so ylyy,..,yy) € 1. Hence

(EixID% € m(T) € ByaX) izl -

126 Lemma. Let the operation | | be defined relative to a basis

(with constant By) as above. If |ul € X |x;|, then |ull € B, I {Ix;h.
1 1

Proof. For each j, we have |fj(u)| < 2|fj(xi)| . Hence we can
1

choose % with l°‘ij| €1 and
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for each j. Define elements y; by setting
fj(yl) = o:ij fj(xi) .

Then u = Ly; and |yl € Bylix;ll for each i
1

12.7 Proposition. For any finite-dimensional space X, we have
(X)) € V2 BX)? 8,(X) .

Proof. Let (b, .. ,b,) be a basis with constant B, and let | |
and multiplication be defined relative to this basis. Choose elements x;, .. ,Xj
of X, and let z = (X xiz)” . By Khinchin’s inequality,

\7)
€ &:x:] .
z 2k G)G:Dk I }E i*il

Hence, by 12.6,
>y —
lzil € %k B I E&ixjl = V2 By py(Xyp o 5Xp) -

The inequality in 12.5 now gives the result.

Clearly, the same applies to infinite-dimensional spaces with the
local unconditional structure constant replacing B(X).

Connections with Grothendieck’s imequality

The next group of results originates with Lindenstrauss &
Pelczynski (1968). We start with the promised "converse" of Grothendieck’s
inequality.

12.8 Proposition. (i) Let X be an n-dimensional space. Suppose
that X has the Grothendieck property with constant K, and that "2,1(X) = A
(note that A € K). Then d(X, ) ¢ AKB(X)%

(ii) Let X be an infinite-dimensional space with unconditional
basis, and let AKX be as in (i). Then d(X, 2) ¢ AKB(X)%

Proof. For (i), let (b, .. ,by) be a normalized basis with
constant Bo, and let (f,, .. ,f,) be the dual basis. For all x in X, we have

mf,()by, . ()bl € Bylixll 1,
and therefore
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z f;(x)* < A8, |Ix)? Q).
Let T be the operator from X to !‘2‘ defined by Tb; = ¢;, so that ITxp? =
z: fi(x)2 . By (2), |IT| € AB, so we have m(T) ¢ AKB;,. From (1), it now
follows that

ftxli € )Elf i = ):lllT(f {ObDI € AKBE ixll

The statement follows, and the proof of (ii) is exactly similar.

12.9 Corollary. Let X be a complemented subspace of an tl-spacc
(with projection “P). Suppose that X has an unconditional basis. Then X is
isomorphic to £, (or 2D, with

d(X, 1) € V2 KgB(X)? Pl .

Proof. The space X has the Grothendieck property with constant
KlPl (see 10.17), and m, (X) € V2 .

12.10 Corollary. Every unconditional basis of 2, is equivalent to
the usual basis.

Proof. The isomorphism constructed in 12.8 maps b; to e;.

We observed in Section 4 that it is not known whether there is a
constant C such that d(X,tD) ¢ C\X) for all n-dimensional spaces X. By
applying 12.9 to the dual space, we can obtain a partial result in this direction.

12.11 Proposition. For any n-dimensional space X,
d(X, 28) € V2 KgB(X)* MX)? .

Proof. We may assume that X is a subspace of some 2Y. Let P
be a projection of 2N onto X with |[P|| close to M\X). Then P* maps X* into
!?, and if R is the "restriction" operator from ﬂg‘ to X* then RP* = Iys,
since for f ¢ X* and x ¢ X, we have (P*f)(x) = f(Px) = f(x). Hence
(IP*f)l > Ifll for f e X*, so d[X* P*X*)] ¢ [IP}.

It also follows that P*R is a projection of !rl“ onto  P*(X*).
Since B(X*) = B(X) and |P*R| ¢ |IP, we have from 129 :

d[P*(X*), 111 < Y2 K¢ BX)? I .

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:19:15 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.014
Cambridge Books Online © Cambridge University Press, 2012




129

Hence

d(X,08) = d(X*01) < V2 K B(X)? |IPJ? .

There is also a dual version of 12.10:

12.12. Every unconditional basis of Co is equivalent to the usual
basis.

Proof. (For this, we assume familiarity with some elementary
facts on unconditional bases). Let (b,) be such a basis (normalized). The
dual basic sequence (f,) is unconditional and bounded. Applying 12.9 to each
(fy, - fp), we see that (f) is equivalent to the usual basis of 2,. It follows
by standard arguments that (b,) is equivalent to the usual basis of c,.

Spaces with large basis constants

The problem of finding finite-dimensional spaces with arbitrarily
large basis constants was resolved very satisfactorily by Gordon & Lewis (1974),
who showed that the "natural" space of operators L(n;’) has basis constant not
less than %‘/ﬁ . We present here a simplified version of their proof due to
Schiitt (1978). As already mentioned, the method depends on 124, and
consequently can be regarded as another application of the theory of summing
and nuclear norms. It is an ingenious and elegant piece of work.

Let L, be the space L(RM), identified with nxn matrices in the
2
usual way : Aej =3 3j; ¢ Regarding L, as simply RY , we write
1

<AB> = 1By
EEoayjby

and JA|l, = <A,A>% . Given any norm « on L., let o* be the dual norm on
L,, identified with its own dual in this way (there is no need to think in te}ms
of trace duality !).

Recall than D, denotes the set of elements & = (8, ,Sn) with
each & in (-1,1}. Given % ¢ Dj, let Ug be the corresponding diagonal
operator on RD. Then UgAUg is the operator with matrix (8; aj; €;). We
shall say that a norm « on L, is invariant if «(UgAUg) = o(A) for all A,8,¢.
Since <UgAUgB> = <A,UgBUg>, it follows that «* is then invariant. For any
p,a, the ordinary operator norm of L(nn,ng) is invariant, since UgUg are
isometries.

We start with a bivariate version of Khinchin’s inequality:
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12.13  With the above notation,

{ —— L T 6:3::6: 1| .
1Al € S5 8D, &eD, PR TN
Proof. Define elements a; of 2} by : a;(j) = ajj - Then
A = ¥ llal? . By 7.4 (Khinchin’s inequality for Hilbert spaces).
1

2% 2
AN, = ( }Ellaillz) g on SEDn Ilfi 8;a;ll, .

By the ordinary form of Khinchin’s inequality,

V2
“F s;all, € ?‘ 5§Dn 1 <8, )isiai>|
V2

= — §:a::8: | .
oo 155 st |

Given clements A,B of L, write A.B for the "pointwise" product
(aijbij), and let My be the "multiplication" operator on L, defined by : My(A)
= A.B.

12.14. Let S = (sij) and A = (Sij) be clements of L, with
Sij € {-1,1} for each i,j Let a be an invariant norm on L., and regard M,
as an operator from (L.« to (Lp, I I, Then my(Mp() € 2a%(S).

Proof. By 12.13, we have

My (AN, = [S.All,

1
€ —Em % % | <A, UGSU5>| .

As a functional on (L;,o), the norm of UgSUg is o*(S). There are 22" such
functionals. The statement follows, by 3.2.

12.15 Example. Let J,, K, be the formal identity operators
from [L(2%,eM), | 1) and [L(}), i 1] (respectively) into (L, Il Hy). In
12.14, take sij = sij =1 for all i,). Then <AS> =1 aj; = {Ae,e> , where

1]

e = (1, .. ,1). From this, we see that o*(S) is equal to 1 and n in the two
cases. Hence we have m(J,) €2 and m(Ky) € 2n .
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Exercise, Show that m,(J,) = 1 and m(K,) =n
12.16. Let T = (tij) and A = (Sij) be eclements of L,, with

5ij ¢ {-1,1} for each ij Let « be an invariant norm on L, and regard My
as an operator from (Ly, Il Il;) to (Lp.a). Then vo(Mp) > § o(AT).

Proof. We use trace duality. Let Eij be the matrix having 1
in place (i,j) and 0 elsewhere. Such matrices form the "natural" basis of L,.
Clearly, MA(Eij) = aijEij’ and hence we have trace (M, Mp) = <A,B> for
any AB in L.

There is an element S of L, such that o*S) = 1 and <§, AT) =
o AT). But

L}

<S, AT> = {AS, T>

trace (Mp gMp)

"l(MA. s) VO(MT)

N

where Mjpg is regarded as an operator from (L,,®) to (L 01y By 12.14,
T, (Mpg) € 2, so the statement follows.

12.17. Let « be an invariant norm on L, Suppose that for a
certain §, A in L, we have 8 € {-1,1} for all i,j and oAS) = KS).
Then B(L,.0) > § K.

Proof. We show in fact that B(L,,«*) 2 %K; the result then
follows, by 12.1. Regard Mg as an operator from (Lj.«*) to (L,, | l,). By
12.14, m,(Mg) € 2«(S).

From the fact that Ms(Eij) = sijEij’ it is easily seen that the
dual operator Ms“ identifies with Mg, regarded now as an operator from
(Lys 11y to (Lp,e) (note that Mg is just a diagonal operator with respect to
this basis). By 1216, vo(Mg*) 2 § ofAS) > § K«(S). But vu(Mg*) = 7,(My),
so the statement now follows from 12.4.

