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Consistency of Support Vector Machines and
Other Regularized Kernel Classifiers

Ingo Steinwart

Abstract—1It is shown that various classifiers that are based on
minimization of a regularized risk are universally consistent, i.e.,
they can asymptotically learn in every classification task. The role
of the loss functions used in these algorithms is considered in detail.
As an application of our general framework, several types of sup-
port vector machines (SVMs) as well as regularization networks
are treated. Our methods combine techniques from stochastics, ap-
proximation theory, and functional analysis.

Index Terms—Computational learning theory, kernel methods,
pattern recognition, regularization, support vector machines
(SVMs), universal consistency.

I. INTRODUCTION

E treat the statistical classification problem which have

been studied in both statistics and machine learning (cf.
[1] for a throughout treatment). For recalling this problem let X
be a nonempty set, and Y := {—1,1}. A classifier C is a rule
that assigns to every training set

T=((x1,91),---

a measurable function f7 : X — R. Here, it is always assumed
that T is independent and identically distributed (i.i.d.) with re-
spect to an unknown distribution P on X X Y. In order to “learn”
from the samples of 7', the decision function fr : X — R
should guarantee a small probability for the misclassification of
an example (z, y) drawn from P independently to 7. Here, mis-
classification means sign fr(z) # y. To make this precise the
risk of a measurable function f : X — R is defined by

Rp(f) = P({(z,y) : signf(z) # y}).

The smallest achievable risk

(mn"/n)) € (X X Y)n

Rp :=inf{Rp(f)| f: X — R measurable}
is called the Bayes risk of P. A classifier is said to be universally
consistent if

Jim Rp(fr)=Rp (1)

holds in probability for all distributions P on X X Y. It is
strongly universally consistent if (1) even holds almost surely.
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The type of classifiers for which we will establish consistency
results is based on one of the following optimization problems:

n

arg min Qs 1) + %ZL(yi; flz)) @

i=1
or
1 n
in Q(\,, — i)+b 3
arg min Q(An, [If]l7) + nz (z:)+0) ()
beR =
respectively. Here, T = ((z1,91),-- ., (@n,Yn)) € (X x Y)"

is a training set, A,, > 0 is a regularization parameter, H is
a reproducing kernel Hilbert space (RKHS), 2 is a regulariza-
tion function, and L is a loss function (cf. the Appendix and
Section II for precise definitions). The additional term b in (3)
is called offset. The corresponding decision functions of the
considered classifiers are fr x, or fT a, + BT7 A, > respectively,
where fr., € H and (fra,,bra,) € H x R are arbi-
trary solutions of (2) and (3) (cf. Lemma 3.1 and 3.10 for the
existence). Various recently proposed algorithms including reg-
ularization networks and several variants of support vector ma-
chines (SVMs) belong to this type of classifiers (see the exam-
ples below). In particular, if (., ||f|lz) = Allf||* and L is
the hinge loss L(y, t) := max{0,1 — yt} then (3) becomes the
well-known primal optimization problem

Za

subject to  y; (f(wi) + b) Z 1 - &,

minimize A(f, f) + feH beR, EeR”

n )

of the so-called L1-SVM with offset. For L1-SVMs without
offset, we only have to drop the b in the constraints. Further-
more, if one considers the squared hinge loss function (L2-
SVM) instead, then in the above sum &; has to be replace by £2.

Instead of minimizing over the whole space H in (2) and (3),
it suffices to consider a small subspace. Indeed, by the repre-
senter theorem [2, proof of Theorem 1] there exists a solution
fr., of (2) which has the form

n
%k
T, = Y ark(z;
=1

where £ : X x X — R is the reproducing kernel of H. Hence,
it suffices to consider (2) over the subspace {>_""_; a;k(z;,-) :
ai,...,a, € R}. Furthermore, we have

1£17 = aiojkas, ;)

3,J=1
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for f = >, a;k(z;, ). Thus, once one has found a minimizer
aj,...,ar € Rof

o > k(e o)+ Z (yl,za] (wr2))

i,j=1
a solution of (2) is given by frx, = Y. afk(z;,-). A simi-
larly argument can be employed for (3). However, for Q(\, ¢) =
At? and specific convex loss functions the dual of (2) or (3) is
usually solved instead (cf. [3] and [4]). For example, if L is the
hinge loss then the dual problem becomes

maximize Zaz 4)\ Z yiyjoiogk(x;, ;), a €R”

1,7=1

1
subjectto 0 < a; < —, i1=1,....,n. (5
n

Recall that if (3) is considered instead, then the additional con-
straint ) .-, y;cc; = 0 appears in (5). Finally, for the squared
hinge loss function the dual problem is similar (see [3]).

Since the above introduced framework is very general, we
first give some examples that show how the theory developed
in this paper can be applied to many algorithms of practical in-
terest. Throughout these examples, we assume that X is a com-
pact metric space, e.g., a bounded and closed subset of R?. The
first group of examples we consider consists of almost clas-
sical types of SVMs. These classifiers have been introduced by
Vapnik and his coauthors between 1992 and 1995. A good in-
troduction to these SVMs is provided in [3]. We begin with the
most common SVM.

Example 1.1: Let Q(\,t) := M2, L be the hinge loss func-
tion L(y,t) :== max{0,1 —yt},y € Y, ¢t € R, and (\,,) be a
positive sequence with \,, — 0. Then the classifiers based on
either (2) or (3) are called L1-SVMs (cf. [5]). We will show that
the L1-SVM based on (2) is universally consistent whenever a
universal kernel & (see the following examples and Section II
for a definition) is used and (\,) satisfies n\2 — ooc. If the
L1-SVMi s based on (3) we can only establish consistency under
the slightly stronger condition n\2 /logn — oo. Note, that
this condition actually ensures strong universal consistency for
L1-SVMs with and without offset. Furthermore, for both clas-
sifiers these conditions can be improved by using smoothness
properties of k. In particular, if % is even a universal C°°-kernel
on a closed ball of Rd—e.g., the Gaussian radial basis function
(RBF) kernel k(z, ') := exp(—ol||z — 2'||3) or Vovk’s infinite
polynomial kernel k(z, z") := (1 — (x,2’)) ™ (see [6] and Ex-
ample 3.7)—it suffices to use a sequence (), ) with nALT¢ —
oo for some arbitrary small ¢ > 0 in order to ensure strong uni-
versal consistency. For a Gaussian RBF kernel, the latter condi-
tion can be further weakened to n\,|log \,,|~¢~1 — oo if one
is only interested in universal consistency.

As mentioned, in practice (3) is treated by solving the dual
problem (5). In this case, the arising equality constraint in the
dual problem can cause some algorithmic difficulties. Instead
of omitting the offset as in (2), it is also possible to consider the
optimization problem of the form

in (A, b
min QA 1]l +
beER

ZL yi. f(z:) +b).  (6)

It is easy to see that this approach is equivalent (2) using the
kernel k£ + 1 instead of k.

Finally, note that all the conditions on (), ) presented in this
example are derived from our general results using the facts
ox = 2/ |Lali = 1, and ||Ly|l, ~ 1/VAfor A — 0
(see Section III for a definition of these quantities and the men-
tioned results).

The above conditions on () are stronger than those de-
rived in [7] for the L1-SVM without offset. However, they sig-
nificantly improve the only known conditions (cf. [8]) for the
L1-SVM with offset. Furthermore, for both SVMs the condi-
tions almost coincide with the condition in [7] if the used kernel
is smooth.

Recall, that there exists another well-known variant, the
so-called »-SVM, which is also based on the hinge loss func-
tion. However, the regularization of this classifier is different
to that of the algorithms in consideration. Indeed, the (almost)
optimal value for the regularization parameter v is determined
by the Bayes risk of the underlying measure P (see [9]).