Note that the hypothesis of 12.17 amounts to saying that the
natural basis (L,,o) has constant at least K. We now use the "Littlewood
matrices" to show that for certain choices of « this is indeed the case (with

K = "5). These matrices are defined inductively as follows:

w w
1 1 _ k-1 k-1
Vi = [ 1 ] : Vi =
Wea Wi
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Wi is a symmetric nxn matrix (where n = 2k) with orthogonal rows, so that
Wy ? = nl, and

IWexll, = ¥a Iixil, (1

for all x in R,  The entries are all 1 or -1.

12.18 Theorem. For n = 2k, each of the following spaces (with
operator norm) has basis constant not less than }G :

L(23), L(eB, o), L(e8, 23) .

Proof. Let E be the matrix with all entries equal to 1. This
corresponds to the operator ¢ ® ¢ . In each case, we compare |[E|] with Wl
and apply 12.17.

(i) L(D): here IIE| = el = n, while [Wll = Vn, by (1).

(i) L(e3, 21 : now [E|l = llel,® = n? , and by (1),

IWgxll, € Yo IWyxll, = nlixll, € nVn Xl ,

s0 Wl € n'n.
(i) L(28, o) : now |E| = [ellllell, = nVn , while Wyl € n.

Notes. (1) The tensor product notation for these three spaces is
(respectively) : 17 @ 20, 10 @ 2, o @ 2} . Of course, the third space
equates with L(23, 2!) by conjugacy.

(2) For T in L(2]), we have (TI € T, € Yn (Tl (note that
TN, = m,(T)). Hence the basis constant is not greater than vh.

Exercise. Show that in L(!{‘) the natural basis has constant |.
Consider the remaining cases of L(!‘p‘, ng) (where p,q are 1,2 or ).

Exercise. Use the Littlewood matrices to show that for n = 2K
d(e?, 2B < n .

s

Of course, the dimension of L is n® It has in fact been shown
(by a specially constructed example, not a "natural® one) that there exist C and
n-dimensional spaces X, for each n such that B(X,) 2 CVn. See Pisier
[FLO], 8e.
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13. ESTIMATION OF SUMMING NORMS USING A RESTRICTED NUMBER
OF ELEMENTS

Elementary facts

Recall that ngn)(T) is defined like np(T), but considering only
finite sequences of length not more than n. We have already mentioned a
number of sporadic elementary results about "gn). For instance, for T in
L, 2]), we have mMXT) = m(T) (3.9), and for all operators into 28, we
have n(B(T) = my(T) (55). (See also 3.14, 69, 7.18).

In this section, we will prove two results relating ngn)(T) to
n,(T) for arbitrary finite-rank operators T. In both cases we make use of the
following simple lemma.

13.1 Lemma. Let Y be a normed linear space, n a positive
integer.  Suppose that for some m,K, we have n,(A) ¢ Kngm)(A) for all A in
L(22Y). Then for all operators mapping into Y (from any normed linear
space) with rank n, we have m(T) ¢ Kngm)(T).

Proof. Take €>0. By 3.6, there is an operator A in L(21Y)
with [JAl = 1 and 7,(TA) > (1-8)m(T). By hypothesis,

m,(TA) ¢ Kngm)(TA) < Kngm)(T)‘

The statement follows.
As a first consequence of this, we have at once:

13.2. For all operators mapping into l;‘, we have W(T) =
ng“)(T).

Proof. As mentioned above, M,(A) = ng“)(A) for all elements A
of L(!;‘).
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For operators on a finite-dimensional space X, we remark that
ngm)(T) is actually attained at a certain finite sequence (a,, .. ,ap,), since the
set of all finite sequences with up(xl, o X)) €1 is clearly a compact set in
the space XM,

Estimation of T, using n elements

The following theorem of Tomczak-Jaegermann (1979) gives a very
satisfactory solution to the problem for m,.

13.3 Theorem. For any operator T of rank n, we have
nm(T) > 1 n(T).

Proof. By 13.1, it is sufficient to prove the statement for
operators in T in L(H,Y), where H = 2;‘. Assume that 7(T) = L By
Pietsch’s theorem, T = WV, where V is in L(HH,), W is in L(H,Y), 7,(V) =
n(T), IVl = 1 and H; is another Hilbert space. We will show that there
is an orthonormal basis (a,, .. ,ay) of H such that I |Taj|> > } : it then
follows that m™XT) » 1.

Define the a; as follows. Since |[Wll = 1, we can choose a, such
that [la | = 1 and

ITal = IWVa,ll = [Va,ll .

Having chosen g, e Ay s let Ej = {a,, .. ,aj_l}‘L and let Wj be the restriction
of W to V(Ej). Choose a; in Ej such that llajll =1 and

J
ITajl = IWVajl = (Wjl-IVajl .
Note that

n
(V)2 = T Va2 =1.
2 j=1 J

Clearly, ||Wj|| 2 ||Wj+1|| for each j. Let m be the largest integer such that
Wyl > 1/¥2. and write

m
I IVa® = «
j=1
Then uTaju2 > 3 ||'Vaj||2 for j € m, so
o 2
T ITa:l® > & .
5 Tajl 3

The proof will be complete if we can show that o 2 % . The strategy is to
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express T as T, + T, and use the fact that m,(T,) + m(T,) > 1.
Let P be the orthogonal projection onto Ep, ., so that Paj =0

for j € m and Paj = aj
n
P nVaju2 =1-a.
m+t

for j > m. Then

m,(VP)?

Choose 5 > 0 and let T, = 8WVP, T = T, + T, Now WVP = Wm+1VP and
Wl < 12, so my(Tp)? ¢ § 8%(l1-0). Also, T, = W(V-8VP). For j> m,
(V- SVP)aj = (l-S)Vaj, )

m(T)? € my(V - 8VP)?

a+ (1-8%1- o)

]

1 - (28-8H)( - ).
Write m(T;) = r; for j = 12. Then r;+1, 2 1 and 1, € 8VI-« /Y2, 50

1 € (r + r2)2 = 2r12 + 2r22 - (rg- rz)2

€2 - 2026-8(1-a) + 831-a) - [ - 8VI(10)] .
On simplifying and dividing by 6, this inequality becomes
4(1-a) € 2Y2(1-«) + 5(1- o).

This holds for all 8 > 0, and hence also with 6 = 0 to give YI-« € 1/Y2 , so

that 1-« € 3, as required.

For the identity in an n-dimensional space, the factor % can be
improved at least to 1/¥3 (see [FDBS], lecture 17).

The next example shows that ng“) does not simply coincide with
n,, even when n = 2 .

13.4 Example. Let H, be the subspace of 2%, consisting of
elements with Ix(i) = 0. Let a,,a, be elements of H, with u(a,a,) = 1, and
let fla i + llai? = 2-& (where & < 1)  We show that & 2 {, .

Note that 1-8 ¢ [la;l € 1 for each i, and that al(j)2 + az(j)2 <1
for each j. We may assume that [la )l = |a,(1)] and [la i = la,(2) . Then
la (D), la,(2)} € 8, where (1-8)* + 82 = 1. By the defining property of H,, it
now follows that |a;(3)] > 1-&-8 for i = 1,2, and hence that 1-6-8 ¢ l/‘/f.
Write ¢ = 1-1/Y2, Then & 2 c-§ so 82 = 28-8%2 » (c-8)%, hence
26 3 ¢t-2c§, giving & > }, , as stated.
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The number of elements required for exact determination of T,

The next result first appeared in [FDBS], where it is attributed to

T. Figiel. First, we require two simple algebraic lemmas.

13.5 Lemma. Let X be an n-dimensional real linear space, and
let x4, ... ,Xx be elements of X, where k > n. Then there exist non-negative

scalars ); such that ¥ x; = L %x; and ) > 0 for at most n values of i

Proof. There are scalars p;, not all zero, such that ¥ p;x; = 0. By
taking a suitable scalar multiple, we can ensure that max p; = 1. Then I x5 =
):(l-ui)xi. This is an expression with non-negative coefficients 1-p;, at least one

of which is 0. Proceeding in this way, we can eliminate k-n of the x;.

13.6 Lemma. Let X be an n-dimensional real linear space, and
let N = % n(n+1).  Let x;, .. ,Xy be elements of X, where k > N, Then there

exist scalars );, non-zero for at most N values of i, such that for all f in X*,
I f(x)? = 52 f(xp)? .
1 H

Proof. Let B(X*) be the space of symmetric bilinear forms on
X¥*, This corresponds to the space of symmetric nxn matrices, so has
dimension N.  For each i, define ¢; in By(X*) by : ¢(f,g) = f(xps(x;. By

13.5, we can express L ¢; as I xi%i with at most N of the )\; non-zero.

13.7 Proposition. Let T be an operator of rank n between real
normed linear spaces. Then n(T) = nz(N)(T), where N = % n(n+1).

Proof. By 13.1, it is sufficient to prove the statement for an
operator T defined on 2J.  We show that m&)(T) = n,-T) for all k >N.

Choose  X;, .. ,Xp in 20 with p(x;, . ,x) = L Let the
numbers ); be as in 13.6, and let X, = max ), Hy = 1/}, (clearly ¥; 2 1)
Define

vi = mhxp 7 = (1 1BD% x;

Then [ITxjI? = ITy;I® + IITzl% At most N of the y; are non-zero, and at most
k-1 of the z; (since Ny = ); for some i). For any f in X* we have from 13.6:

AP = gt IO = m? TOOG)P € w?

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:19:31 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.015
Cambridge Books Online © Cambridge University Press, 2012




137
T f(z;)? = DICE BeIND £(x))? = (1-ped) §f(xi)2 ¢ 1-p? .

1t nk-XT) = M, it follows that
T ITyI? ¢ M2, T ITz0? ¢ (1-ud)M?,
1 1

s that I ITx;i? € M.  Hence m,(KXT) = M, as stated.

The same method applies in the complex case, but in 13.6 we must
use hermitian forms on X*, It is easily checked that the set of such forms is

2

a real linear space of dimension n2, so the conclusion holds with N equal to nZ

Estimation of n, for other p.

We have seen (5.5) that for operators mapping into 2¥ , we have
ny(T) = ngN)(T). It is possible to deduce a statement for general T with the
help of the following variant of the basic embedding theorem 0.13, in which the
dimension of the containing space oY is limited.

13.8 Lemma. Let Y be an n-dimensional real normed Ilinear
space. Then there exist N € 4% and an operator A of Y into 2§ such that
% Iyl € Ayl € Iyl for all y in Y.

Proof. Let f,, .. fyy be a maximal set in Uys such that ||fi-fj|| >
Zfor i#j. Given y € Y, there exists f in Uys such that f(y) = |lyl. For some
i, we have |f-f;)| ¢ § (otherwise f could be added to the set), and hence [f;(y)| 2
% llvll. The operator A is defined by : (Ay)(i) = fi(y). It remains to estimate
N.

Identifying Y* with RP, let V be the "volume" of Uy (i
ordinary Lebesgue measure). The balls B(f}, % ) are disjoint and have volume
V/3"  They are all contained in § Uys, which has volume 47Vv/3M It
follows that N ¢ 40

13.9 Proposition. Let T be an operator of rank n between real
normed linear spaces, and let N = 4%, Then ngN)(T) >3 n(T) for all p.
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Proof. Let T be in L(X,Y). By 13.8, there is an operator A of
T(X) into 2Y such that [JAl =1 and [JAY € 3. By the result quoted above,
m(AT) = ng)N)(AT). Hence

1(T) € IATHn,(AT) < 3n,(,N)(AT) < 3n§,N)(T).

The same applies in the complex case, with N = 427,

An example is given in [FDBS], lecture 21 of operators T, of rank
n (for each n) for which m(T) = "H, while for a certain C (independent of
n) mkXT) ¢ C¥iog k for each k.
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14. PISIER’S THEOREM FOR 1,,

In this section we present a restricted "Pietsch"-type theorem for
the mixed summing norrﬁ ny, (or Tap with q > p), due to Pisier (1986). The
restriction is that it applies to operators defined on the whole of an L.-space
X, not on a subspace.

First, let us describe the easy implication. Suppose that there is
a positive functional ¢ on X such that for some C, we have |Tx||?> ¢
C2(x)) Ixll for all x. If we take elements x; such that | T Ixj| || € 1, then
certainly [Ix;li € 1 for each i, so

z: ITx;0% < C2¢(Zl:|xi|) < C?,

Hence "z,l(T) < C

Pisier’s theorem states the converse, exept that (curiously enough)
we do not obtain C exactly equal to "2,1(T)- The proof is ingenious, and
quite different from the proof of Pietsch’s theorem. It wuses both the
multiplication in L, and (in infinite dimensions) the weak-star compactness of
the dual unit ball,

14.1 Theorem. Let X be any of %, 2.(s), Lo(w), C(K), and let T
be an operator defined on X with m, (T) finite. Then there is a positive
functional ¢ on X such that ||¢f = 1 and for all xeX,

ITxI? € 2 my ((T)® $(x) il

Proof. We may assume that "2,1(T) = L Write e for the
constant function 1 (in X). Fix n. There exist elements x,, .. Xk(n) such

that Ijx;] € ¢ and ZI|Txy> = C,% where C, 2> 1 - ]li . Take scalars o

such that E°‘i2 =1 and ZIglTx;l = C,. There are functionals f; in Y* such
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that |Ifjl = o and f;(Tx;) = «[Tx{l, hence I fi(Tx;) = Cy .

Define a functional ¢, on X by
$a(x) = E£IT0)]

Clearly, ¢4(e) = C,. We show that (ol ¢ L Let (x| ¢ 1. Then
I |xx; € e, so E|T(xx;}i® ¢ 1. By Schwarz’s inequality, it follows that

ibp(x) € )E G IT(xx))l € 1.

If C, = 1 for some n, let ¢ = ¢, . Otherwise, let ¢ be a
weak-star cluster point of the sequence (¢,) defined in this way (in finite
dimensions, this just means the limit of a norm-convergent subsequence). Then
de) = 1 and |9 = 1 : this implies that ¢ is positive. It remains to prove
the stated inequality.

Choose yeX with |yl € 1. Write k(n) = k, and let

yi = x;(e - Iy for 1 ¢€1i €Kk,
Yk41 = Y-

nfl n-il 2
Then L ly;l € e-lyl + 1yl = ¢, so 1 ITy;I® € 1. Hence
n n I’y
Onle - D = 6Ty € (LITy;i
< (1 - Ty .

Proceeding to the limit, we have

1 - yD < (1 - ITyID¥,
from which it follows that

ITyI® < 260y - ¢(yD® < 26(lyD) .
Now choose any non-zero element x, and put y = x/||x]] . We obtain
ITxI? € 26(xD) ixii -

The original statement follows at once.

For q > p, the same proof gives

ITx|? € q 1y (T3 $(xIP) 1xI9P .
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Pisier (1986) derives a theorem on factorization of such operators through a
suitable "Lorentz function space”, and also generalizes the theorem to operators
on C*-algebras.

We mention one attractive application of Pisier’s theorem:

14.2. For any space E,

m(E) € 2 m,,(E)* ME)® .
If XE) and "2,1(E) are both finite, then E is finite-dimensional.

Proof. Embed E in a space 24(S), and take a projection P with
{IPi close to ME). By 14.1, there is a function ¢ on £,(S) such that ¢}l = 1
and

IPx)® € 2 m,,(P)* ¢(IxI) x|
for all x. For x¢E, we have Px = x, and hence
Il € 2 my (P)? &Ix))

from which it follows (by 3.17) that m,(E) ¢ 2112’1(P)2. Finally, we have 7, ,(P)
§ M, ((E) |IP]f .

By 11.2, it follows further that A,(E) € Y2 m,,(E) ME).
Using the same idea, we can easily show that Pisier’s theorem does
not apply to operators defined on subspaces of L, :

14.3 Example. Let E; be an isometric copy of R{’ in Y . We
know that "2,1(En) = v2 . If ¢ is a functional on 2N such that i = 1 and
Ixi? € K2(x) x| for all x € E;, then m(E)) ¢ K% so K? 3> Vn.

Exercise. Let T be an operator defined on a subspace E of an
L.-space X. Show (roughly as in the proof of Pietsch’s theorem) that the
following statements are equivalent:

(i) There is a positive functional ¢ on X such that [|¢ff = 1 and
ITxI? < C%(x)) IIx) for all x ¢ E.

(ii) For elements x; of E,

AT € C2 L Z Ix;l Ix;l 0 -
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Exercise. Adapt the premultiplication lemma 3.6 to oy and
deduce the following statement : if 112,1('1') ¢ K ||T|| for all operators T from
4% to X (for any n), then m,,(X) ¢ K.

14.4 Proposition. (Maurey, 1974b). Let T be an operator on 2L
Then @, (T) can be computed using only disjointly supported elements of ¢0.

Proof. (We give only a sketch). Let x4, .. ,Xp be elements of
¢% with | £ x5 | = 1. We show that there exist elements xi(j), mutually
disjoint for each fixed j, such that

X = )}Xi(j) for each i,
F W@y = 1, where uld = )l:|xi(j)| ,

The statement then follows easily.

Introduce a further element (if necessary) to ensure that

z: [x;(0)l

1 for all r.

]

For each 1, let 8(r) = max [xi(r)l (3 ]1—( ). Let 8, = min 8(r). Choose r. For
1

some p, we have |xp(r)| > 8, Define xp(r) to be &, sgn xp(r), and let

xy(r) = 0 for i # p. In this way, we obtain disjoint elements xi(‘) with
I Ix; = (5, .. ,5,).

Now apply the same process to the elements xi-xi(l), and repeat.

14.5 Example. This example (an unpublished one due to S.J.
Montgomery-Smith) shows that the extra 2 appearing in Pisier’s theorem cannot
be simply removed.