Let us now treat the so-called L2-SVM.

Example 1.2: Let Q(\,t) := At?, L be the squared hinge
loss function L(y,t) := (max{0,1 —yt})?, and (\,) be a pos-
itive sequence with A\,, — 0. Then the classifiers based on ei-
ther (2) or (3) are called L2-SVMs. The L2-SVM based on (2)
is universally consistent whenever a universal kernel % is used
and ()\,,) satisfies n\} — oo. If the L2-SVM is based on (3) we
can only establish consistency under the slightly stronger condi-
tion nA% / logn — oo. Note that this condition actually ensures
strong universal consistency for L2-SVMs with and without
offset. Furthermore, for both classifiers these conditions can be
improved by using smoothness properties of k. In particular, if
k is even a C'™°-kernel it suffices to use a sequence (A, ) with
nA2t¢ — oo for some arbitrary small ¢ > 0 in order to en-
sure strong universal consistency. Again, for a Gaussian RBF
kernel on X C R? this condition can be further weakened to
nA2|log \n| =41 — oo if one is only interested in universal
consistency.

Moreover, in [10], Mangasarian and Musicant proposed an-
other variation of the theme, called Lagrangian SVM, which is
based on the optimization problem (6) with Q(\,#) := At? and
L(y,t) := (max{0,1 — yt})2. The corresponding consistency
conditions on (A, ) are obvious. As indicated in [4, Sec. 10.6.2]
it is open whether this modification has a significant influence
on the generalization performance. Our work shows that asymp-
totically there is only a small difference in the kernel-indepen-
dent conditions on (\,) which ensures consistency. Further-
more, considering smooth kernels this difference vanishes.

Finally, note that all the conditions on ()\,) presented are
derived from our general results using 6y = /2/A\, |Lal1 ~
1/V/A, and ||Ly||, ~ 1/

The two classifiers in the next example are based on the
square loss function. Interestingly, the first has been inspired
by the SVM approach but the second has been introduced
independently from SVMs.

Example 1.3: Least square SVMs (LS-SVMs) proposed in
[11] are based on the minimization problem (3) with Q(\, t) :=



130

At? and L(y,t) := (1 — yt)%. The analogous classifiers based
on (2) are called regularization networks or kernel ridge regres-
sion classifiers and were introduced in [12]. Since 6y = /2/),
|Lal1 ~ 1/V/A, and || Ly ||, ~ 1/X for A\ — 0, the conditions
for both classifiers coincide with those of the corresponding
L2-SVMs.

Since many SVMs for classification are actually based on a
regression-like approach, it is rather natural to use the following
SVM variants that were originally constructed for regression
problems for classification tasks. These algorithms are treated
in the following example.

Example 1.4: Support vector machines with 1-regression
loss function (R1-SVMs) are based on the minimization
problem (3) with Q(\, ¢) := A\t? and

Le(yvt) = max{O, |y - t| - 6}

for some fixed 0 < e < 1. Since dy ~ /1/A, |Lx|1 = 1, and
|ILxllo, ~ 1/V/ for A — 0, the conditions ensuring universal
consistency coincide with those of the L1-SVMs with offset. It
is clear, that one can also consider this type of classifier without
offset.

If one replaces the R1-SVM loss function by

Le(y.t) = (max{0, |y — t| — e})*

for some 0 < € < 1 one obtains SVMs with 2-regression loss
function (R2-SVMs). Since 8y ~ /1/X, | L1 ~ 1/V/A, and
ILxllo, ~ 1/A for A — 0, the conditions ensuring universal
consistency coincide with those of the L2-SVMs with offset.
Again, one can also consider this type of classifier without offset
or with optimized offset.

The following example provides an SVM that is not univer-
sally consistent.