Let Y be R® with norm

Ivlly = max [ly@)] + ly3)l, lyG)l + Iy(Dl, Iy(1) + Iy(2)]]

Let T be the identity mapping from 25 to Y. We have gl = 1 and
||°i+ej"v = Jle,teytegly = 2. Using 14.4, one deduces easily that 112’1(T)2 = 5.

Suppose that X, Xy, Ay 2 0 are such that

ITxIZ € £ % ix(@) MxI

for all x. Then xi+xj 3 4 for distinct i,j, hence X +X,+3;3 3 6.
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It is tempting to conjecture that there is a constant C, independent
of n, such that 7 (T) ¢ C nz'l(T) for all operators on 2% . This would
imply that all spaces with the Orlicz property are 2-dominated, and
Grothendieck’s inequality would follow easily. We finish this short section
with an example that disproves this conjecture. It also provides a nice

illustration of the use of Pisier’s criterion to estimate "2,1(T)'

14.6 Example. Consider the "cyclic" operator T on 20 defined in
329. It was shown there that m(T) = Va [l

Suppose now that a is a decreasing, non-negative function, with
a(j) = a; Let ¢ be the functional given by ¢x) = L x(i), so that |§ = n.
Let x be an element of 28, and write ¢(x|) = clxl. We have |Tx| = |):aiyi|,
where (y;) is some permutation of the terms of x. Write Y; = y,+ .. + Vi

J
and let r be the integer such that r € ¢ < r+1. Then

Y3 € Slixl for j ¢,
[Yj € ¢(xD = clixi for j > r.
By "Abel summation", we have

n
I)iaiyil = [a,-2)Y; + (a,-2)Y, + .. + a3, Y|

N

(ag-alixll + 2(az-agixll + .. + r(ag-a, xll + cap,ixl

[a; + .. +a, + (c-r)ap,,] Ixl

c
< |Ixll JO a(t)dt.

Now let a(t) = t'%. Then

n(T) = Ya(l + % + ot ll.[) > (n log n)% .
By the above,

I € 20ie® = 2 eaxp® ixi” .

Since |4l = n, it follows that m, (T) € 2vn.
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The author (1987) has shown that there is a constant C
(independent of k,n) such that for all operators of rank n on 15 (for any k),
n,(T) ¢ C(log n)” ”2,1(T)~ In this sense, the ratio of 7m(T) to "2,1(T) grows
"very slowly" with n. The above example shows that the factor (log n)% is
needed. Of course, it follows that for any n-dimensional space X, we have
8,X) ¢ Cllog )% m, (X) .

Exercise. Show that for any operator T on #%, we have n(T) ¢
Yn m,(T) and m(T) ¢ n'/*n, (T) (use 3.14 and 1LI).
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15. TENSOR PRODUCITS OF OPERATORS

This section does not require any prior knowledge of tensor
products. Considerations will be restricted to finite-dimensional spaces.

Recall that for finite-dimensional spaces X,Y, the algebraic tensor
products X ® Y equates to the space L(X*Y). The "injective" tensor product

norm & corresponds to ordinary operator norm on L(X*)Y), so that

SCEx; @y = sup (T f(xpyjl: f € Uy}

sup { | )l: fx) 8(yi) |2 £ eUge, 8 €Uy}

We write X ® Y for X ® Y with this norm; this is the only tensor product
norm we will be considering. Given f ¢ X* and g ¢ Y*, the clement f & g
identifies with a linear functional on X ®g Y by : (f @ g)(x ® y) = f(x)g(y). It
is elementary that the norm of this functional is |If|.ligll. Further, the above
expression shows that {f ®g : f e Uys, 8 € Uy} is a norming set of
functionals. (By L11, we know in fact that the dual of X ®; Y identifies
with X* ey Y* in this way). The following easy consequence will be needed:

15.1. Given eclements x:

—_ i

of X, Vi of Y, we have
kp {x; ® V! 1 i<k, 1¢€j¢12) = up(xl, o X)) “p(yp Yy
in the space X &g Y.

Proof. This follows as once from the preceding remark and the
equality:

I X IEGxe;)P = L P LigypP -
1) 1 J
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Now suppose that we have elements S of L(XI,XZ) and T of
L(Y,,Y,). Then an operator S @ T from X, ® Y, to X, ® Y, is defined by:

SeT)xey) = SxoTy.

One can verify as in 1.3 that this definition is consistent. Clearly, I, & I
equals Iygy - Our goal is to show that if the spaces X; ® Y; are given
the norm ¢, then oS ® T) = «AS)(T) for our "usual" operator ideal norms «
These results appeared first in Holub (1970) and [FDBS). We start with some
algebraic preliminaries.

15.2 (i) IfS=)l:fi®xi and T=):Jgj®yj,then

(i) If S e LX) and T e L(Y), then trace (S T) =
(trace S) (trace T).

Proof. (i) Applied to an element of the form x ® y, we have

(50 @ (Ty) = (% £509%) © (T gy

=z § £;(x)gj(y)(x; @ yj) .

(ii) With S,T as in (i), we have

trace (S ® T) = %: }: (f; ® 8;)(x; ® y;)

= % )J: fi(xp g(y;)

= (trace S) (trace T) .

15.3. Let o« be an operator ideal norm, and o* its dual under
finite-dimensional trace duality. Suppose that for all operators between
finite-dimensional spaces, we have oS; @ S,) ¢ ofS,) «(S,). Then oXT, ® T,)

3 o*(T,) o*(T,) for all such operators.

Proof. Choose operators T,,T,. There exist operators S; such
that «(8;) = 1 and trace (T;S;) = «*T;) for i = 1,2. Clearly, (T, ® T,) (S, ® S,)
= (T,S,) © (T,8,), so
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trace [(T; ® T,)(S; ® S,)] trace (T,S,) trace (T,S,)

oA(T,)¥(T,) .

Since oS, ® S,) ¢ 1, the statement follows.

Note: The argument is not reversible, since operators from
Y, Y, to X; ®X, are not all of the form §, ® S,.

We are now ready to start considering particular norms. In each
case, the spaces are finite-dimensional, S is in L(Xl,Xz), T is in  L(Y,Y,)
and S ® T is regarded as an operator from X, ® Y, to X, ® Y,

154. IS @ T = IISI.ATY .

Proof. There exist elements x4y, with |IxJl = Jlyl = 1 and
ISxgl = IS, Tyl = WTH . Then &x, ®y,) = 1, while §&BSx, ® Tyy) =
ISN.ITY.  Hence [IS @ Til > ISI.ITI.

Now let u = )i'.' X; ® y;, with §&u) = L. Then (S @ T)(u) =

f. (Sxj) ® (Ty;). If feX,* and geY,* have |fff = (gl = 1, then

I3 £Gx) 8(Ty)l

|2 G*H))NT*e)(y) |

N

IS*EN.NT*gl < WSI.NTI .

This shows that &[(S ® T)u)] € IIS|.IT), and hence |IS @ T| ¢ ISI.ITI .

155, v(S ® T)

vl(S)vl(T).

Proof. It follows at once from the expression for S ® T in 15.2
that v,(S @ T) € v (S)vy(T) .

Since v,* = || || , the opposite inequality follows from 15.3 and
15.4.

In the same way, we now obtain similar results for m, and Ve
These cases are especially interesting, since they already say something

non-trivial for identity operators.

15.6 Proposition. We have #(S @ T) = m(S)m(T) and v(S ® T) =
Vel(S) Vel T).

In particular, (X ® Y) = n,(X)n(Y) and MX ¢ Y)
= MXIMY).
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Proof.  We shall show that ve(S ® T) € v (S)v«(T) and (S @ T)
¢ m(S)n(T). Since v* = m, the statements then follow by 15.3.

To prove the inequality for v, choose representations S =
Lfex, T=1L gj ®v; with |If;ll = ||gj]| = 1 and p(Xy, .. Xg) B(Yy o 5¥y)
close to Vi(S), Vo(T) respectively. The required inequality follows from the
expression in 15.2, together with 15.1.

We now consider m,. Take & > 0. By 5.3, there are functionals
f;, 8j such that

ISxll < ?:Ifi(x)l for x ¢ X,, )i'l ;I ¢ (1 + 8)m(S) ,

1Tyl ¢ )?jlgj(y)l fory e Y, }3 lgjl € (1+8)m(T) .
We show that E[(S @ T)(u)] ¢ ? Ij} I fi ® gj)(u)l for all w in X, @ Y, the
required inequality then follows. Write u =LIx, ® y; and v = (S @ T)u) =
r
z: (Sx;) ® (Ty;). There is an element h of X,* with |h|l = 1 and
6(v) = I Z h(Sx Tyt = IT(Zh(Sx)yl
r T
By the choice of the gj this is not greater than
FIZhGx) glop | = T hel < T,
where zj = ):gj(yr)(er) . By the choice of the f; ,
T
Izl € TIZ600) 8500 1 = LK @ gl .

The stated inequality now follows.