Example 1.5: Support vector machines with asymmetric loss
function are sometimes proposed in order to penalize errors in
each class differently. In particular, this approach is sometimes
recommended for unbalanced classification problems. Let us
first consider an asymmetric hinge loss function, i.e., L(y, t) :=
¢y, max{0,1—yt} for ¢, > 0,y = £1. Unfortunately, it can be
easily checked that L is admissible (see Section II) if and only
if c_1 = ¢1, i.e., if and only if L is symmetric. It will thus turn
out, that the classifiers using L cannot be universally consistent
if C_1 ;é Cy.

However, there are various other asymmetric loss functions
that are admissible. For example, L defined by

L(1,t) := 2max{0,1—t} and L(—1,t) := (max{0,1+1})?

is such a function. It is easily seen that the corresponding condi-
tions on (A,,) ensuring universal consistency coincide with those
of the L2-SVM.

The following two examples consider the logistic and the
AdaBoost loss function, respectively.

Example 1.6: The logistic loss function L(y,t) := log(1 +
exp(—yt)) is a convex regular loss function. For Q(\, ¢) := \t?
we have 6y ~ +/1/X, |Lal1 ~ 1, and ||Ly|, ~ 1/VXif
A — 0. Therefore the conditions on (\,,), for classifiers based
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on (2) or (3) with respect to €2 and L are equal to the conditions
for the corresponding L1-SVM.

Example 1.7: Another example of a convex and admis-
sible loss function is the AdaBoost loss function L(y,t) :=
exp(—yt). Obviously, for Q(\,t) := A\t? we have
2/)K)

|Lx]1 ~ exp(y/2/AK) and ||Ly||, ~ exp(

if A — 0. Classifiers based on (2) with L, €2, and a universal
kernel are therefore universally consistent by Theorem 3.20 if
(\n) fulfills \,, — 0 and n)2/exp(1/32/)\,K) — oo. An
easy calculation shows that the fastest decreasing sequences
(A, ) satisfying these conditions are essentially of the form A,, =
c(logn)~2 for ¢ > 32K?. By our techniques, this rate cannot
be significantly improved for smooth kernels. Finally, our tech-
niques can also be adapted to classifiers based on (3). The re-
sulting conditions are very similar.

Several other loss function can also be treated by our results
including (see, e.g., [13] and [14]) the sigmoid loss function, a
truncated hinge loss function, and some smooth approximations
of the margin loss functions of the above examples.

The following last two examples are mainly of theoretical
interest. Historically, they were considered in order to “explain”
the generalization performance of SVMs.

Example 1.8: In order to motivate SVMs, the regularization
function 2 defined by Q(A,t) := oo - L1 /3 o0) (t) in combina-
tion with the structural risk minimization method with respect
to the hinge loss function L(y,t) := max{0,1 — yt} was con-
sidered in [15]. Using Proposition 3.3, this approach actually
yields universal consistency for classifiers with the above {2 in
terms of structural risk minimization. Moreover, our results also
yield another method making these classifiers universally con-
sistent. Indeed, since 6, ~ 1/ \/X, all of the above results on
SVMs which do not depend on Theorem 3.20 can be directly
applied to this modification.

Example 1.9: In [16, Sec. 10.2] SVMs were interpreted
as an approximation of the minimization of the number
of misclassified samples: the admissible loss function
L,(y,t) := (max{0,1 — yt})?, o > 0, approximates the
loss function Lo(y,t) := 1{y+signsy for o — 0. Since error
minimization in H with respect to Ly is NP-hard whenever
the training set cannot be linearly separated (cf. [17], [18]), it
was proposed to replace Ly by L, for small o > 0. Moreover,
in order to apply results on empirical risk minimization it
was assumed to use (A, ¢) := 00 - 1, ;5 (1), or—as an
approximation—{2(\, ) := At?. Unfortunately, using universal
kernels on infinite spaces X the motivation in [16] cannot
work since the corresponding function classes always have
infinite Vapnik—Chervonenkis (VC) dimension. However, the
classifiers based on L, are universally consistent for suitable
sequences (A, ). This can be seen by our theorems and the fact
that L, is min{1, o }-Holder-continuous.