It is also easy to prove directly that m(S @ T) 3 n,(S) n(T),
without using Ve

So we are now in a position to state exact values of 7, and X for
spaces of the form L(nm !“) For example, the projection constant of L(27)
is M2J)? (see 8.8, 8.10 for the value of X(2D)).

157. M8 ® T) = m(S) my(T).

Proof.  Recall that v, coincides with n, and v,* = n,, From 15.1
and 152 one has V,(S ® T) € v, (S)v(T). Equality follows, by 15.3.
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15.8 Example. It is elementary to verify (using 15.1 and the
definition) that n,_l(S ®T) 3 n._,.l(S) 112'1('1'). However, equality does not hold
in this case. For instance, Z = !;‘ ®g !;‘ contains an isometric copy of 20
(the diagonal operators), so nm(Z) >'n. Of course, nm(t;‘) = 1.

We finish this section by remarking briefly on what happens when
X ® Y is replaced by X ®7 Y (that is, L(X*Y) with norm vy It is a
very straightforward exercise to show that we still have [[S @ T|| = JSINITI and
vi(S @ T) = vi(S)v(T). However, equality no longer applies in the other cases.
For m, and v, this can be seen from the values given for l‘l‘ in section 7. 1t
follows from 1.14 that ¢ &y 2 is isometric to 2"
2(2'M) s different from (22! .

, and in general
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16. TRACE DUALITY REVISITED : INTEGRAL NORMS

Second duals under trace duality

Under trace duality, the summing norms are the duals of the
nuclear norms, but we have not yet given any description of the duals of the
summing norms. A related problem is as follows. We know (6.2) that
vl(Igf’L =1 for all n. 1Is there a corresponding statement for the infinite-rank
operator I, o ? In both cases, what is needed is an extension of the concept
of the nuclear norms that is not confined to finite-rank (or "nuclear") operators.
We now describe a very simple construction that achieves this.

Let « be any operator ideal norm, defined at least for finite-rank
operators, such that oT) 3 |IT|| for all T (in particular, any vp). Let X,Y be
any normed linear spaces. Define

&T) = sup{oo(TIxO ) : X, a finite-dimensional subspace of X}

for all T in L(X,Y) for which this is finite. Denote the set of such T by
Lz(X,Y). One checks easily that & is a norm (in fact, an operator ideal norm)
on Lg(X,Y), with &(T) 2 {T|. If T is of finite rank, then XT) ¢ «T), and
if X is finite-dimensional, then &(T) = «T).

Note that Tlxo can be written as TJ, where J is the inclusion
operator X, = X. If X, is any finite-dimensional space, and A is an operator
from X; to X with A € 1, then TA = (Tlxo)A, where X, = A(X,). Hence
oTA) € &T). This shows that a(T) can also be described as the supremum of
«(TA) over all such X, and A.

Recall our definition of the dual norm o* :
o*(S) = sup {|trace (ST)I: T ¢ FL(X,Y), «(T) ¢ 1)

for operators S from Y to X. It is trivial to verify that o*(AS) € JJAfle*(S)
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for an operator A on X (note that trace(AS.T) = trace(S.TA)). We say that o*
is injective if (like the summing norms) it does not depend on the range space :
in other words, if S(Y) € X, € X, and S, is the same operator regarded as an
element of L(Y,X,), then o*(Sy) = «*(S).

16.1 Proposition. If o« is an operator ideal norm such that o* is
injective, then o** coincides with &

Proof. Suppose that T is an element of L(X,Y) with «T) finite.
Let S be an element of FL(Y,X) with o*@S) = I. Write Xo = S(Y). Let
Sy be S, regarded as an element of L(Y,X,), and let J be the inclusion
operator X, - X, so that S = J§,. By hypothesis, o*(S;) = o*S) = 1, so

[trace (TS)| = |trace (TJ.Sy) ¢ «TJ) € &T) .

Hence o**(T) s &T).

Now suppose that o**(T) is finite. Let X, be finite-dimensional,
and let A be an element of L(X,,X) with JAJ} = I By 1.8, the Banach space
dual of [L(X,,Y),e] identifies with [L(Y,Xl),oz‘], so there is an element S of
L(Y,X,)) with o*@S) = 1 and trace (TAS) = «(TA). Then o«*(AS) < 1, so
trace (T.AS) € o**(T). Hence (T) § o**(T).

The integral norms

We now define the p-integral norm ip to be Vp . We say that an

o w e s . 1,1 _ .
operator T is "p-integral" if 1p(T) is finite. So ip =M%, where D tp = 1;

also, i, = || |* and i, = m*

Clearly, ip(T) £ vp(T) for finite-rank operators, with equality
when the domain is finite-dimensional. One might expect equality to hold
generally, but this question is not as simple as it sounds. We will show in
Section 17 that equality holds when the range space Y is finite-dimensional. It
is elementary that |[trace T} € i(T) for all T in FL(X).

Since np(T) € Vp(T) for finite-rank operators, we have np(T) €
ip(T) whenever T is p-integral.

With the integral norms at our disposal, we can very easily
formulate new versions of some of our earlier results involving the nuclear
norms, free of the restriction to finite-rank operators. The case p = 2 is

particularly simple:
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16.2 The classes of 2-summing and 2-integral operators coincide,
and i, coincides with m,.

Proof. Let T be an operator on X. For every finite-dimensional
subspace X, of X, we have (by 5.11) Vz(Tlxo) = "2(T|x0)- The statement follows

at once.
Similarly, 4.2 translates into the following:

16.3 Suppose that S is a p-integral operator from X to Y, and T
is a p'-summing operator from Y to Z, where 1/p + 1/p’'= 1. Then i/(TS) ¢

Tlp-(T) ip(S). (If p =« then p' = 1)

Proof. By 4.2, for any finite-dimensional subspace X, of X, we
have Vx(TS|x0) < "p'(T)Vp(S|x0) € np.(T)ip(S).

Exercise. Use 4.5 to show that i,(TS) ¢ ip(T)np.(S) .
Corresponding to 4.6, 5.4, 5.5, we obtain:

16.4. Let X be an £.-space. For all operators from or into X,
we have ip(T) = np(T) (and ix(T) = |ITI.

Proof. First, consider an operator defined on X. Let X, be a
finite-dimensional subspace of X, and choose g > 0. There is a subspace X,
containing X, such that d(Xl,nﬂ) €1+6 for some N.. By 54

Vp(Tlx ) € (1 + OT(Tly ) € (1 + EHT(T)

(and similarly for ve, from 4.6). The statement follows.

Now consider an operator from Y into X. Let Y, be a
finite-dimensional subspace of Y, and choose & > 0. Then T(Y,) is contained
in a subspace X, of X satisfying d(XO,!,’f) €1 +8& for some N. Write T|Y0=

T, , and let ”T‘o be the same mapping regarded as an element of L(Y,X,). By
5.5,

Vp(Te) € Vy(Tg) € (1 + ONL(Ty) € (1 + EM(T),

(and similarly for v, from 4.7).
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In particular, since 111(11’,,) =1 (see 6.2), we have il(Il,Q) =1,
which answers the question posed at the beginning of this section.
Furthermore, we can now substitute ip for n, in results applying to operators
on E.-spaces (for example, 3.17, 3.18, 3.20).

Finally, note that if X is a 2-dominated space, then W, (T) € 4,(X)
io(T) for operators into X.

An alternative trace duality theory

What we have outlined above is the simplest way of defining the
integral norms, and it is perfectly suited for the immediate conversion of the
earlier results involving Vpr However, in the context of the general theory of
"operator ideals", the notions & and o* are not fully satisfactory, since their
definition is unsymmetrical and 16.1 requires the extra condition that o* is
injective.  To overcome this, one constructs a rather more e¢laborate theory, as
follows. Define o™*(T) to be the supremum of o«(BTA) for all operators AB
from and into finite-dimensional spaces (respectively) with ||Al = ||Bl = 1. The
basic idea is to ensure that one is always working with operators between
finite-dimensional spaces. In the same spirit, one defines the "adjoint" norm
o as follows. For S in L(Y,X), «*¥(S) is the supremum of jtrace (BTA.S)|
taken over the following situations : XY, are finite-dimensional, A ¢ L(X,X)),
T e L(X,,Y,), B ¢ L(Y,,Y) and Al = |IB| = ««S) = L

It is elementary to verify that, with no extra conditions, o™
coincides with (c23)2di . the reader may care to attempt this as an exercise. A
very thorough account of these and related ideas is given in [OI] (Pietsch uses
the notation o* for what we have just called o),

When this approach is followed, it is natural to define i, to be

p

v max, It is not too hard to show that this agrees with our definition in the

case p = l. We continue to use the notation ip as originally defined, that is

Up. Of course, vpy™X(T) € in(T).

16.5. v,™ coincides with i, .

Proof. Let T be in L(X,Y), and take & > 0. By 16.1, there is an
element S of FL(Y,X) with ISl = 1 and trace (ST) > (1-6)i(T). Let ker 8§ =
K, and write Y; = Y/K. Then Y, is finite-dimensional. Let Q be the
quotient mapping of Y onto Y,. In the standard way, S factorizes as §,Q,
with IS, = 1. Regard S, as an operator onto S(Y), and let J be the inclusion
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operator S(Y) » X. Then S = J§,Q, so
trace (TS) = trace (T.JS;Q) = trace (QTJ.S,) € v(QTJ).
This shows that vl"“‘x(T) 2 (1-8)i(T).
The equivalence of the definitions for other p is not trivial; it can
be proved from the factorization theorem quoted below. However, a mild

extra condition makes it quite easy. The space Y is said to have the metric

approximation property if, given & > 0 and a finite-dimensional subspace Y,

there is an operator V in FL(Y) such that Vy = y for all y ¢ Y, and V|| ¢
1+8& All the "usual" spaces have this property, and in fact it took
mathematicians many years to establish the existence of a space without the
property. Suppose now that Y has this property, and let T be an operator
from a finite-dimensional space into Y. There is an operator V as above, with
Y, = T(X). Then T = VT. Write V. = JV,, where V, is regarded as an
operator into V(Y), and J is the inclusion mapping V(Y) - Y. Then T =
IV,T, so vp(T) $ vp(VoT). It is now easy to deduce that vp’“”‘(T) = ip(T) for
all operators into Y.

Exercise. Show that m™>* = m, and vpzidj = M, . (Embed
the range of TA in 2Y).

Further developments

Let u be a probability measure on a set S, and let Kp be the
natural "identity" mapping from L (i) to Lp(u). Then np(Kp) = 1 (this is
essentially 3.18), so by 164, ip(Kp) = 1. The factorization theorem of Persson
& Pietsch (1969) says, roughly speaking, that all p-integral oplerators are of the
form BKDA. The exact statement is :

Theorem. Let T be a p-integral operator from X to Y, and let
Jy be the embedding of Y into Y**. Then there is a probability space (S,u)
such that J,T factorizes as BKpA, where Kp is as above, A is in L(X,L())
and B is in L(Lp(u),Y**). Further, ip(T) is the infimum of |BJ.JJA]] taken over
all such factorizations.

The corresponding "discrete” factorization result for Vp (through nlf,
and ﬂg) was described in 4.11 and the ensuing exercise. The above theorem

Downloaded from Cambridge Books Online by IP 171.67.128.228 on Fri Jul 13 22:20:33 BST 2012.
http://dx.doi.org/10.1017/CB09780511569166.018
Cambridge Books Online © Cambridge University Press, 2012




155

can be deduced from this, using the notion of "ultraproducts” (see [OI], chapter
19). Note that the case p = 2 is essentially Pietsch’s theorem.

Some writers prefer to regard the description given by this
theorem as the definition of p-integral operators (and norms).

It is a relatively short step from the factorization theorem to the

representation of T in the form
Tx = [ f(x) dM(f)

where M is a vector-valued measure on the unit ball of X*.  This in fact, was
taken as the initial definition by Persson and Pietsch (following Grothendieck),
and it explains (at last!) the term "p-integral" However, vector measures are not
particularly helpful for most applications, and this approach is no longer
followed by many writers.
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17. APPLICATIONS OF LOCAL REFLEXIVITY

The local reflexivity theorem

The following theorem is known as the ‘“principle of Ilocal
reflexivity." It has many applications; here we *describe those relating to the
concepts studied in this book.

Theorem. Let X be a normed linear space. Regard X as a
subspace of X**. Let E be a finite-dimensional subspace of X** Let
& > 0, and let elements g;, .. ,gx of X* be given. Then there is an operator
R : E » X such that:

G IRI € 1+8, RN € 1+8,

(ii) Rz =z for z in ENX,

(iii) gy(R¢) = &g;) for all i and all ¢ ¢ E

Statements (i) and (ii) were obtained by Lindenstrauss and
Rosenthal in 1969. Statement (iii) was added by Johnson et al. (1971). For a
proof, we refer to this paper and [CBS I].

Applications to dual spaces and operators

Statement (i) of the theorem says that X** is finitely represented
in X. As a first application, this gives at once:

17.1. The type 2, cotype 2 and 2-dominated constants have the
same value for X** and for X.

Next, we show that the nuclear norms are unchanged if the range

is regarded as Y** instead of Y.
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17.2. Let T be an element of FL(X,Y), and let Jy be the
embedding of Y into Y**. Then VpUyT) = vp(T) for all p.

Proof. Take & > 0. Express J,T as L f; ® ¢;, where f; ¢ X*,
6 € Y**, L IfIP = 1 and wyi(dy, - ) € (148vp(JyT).  Let E be the
subspace of Y** spanned by the ¢;, and let R be the operator in L(E,X) given
by local reflexivity. Since J4T maps into ENX, we have T = I f; ® (R¢;). The

statement follows, since
up-(Rd>1, - SRey) ¢ (1+8)up|(¢l, w0 -

17.3 _Proposition. Let T be any finite-rank operator. Then
vp(T**) = vp(T) for all p, and v, (T*) = v(T).

Proof. We know from the expression in 1.2 that vp(T**) € vp(T).
With the notation of 172, JyT is the restriction of T** to X.
Hence, by 17.2,

vp(T) = vp(JyT) € v(T*¥) .

The statement for p = 1 follows, since v (T*) € v(T).

Using statement (iii) in the local reflexivity theorem, we can prove

a similar result for the summing norms.

17.4 Proposition. For any p-summing operator T, we have
*ky —
np(T ) = np(T).

Proof. Since T** is an "extension" of T (when X is regarded as a
subspace of X**), we have np(T*"‘) 3 np(T).

Choose eclements ¢, .. ,¢ of X** such that up(¢1, w W) =
and

(T TP )L/P > (1-8) my(T**) .
For each i, choose g; in Uy+ such that
(1-8) IT**¢;1t < (T**d;)(g;) = $;(T*g;) .

By local reflexivity, there is an operator R from lin($,, .. ,¢;) to X such that
IRI € 1+&¢ and (T*g;}(Re;) = ¢;(T*g;) for each i. Write x; = R¢;. Then
up(xl, - »Xg) € 146 and
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ITx;l 2 gi(Tx;) = (T*g)x;) = ¢(T*g) 3 (1-HIT*¢;l .

It follows that np(T) 3 M (T**) .

p
The same reasoning applies to the mixed summing norms (in
particular m,,). Hence if X has the Orlicz property, so does X**,

Applications to trace duality

The starting point for this is a slight generalization of our original
result (1.8) identifying functiohals with operators by trace duality. For any A
in FL(X,X**), one can still define trace A : if A is L f; ® ¢;, with f; ¢ X*
and ¢; ¢ X**, then its trace is I ¢;(f}).

If we now have an element T of L(Y,X**), then a linear
functional ¢ on FL(X,Y) is defined by ¢.(S) = trace (TS) (not trace (ST) !).
Conversely, if o is an operator ideal norm as FL(X,Y) and ¢ is a continuous
functional on [FL(X,Y),a], then the proof of 1.8 shows that ¢ is ¢, for some
such T : in fact, Ty is the functional on X** defined by

(Ty)f) = ¥f & ).

Finally, the proofs of 1.11 and 4.3 still apply (with trivial changes) to show that

if « is Vo then the norm of the functional ¢ is npo(T). So we can state :

17.5. The Banach space dual of [FL(X,Y),vp] equates with
[L(Y,X**%), lel, where 1/p + 1/p' =1 (and My = I I when p = 1).

We now apply the local reflexivity theorem to the X** that has
emerged here. We use the notation for integral norms introduced in section
16 : for S in L(X,Y),

ip(S)

sup (vp(SIE) . E finite-dimensional)

sup { |trace(TS)| : T ¢ FL(Y,X), np.(T) < 1),

17.6 Proposition.  Suppose that Y is finite-dimensional and S is an
element of L(X,Y). Then vp(S) = ip(S) for each p.

Proof. Choose some representation I f; @ v; for S. By 17.5,
there is an element T of L(Y,X**) such that np.(T) =1 and
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vp(S) = trace (TS) = L (Ty;)(f;) .

Take & > 0. By local reflexivity, there is an operator R : T(Y) - X such
that JR|| € 1+& and

fi(RTyp = (Ty;}fp

for each i. Let T, = RT. Then T, is in L(Y,X) and np.(Tl) < |IR) np.(T)
¢ 1+8&. Further,

trace (T,S) = I f;(T,y) = L (Ty;)(f;) = trace (TS) .

This completes the proof.
This enables us to extend 5.11 to the fully general case:

17.7 Proposition. For any finite-rank operator S, v,(S) = m,(S).

Proof. Let S be in FL(X,Y). Let Y, = S(X), and let S, be the
same mapping regarded as an element of FL(X,Y,). Then  vy(S) € v,(8,).
By 17.6 and 162, Wv,(S)) '= i)8;) = m(S,). But M,(8;) = M(S) , so the
statement follows.

Of course, it follows that v, is independent of the stated range
space (i.e. it is "injective").

We stress that 17.6 does not extend in the same easy way to all
finite-rank operators.