As discussed in [1], there cannot exist a uniform rate of
convergence in (1) for any classifier. Hence, there are roughly
speaking two alternatives for investigating the generalization
performance of classifiers: an asymptotic approach which treats
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universal consistency for specific classifiers and a sample de-
pendent approach that estimates the risk of decision functions
in terms of observed data on the training set. For SVMs, mainly
the latter approach has been followed so far. Unfortunately, it is
shown in [19] that the existing bounds cannot explain the gen-
eralization performance of SVMs and thus, a sample-dependent
theory still has to be developed (cf. [20] for the best known
results in this direction). On the other hand, there are only a few
works dealing with consistency of classifiers based on (2) or (3).
Some preliminary results in [21] and [22] show consistency of
L1-SVMs for restricted classes of distributions. Furthermore,
there exist two results establishing universal consistency for
classifiers based on (2) or (3). As already mentioned, the first
result [8] in this direction showed that L1-SVMs with offset
are universally consistent if the used kernel is universal and the
regularization parameter A, tends “very slowly” to 0. In [7],
this condition on (A,,) was significantly improved for classifiers
based on (2) and specific continuous convex loss functions in-
cluding some standard choices listed in the above examples. In
this work, we establish universal consistency for very general
functions €2 and L. Namely, we prove both kernel-independent
and kernel-dependent conditions on (,,) that ensure universal
consistency of the corresponding classifiers. Unlike [7], our
results neither make any convexity assumption on L nor they
are restricted to (2). On the one hand, the shortcomings of this
generality are sometimes stronger conditions on (\,). On the
other hand, however, this generality gives us the opportunity to
select €2 and L with respect to computational issues.

The algorithms treated in this work are based on a regulariza-
tion approach. Regularization techniques are well known and
have a broad range of applications. In particular, for statistical
problems they have been intensively studied in the literature (cf.,
e.g., [23] and the references therein). However, the classifiers
based on (2) or (3) differ from the commonly considered regu-
larization scenarios in statistics.

* In general, using the loss function of interest in (2) or (3),
ie., Lo(y,t) := 1{ysignt} leads either to overfitting (cf.
[22]) or to combinatorial optimization problems which are
hardly solved efficiently (cf. [17], [18]). Therefore, one
usually solves (2) or (3) with respect to a loss function
L different from L. However, the classifier should still
be universally consistent with respect to Lg. In order to
guarantee this, a necessary condition on L is that the target
function f* with respect to L should have the same sign
as the optimal Bayes decision function

x> sign(2P(y =1 z)—1).

Surprisingly, we can show in this work that for continuous
loss functions this is even a sufficient condition.

* Common techniques such as those used in [23] assume
that the target function f* is in a space H which is re-
lated to H in order to estimate corresponding norms of
Il fr,x, — f*|| - Unlike in regression, this assumption is
too restrictive in classification. Indeed, considering, e.g.,
continuous kernels, H and H only contain continuous

functions. However, for the hinge loss function, the target
function (almost) coincides with the Bayes decision func-
tion which, in general, is far from being continuous.

These differences show that the existing techniques of [23]
cannot be applied to the classifiers based on (2) or (3). There-
fore, in this work we develop a new ansatz. Although this
ansatz is rather simple, it might be hidden by technical issues,
and hence we like to give a brief roadmap, now. Since for
both (2) and (3) the techniques are almost identical besides
technical details we restrict ourselves to (2). Then given a loss
function L and a probability measure P we define the L-risk
of a measurable function f : X — R by

RLJD(f) = lE(m,y)NPL(yv f(ZE)) @)

The smallest possible L-risk is denoted by Ry, p. Furthermore,
given a regularization function €2 and an RKHS H the regular-
ized L-risk is defined by