Exercise. If T is p-integral and B has finite rank, show that
Vp(BT) € Bl ip(T) .

Exercise. If S is in Pp.(X,Y) and T is in FL(Y,Z), prove that
v(TS) ¢ vp(T) np-(S), where 1/p + 1/p' = 1 (compare 4.5).
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18. CONE-SUMMING NORMS

Elementary theory

Ideas connected with positivity have permeated a good deal of the
work in this book. For operators defined on a normed lattice, it is natural to
consider a “"summing" norm that is defined in a way that pays attention to the
order structure. The simplest way to do this is to restrict to positive elements
in the definition of m, . The resulting "cone-summing” norm giires rise to a
theory that parallels closely (and in places more simply) the most successful
parts of the theory of l-summing and 2-summing norms. It also provides a
proper setting for our sporadic earlier remarks on positive operators. The
concept and the basic results are due to Schlotterbeck (1971).

To set the scene, we need a few very elementary concepts and
results relating to normed lattices. The definition was given in Section 0.
The set {x : x 2 0} in a linear lattice X is called the positive cone, and will be
denoted by X . The supremum of the two elements x,y is denoted by xv vy,
the infimum by x Ay. It is clear that

(x+z) v (y+z) = (xvy) + 2 (1)

We shall use this repeatedly. We write x* = xv0, X" = (-x)vO0, [x] =
xv (-x). Clearly, |Mx] = M{x| and |x+y| € |x| + [yl Further:

18.1. For any x, we have x = x* - x° and x| = x* + x

Proof. We have by (1)
X+ 0v(-x)=xv0,

- xt.

that is, x + x Further,

Xl = xv{(-x) = 2xv0) - x

It

2t - xt-x) = xt - x.
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This decomposition is the key to most of what follows. Notice
that it implies that [Ix|| < || .

18.2. Let T be an operator on a normed lattice.  Write
q(T) = sup {|ITx]] : x € Uy N X, }.

Then q(T) 2 % ITH . If T is a positive operator (into another normed lattice),
then q(T) = IIT)| .

Proof. If |x|| € 1, then Ix*l €1 and Ixll € 1. Since Tx =
Tx* - Tx™, it follows that |T| ¢ 2q(T) .

If T is positive, then for any x, we have |Tx| € T(x|), hence
ITx| € IT(xDI . It follows easily that q(T) = ||T|l .

The factor % is needed. For example, for the functional on 22
defined by f(x) = x(1)- x(2), we have |If|l = 2, while q(f) = 1.

The dual question is resolved by the following lattice version of
the Hahn-Banach theorem.

18.3. (i) Let E be a linear sublattice of a normed lattice X, and
let f, be a continuous, positive functional defined on E. Then there is a
continuous, positive functional f on X that extends f, and has the same norm.

(ii) If a is an element of a normed lattice, then
* -
sup { If(a)] : fe X, , IIff € 1} = max (™, llaI).

Proof. A sublinear function p is defined on X by putting
p(x) = Ix*l . Then p(x) = x| for x > 0, while p(x) = 0 for x € 0. So
if f is a linear functional, then the statement that f(x) € p(x) for all x ¢ X
is equivalent to f being positive and |If]] € 1. Both statements follow at once

from the Hahn-Banach theorem (in the case of (ii), applied to a and -a).

Clearly, max (fla*l, flal) > } llal . The element (1,-1) of 2% shows
that the factor % is needed. Of course, for a positive element a, (ii) says that
there is a positive functional f such that jIf]l = 1 and f(a) = Jal .

The dual of a normed lattice is itself a normed lattice. For

f ¢ X*, the elements f* and || are defined (for x e X,) by:
£*(x)

sup {f(y) : 0 ¢y € x},

"

If] (x) sup {f(z) : |z} € x}.
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Two important special types of lattices are as follows. A
normed lattice is said to be an L-space if |x+yll = [IxIl + [lyl for all positive
elements x,y, and an M-space if [xvyl = max (x},|lyl) for such elements.

(Completeness is often included in the definition, but we will specify this
condition when it is needed). Examples of L-spaces are 20, 2,, L,() , and
examples of M-spaces are #8, 2, C(K). (Actually, Kakutani’s representation
theorem identifies every complete L-space with a space Ll(u), and every M-space
with a sublattice of some C(K)). It is quite easy to prove that the dual of an

L-space is an M-space and conversely.
+

If X is an L-space, then |x| Ix* + x7 = Ix*)| + x| for all x,

and hence, with the notation of 18.3, q(T) = ||IT|| for all operators T on X.
We saw in 2.10 that for positive elements of a normed Ilattice,

By(Xq o X)) = IE x4 More generally, we have:

18.4. For any elements x; of a normed lattice, By (Xq, o X)) €
I £ Ixj I . Equality holds in an M-space.

Proof. The stated inequality follows from the fact that if
gl € 1 for each i, then | Zegjx;l € I Ix;l .

Of course, we know from 2.6 that equality holds in the "concrete"
M-spaces 2., C(K). The reader may be content with this, but we now show
how to prove the same for a general M-space (without relying on Kakutani’s
theorem). The statement follows from the identity

k
sup(lZ&ixil:GeDk}=§|xil )

which we now prove by induction. First, we prove it for k = 2. Choose
elements x,y. From (1), we have x| + |yl = (x| + y)v (] - y). By (1) again,
IXI + y = (x+y) v(-x+y) and x| -y = (x-y) v(-x-y). Hence

Xl + Iyl = (x+y) v (-x-y) v (X-y) v (-X+Y) = [x+y] v |x-y] ,
as required. Now assume the identity for a certain k, and taken X{5 s Xjgy
. . k
For & in Dy, write ag = i: 6;x;. By the case k = 2,

lag + X gl viag = Xyl = lagl + Xyl

The identity for k+1 follows easily.
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Now let T be an operator from X to Y, where X is a normed
lattice and Y any normed linear space. The cone-summing norm 7H(T) is
defined as follows:

mH(T) = sup {(IIITx;l : x; ¢ X, and JEIxf €1},

in which all finite scquences (x;) are considered.  The operator T is said to be
“cone-summing” if #¥(T) is finite.

This definition is what is obtained if attention is restricted to
positive clements when defining 7. It makes sense when X is any partially
ordered normed linear space, but we will restrict attention to normed lattices.
The notation should really be mf , but we will not attempt to discuss m for

p
other p. Some immediate properties are gathered together in the next result.

18.5 (i) nt is a norm on the space of cone-summing operators
from X to Y, and [T} ¢ n¥(T) ¢ ny(T).

(i) If | Zx;l Il € 1, then I |Tx;i ¢ a%(T).

(iii) For any B in L(Y,Z), we have a*(BT) ¢ ||B| a*(T).

(iv) If V is a normed lattice, and A is a positive operator from V
to X, then a*(TA) ¢ n™(T) |Al .

(v) If X and Y are normed lattices and -T € S ¢ T, then
nt(S) < n*(T).

(vi) If there is a (positive) functional f on X such that |Tx|] ¢
f(x) for all x in X, , then 7¥(T) < [f] .

(vii) If X is an L-space, then n'(T) = |IT| . The same is true
if Y is an L-space and T is positive.

(viii) If X is an M-space, then @¥H(T) = m(T).

Proof. (i)(ii) It is clecmentary that #" is a seminorm. Now
LIl =Z x% + I x7,s0if | TIx 0l €1, then T Tx;%) + & (Tx;7) € n¥(T).
Statement (ii) follows, since |Tx;|| ||Txi'"|| + ITx70 . This shows also that

m*(T) > [T, and it follows from 2.10 that m¥(T) ¢ m(T) .
(iii), (iv) Obvious.
(v) For X; in X4 we have [Sx;| € Txy, hence [ISx;li € ITx;ll .
(vi) If x; ¢ X, and || £ x5}l € 1, then

TITx;l € E £(xp) < Il .

(vii) is casy, and (viii) follows from 18.4.
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Note that n+(Ix) =1 if and only if X is an L-space. Also, it is
now clear that 3.20 arises from the fact that, for a positive operator from an

M-space to an L-space, (vii) and (viii) apply simultancously.

18.6 Example. If T is any operator on !B, then w¥™(T) =
(x ||T€j||p')l/p' (= K, say); in particular, n*(T)

n(T) for opecrators on 23
For if x 2 0, then Tx =1 x(j)(ch), so  ||Tx|] )_'.lchjll x(j), which is of the

form f(x), with |Ifll = K. Also, there exist ; > 0 such that I xjp =1 and

L M\ITejl = K. Then §T aejll = 1, while I ITOjepl = K.

N

18.7 Example. Define T on R® by : T(x,y) = (x+y,x-y). Then
||T«,’1|| = 2, while n+(T°°’l) = [ITelll; + [Te,l, = 4. This shows the nced for T
to be positive in the second statement in (vii). Further, by (vii), n*’(Tl’Q) =
IT ol = 1, while

(T, aTe,) = 21 (16w = 4 .
This shows the need for A to be positive in (iv).

Exercise. Show that an opcrator T is conc-summing if and only

if I ITxgli is convergent for every Cauchy scries I x,, of positive clements.