REDAS) = QNS la) + Re.p(f) ®)

forall f € H and all A > 0. If P is an empirical measure with
respect to T € (X x V)", we write Ry 7(-) and R % ,(+),
respectively. Note, that R7%. ,(-) is the objective function in
(2). Now, the first step in our approach is to show that there
always exists an element fp y € H minimizing the regularized
L-risk (see Lemma 3.1). In the next step (see Proposition 3.2)

we show
lim R \(fp2) = Re,p ©)

if the used RKHS is rich enough, i.e., universal. We then prove
that approximating the minimal L-risk is sufficient to approx-
imately achieve the Bayes risk. More precisely, we show (see
Proposition 3.3) that for all sequences of measurable functions
fn 1 X — R we have

lim R[ﬁp(fn) = RL,P = lim Rp<fn> =Rp (10)

if L is admissible. In the final step, we correlate the L-risk of
fr,n with the empirical L-risk of fr x by certain concentration
inequalities. If, e.g., L is the hinge loss, Q(\,t) = At? and
0 < A\, <1 we have (see Lemma 3.21 and 3.22)

> e+ 20
&
nAp

pr (T S Rer(fra,) = Re.p(froa,)

e2na2

< 26_2(\/51<+n1)4

(11)

where K is a constant depending on the kernel k. Hence,

R r(frx,) — Re,p(fra,)

in probability whenever nA\2 — oo. The rest of the proof
consists of plugging (9)—(11) together (see the proof of
Theorem 3.5). Note, that instead of using (11) we can and will
also employ several other concentration inequalities. Unlike
(11) that is based on a stability argument due to [20], most of
them depend on covering numbers of certain operators related
to H. It turns out that each tuple of concentration inequality,
loss function, and RKHS gives a condition on (A,) ensuring
[Reow(fra,) — Ri,p(fra, )| — 0. Some of these conditions

— 0
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have already been listed in the preceding examples. The general
theory can be found in Section III.

Our approach is somehow modular: if, e.g., there is a new
concentration inequality for specific situations, one simply can
use it together with (9) and (10) to obtain new consistency re-
sults. Furthermore, if one is interested in problems of the form
(2) or (3) for function spaces H different from RKHSs, one only
has to establish (9) and a concentration inequality in the spirit
of (11). Finally, note that (10) is completely algorithm indepen-
dent and thus it can be used in many other settings as well.

The rest of this work is organized as follows: In Section II, we
introduce some notions for H, 2, and L which are essential for
our further work. In Section III, we present our general theory
which leads to the examples discussed in the Introduction. The
proofs of this theory can be found in Section I'V. Finally, there is
a small Appendix explaining kernels and some concepts from
functional analysis.

II. PRELIMINARIES

In the following, let R := [—o00,00], RT := [0,00), and
R" := [0, o0]. Given two functions g, 2 : (0, 00) — (0, 00) we
write g < h if there exists a constant ¢ > 0 with g(¢) < ¢h(e)
for all sufficiently small ¢ > 0. We write g ~ h if both g < h
and h <X g. Analogously, we write a,, < b, for two positive
sequences (a,,) and (b,,) if there exists a constant ¢ > 0 such
that a,, < c¢b, for all » > 1. Again, a,, ~ b,, means that both
a, = b, and b, < a, hold. Furthermore, we always assume
000 :=0.

Throughout the paper, let X be a compact metric space. For
a positive semidefinite kernel £ : X x X — R, we denote the
corresponding RKHS (cf. [24], [25, Ch. 3], and the Appendix)
by Hj, or simply H. For its closed unit ball we write By . Re-
call that the map @ : X — H, z — k(z,-) fulfills k(-,-) =
(®(+), @(-)) g by the reproducing property. We will often use
the quantity

K :=sup{\k(z,z) : 2 € X}.

Recall that K By is the smallest ball in H centered at the origin
that contains the image of X under ®. Moreover, k is continuous
if and only if @ is. In this case, H can be continuously embedded
into the space of all continuous functions C(X) vial : H —
C(X) defined by Tw := (w, ®(-)) g, w € H. Since we always
assume that k is continuous, we often identify elements of H as
continuous functions on X . If the embedding [ : H — C(X)
has a dense image we call k a universal kernel. Besides many
other examples, the Gaussian RBF kernel

k(z,2') = exp(=0?|lz — 2|[3)

is universal for fixed o > 0 on every compact, i.e., closed and
bounded, subset of R? (cf. [22, Sec. 3]).

Besides the regularization function Q(\,t) := M2, we
sometimes also consider Q(\,¢) := oo - L1 /3 o0) (t) (cf.
Example 1.8 and 1.9), and therefore, let us fix the properties of
) which we will need in the following.

. =+ =t . .
Definition 2.1: Let: [0,00) x R° — R’ be an increasing
function which is continuous in 0 with respect to the first vari-
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able and unbounded with respect to the second variable. More-
over, let us assume that for all A > 0 there exists a ¢ > 0 such
that Q(\, ¢) < co. We call 2 a regularization function if for all
A>0,5s€RT,teR",and forall sequences (t,) C R with
tn, — tand Q(A, ¢,) < oo we have Q(),0) = Q(0,s) = 0 and
QA t,) — QN 2).

Recall, that for a given Borel probability measure P on X XY
there exists a map  — P(- | x) from X into the set of all
probability measures on Y such that P is the joint distribution
of (P(- | z)), and the marginal distribution Px of P (cf. [26,
Lemma 1.2.1.]).

In order to treat the L-risk for a given loss function L : Y X
R — R we write C(a, 1) := aL(1,) + (1 — a)L(~1,¢) for
a € [0,1] and ¢ € R. This function can be used to compute the
L-risk (7) of a function f : X — R by

Rrp(f) = /

X

C(P(1] ), f(z)) Px(dz).

Roughly speaking, it turns out that the solutions of (2) or (3)
tend to a function f* that minimizes this L-risk (see [27] for
details). Hence, the following definition is fundamental in order
to guarantee that these solutions tend to have the same sign as
the Bayes decision rule.

Definition 2.2: A continuous function L : ¥ xR — R with
L(Y,R) C R* is called an admissible loss function if for every
a € [0,1] and every t, € R with

Cla,ty) = rtl(lc_%} C(a,t) =: M(«a)

12)

we have t, < 0ifa < 1/2andt, > 0if a > 1/2.

A similar notion together with some sufficient conditions can
be found in [28]. Besides the asymmetric hinge loss function
discussed in Example 1.5, all loss functions treated in the
examples of the Introduction are admissible. We will see in
Lemma 4.1 that there always exists a measurable version of
a — t,. For specific loss functions, such minimizing functions
can be found in [13]. As indicated earlier, the admissibility of
L is necessary in order to get universally consistent classifiers
based on (2) or (3). To see this, it suffices to consider a space
X which only consists of one point. Then, assuming that the
admissibility condition is violated for some o # 1/2 it is
easy to check that there exists a classifier based on (2) or (3),
respectively, that is not consistent for the probability measure
P with P(y = 1) = «.

III. RESULTS

In this section, we develop the general theory which leads to
the examples discussed in the Introduction. It is organized as fol-
lows: In Section III-A, we mainly formalize the results (9) and
(10) discussed in the roadmap. In Section III-B, we present con-
sistency results in terms of covering numbers. These results are
kernel dependent. In the following subsection, we establish con-
sistency results based on localized covering numbers that lead
to a kernel-independent condition on (),,) ensuring universal
consistency. Finally, for convex loss functions and classifiers
without offset the latter condition is improved in Section III-D.
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A. Some Results Mentioned in the Roadmap

To simplify notations we fix some technical definitions: let k&
be a positive semidefinite kernel, L be an admissible loss func-
tion, and € a regularization function. For A > 0 we define

6x = sup{t: Q(\,t) < L(1,0) + L(—1,0)}
Ly := Ly x[-s,K,6,K]-
Note, that we have 0 < 6, < oo forall A > 0 and
& :=inf{6y : X € (0,1]} > 0.