Trace duality

By amending the definition of v, in the obvious way, we can
casily identify the predual of m* under trace duality. As before, let X be a
normed lattice and Y any normed linear space. Let S be an clement of
FL(Y,X). Definc

VvHS) = inf{ 1Zx;}l : S = L g; ® x; with |ig;ll = 1, x; > 0},

in which, as always, all possible finite rcpresentations are considered. Such
representations exist, since if § = I g; @ u; , where the u;  are not necessarily
positive, then

S=Zgi®ui++):(-gi)®u'i.

Since u}

+ uj = |u;), this gives the alternative formulation

VviS) = inf (IZ|ulfl: S=2Xg ®u; with gl =1} .
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It is now clear that Vv(S) € Vv¥(S) ¢ v,(8), with vH(S) = Vo(S) when X is an
M-space and Vv*(S) = v(S) when X is an L-space.

18.8.  Under trace duality, n* is the dual of v*.  Further, if

X,Y are both normed lattices and T is a positive cone-summing operator from X
to Y, then

nH(T) = sup {trace (TS) : S ¢ FL(Y,X), S 2 0 and v"'(S) < 1},

Proof. Let X be a normed lattice and T a cone-summing operator
from X to Y. Suppose that S ¢ FL(Y,X) is represented by I g; @ x;, with
flgl = 1 and x; 2 0. Then

trace (TS) = I g;(Tx;) ¢ I (Tx;ll

« (D 1Ex0

Hence trace (TS) s nmH(T)v¥(S) .

Given & > 0, there exist elements x; of X, such that || Ix;| = 1
and I |Tx;) > (1-&)n*(T). There are elements g; of Y* (positive if Y is a
lattice and Tx; 2 0) such that |ig;ll = I and g{(Tx;) = IITx;l. The statement
follows on putting S = L g; ® x; .

Exercise. If S is a positive operator on 28, show that v*(S) = |IS|.

The “Pietsch” theorem

We now establish an analogue of Pietsch’s theorem for cone-
summing operators. It has two attractive special features. Firstly, it
applies to X itself, without any embedding. Secondly, the proof (which is
basically similar) delivers a linear function directly, instead of a superlinear
one. Hence it is “"constructive" instead of depending on the Hahn-Banach
theorem. We need two algebraic lemmas, both very familiar in linear lattice
theory.

18.9 Lemma. Let x,y and z,, .. ,zx be positive elements of a
linear lattice such that x+y = z;+ .. +z. Then there exist positive elements

X;y; such that z; = x; + y; for each i and I xj=x, Lyj=y.
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Proof. We show first that if 0 € u € x+y, then u can be
expressed as X, + y,, where 0 € x5 € x and 0 €y, €y. Let x5=1xau
Then 0 € x, € x. The element u-y is less than both x and u, so u-y € x,
Hence if y, = u-x, then 0 €y, €y, as required.

We now prove the given statement by induction on k. It is
trivial for k = 1. Assume it for a certain k, and suppose that x+y =
zy+ .. +zp,,. By the above, zy,, can be expressed as Xyyy + Vg4, Where
0 € xp., ¢xand 0 €y, <y Write x' = x - Xppy, ¥' = ¥ - Yg4q - Then
x' + y' = z;+ .. +z|, and the induction hypothesis gives the result.

18.10 Lemma. Let X be a linear lattice, and f a real-valued
function on X, such that f(x+y) = f(x) + f(y) and f(dx) = M(x) for all x,y
in X, and X 2 0. Then f can be extended to a linear functional on X.

Proof. Define f(x) = f(x*) - f(x") for x ¢ X. This is consistent
with the definition on X,. We show that f is additive on X. Choose x,y ¢ X.
We have

(x+y) = (x+)* - (x+4y)” = Px) + yHy)
SO

(x+y)* + x4y = (x4y) + xteyt

By applying f to both sides and collecting terms, we obtain f(x+y)
f(x) + f(y).

n

18.11 Proposition. Let T be a cone-summing operator on a

normed lattice X. Then there is a positive functional f on X such that |f]
nt(T) and |Tx| € f(x]) for all x ¢ X.

Proof. For x 2 0, define
f(x) = sup {ZITx;ll : x = £ x; with each x; > 0},

in which all finite positive decompositions of x are considered. From the
definition, we have at once that 0 < f(x) ¢ nH(T)x| . Also, f(x) 2 |Tx| .
Clearly f(x+y) 2 f(x) + f(y) for x,y in X_. We show that in fact equality

holds. Suppose that x+y = L z; , with z

i ; 2 0. There are positive elements

Xj, ¥i as in 189. Then

LTzl € ZITx;ll + Z Ty € £(x) + £(y) ,
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and hence f(x+y) € f(x) + f(y), as required.
Extend f to X, as in 18.10. Then |[fll ¢ #™(T), by 182, and
for any x in X,

ITxI € ITx* + ITx) € £(x) + £(x7) = £(x]) .

Note that for an operator on an L-space, the required functional f
is simply given by f(x) = [TIlIx| for x 3 0, and for a positive operator into
an L-space, by f(x) = |ITx| for x 2> 0.

We now derive factorization and extension theorems analogous to
those for 2-summing operators, with the Hilbert space replaced by an L-space.
Given a positive functional f, let K = {x : f(Ix]) = 0). If x ¢ K and |y| € |x|,
then y € K (that is, K is a "lattice ideal"). It follows that X/K is a linear
lattice (we omit the details); it becomes a normed lattice with the norm

lQxllg = f(Ix]), where Q is the quotient mapping. For positive x,y, we have
IQx + Qyllp = f(x+y) = IQxlg + IQvlg ,

so (X/K, 1l llp) is an L-space. By 18.5(vii), nt(Q) < |Ifll . This construction,
together with 18.11, gives:

18.12 Proposition. Let T be a cone-summing operator from a

normed lattice X to a normed linear space Y. Then there exist an L-space L,
a positive operator T, : X » L and an operator T, : L ~ Y (positive if T is
positive) such that T = T,T, and a*(T) = |T,| = a*(T), #*(T, = T, = 1.

Proof. With f as in 18.11, let L be the space X/K just
constructed, and let T, = Q. If Qx = 0, then f(x]) = 0, so Tx = 0.
Hence it is consistent to define T,(Qx) = Tx, and we have [T (Qx)} ¢ f(x|) =
IQxllg , so ITHl € 1.  Since T, is defined on an L-space, [T, = n+(T2).

If X or Y is complete (i.c. a Banach space), then we can take L to
be complete.

The following extension theorem, due to Lotz (1975), is one of the
reasons for the special position of L-spaces in the theory of Banach Ilattices.
For a proof, we refer to Schaefer [BLPO] or Donner (1982).

Lotz’s theorem. Let X be a linear sublattice of a normed lattice
X , and let L be a complete L-space. Let T be a positive operator from X to
L. Then T has a positive extension T:X ~L with ||:l:|| = [T
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Assuming this, we obtain at once the promised extension theorem
for cone-summing operators:

18.13 Proposition. Let X be a linear sublattice of a normed

lattice X , and let Y be a Banach space. Let T be a cone-summing operator
from X to Y. Then T has an extension T : X = Y with a*(T) = a*(T). If
Y is also a normed lattice and T is positive, then the extension may be assumed
to be positive.

Proof. Express T as T,T, as in 18.12, and apply Lotz’s theorem
to T

In particular, a closed sublattice of an L-space admits a positive
projection of norm 1. The existence of non-complemented subspaces of 2, (or
badly complemented subspaces of !‘1‘) is enough to show that we really need the
condition that X is a sublattice of X (not just a subspace).

Note that for operators on an M-space, this amounts to a theorem
on extension with preservation of 7.

Exercise. Prove Lotz’s theorem for operators into !f by ecquating
such operators with functionals on X® and using the sublinear function on X%
defined by a(x;, .. .xq) = Ix, v..vxp*) .

Finally, we describe a dual characterization of nt . Let X be a
normed lattice and S an operator from Y to X. The majorizing norm of S is

oS) = sup (Il ISy,lv..viSyplll: yj € Uy, n ¢ N}

18.14. Let T be an operator from a normed lattice X to a
normed linear space Y. Then a*(T) = o(T*).

Proof. Choose positive elements x; with || Zx;{ ¢ L For
each i, let g; ¢ Y* be such that |gjl = 1 and g;(Txp = |ITx;l. Let h =
(T*g) v..v (T*gy). Then [hj ¢ «(T*), and

F ITx;ll = IIZ(T*gi)(xi) € )i: h(x;) € |l .

Hence nH(T) € o(T¥).
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To prove the reverse inequality, let f be the functional given by
18.11. Given any g ¢ Uys and x ¢ X, we have t g(Tx) ¢ |Tx]| € f(x), so
that [T*gl ¢ f. It now follows at once that o(T*) ¢ |f]l = a*(T) .

Exercise. For operators § from Y to X, show that n*(S*) = oS).

For further results on cone-summing norms (and for a systematic

account of the theory of normed lattices), we refer to [BLPO].
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