Moreover, we even obtain 6, — oo for A — 0. The main
purpose of 6, which is a key quantity throughout this work is
that it gives a simple upper bound on the norm of the solutions
of (2) as we see in the following lemma.

Lemma 3.1: Let L be an admissible loss function, €2 a reg-
ularization function, and k be a continuous kernel on X . Then
for all Borel probability measures P on X x Y and all A > 0,
there is an fp ) € H with

RE%{A(fP,)\) = flgg Rﬁg}a,,\(f)
Moreover, for all such fpx € H we have || fp || < 6.

The proof of this lemma can be found in Section IV. Note,
that Lemma 3.1 in particular ensures that there always exists a
solution of (2). The following proposition formalizes (9). Again
a proof can be found in Section IV.

Proposition 3.2: Let k be a universal kernel on X, L be an
admissible loss function, and {2 be a regularization function.
Then for every Borel probability measure P on X x Y we have

;li)l}] R?,%A(fP,A) = RL,P-

The next result shows that it suffices to approximate the min-
imal L-risk in order to approximate the Bayes risk, i.e., it for-
malizes (10). Again, the proof is worked out in Section IV.

Proposition 3.3: Let L be an admissible loss function and P
be a Borel probability measure on X x Y. Then for alle > 0

there exists a 6 > 0 such that for all measurable f : X — R
with 'RL’p(f) < 'RL’p + 6 we have Rp(f) <Rp+te.

B. Consistency Results Based on Covering Numbers

So far, we have established (9) and (10) of the roadmap. As
described in the Introduction, we finally need some concentra-
tion inequalities in the spirit of (11). To this end, let us first recall
that for a metric space (M, d) the covering numbers of M are
defined by

Here B(z,¢) denotes the closed ball with center = and radius
e > 0. For a bounded linear operator .S between Banach spaces
E and F we define N'(S,€) := N(SBg, ) where Bg, denotes
the closed unit ball of E. Usually, it is more convenient to con-
sider the logarithmic covering numbers

H((M,d),e) :=InN((M,d),e)

and
H(T,e) :=InN(T,¢)

instead. Finally, recall, that there also exists a concept—the
so-called entropy numbers—which is “inverse” to the above
notions. For details we refer to [29].

In the following, we also have to measure the continuity of a
given loss function L. To this end, we use the inverted modulus
of continuity which is defined by

w™(L,e) :=sup{6 > 0:w(L,8) < e}
where

w(L7 6) = |L("/f) - L(/y7tl)|

sup
yEY t,t' €R
[t—t'|<6
denotes the modulus of continuity of L. Analogously, the
(inverted) modulus of continuity of Ljyy[_q,, is defined.
Note that in our specific situation the modulus of continuity
is continuous in ¢ (see [29, Proposition 5.4.2]). In particular,
the supremum in the definition of w ! is attained, i.e., we
have w(L,w™"(L,e)) < e forall e > 0. This also holds for
restrictions of L to Y X [—a, al, a > 0.

Now we can state a concentration inequality for classifiers
based on (2). The proof of this inequality which is similar to
the methods of [30] for the square loss function in regression
scenarios can be found in Section IV.

Lemma 3.4: Let k be a continuous kernel on X, L be an
admissible loss function, and 2 be a regularization function.
Then for all Borel probability measures P on X XY, alle > 0,
A > 0,and all n > 1 we have

Pri(T € (X x V)" : [Ror(fra) — Re,p(fra)] > ¢)

3T w™ (L ,e/3)) - 222n

IANES

< 26H(

where I : H — C(X) denotes the canonical embedding and
Pr* is the outer probability measure of P".

Now, we can establish our first consistency result.

Theorem 3.5: Let k be a universal kernel on X, L be an ad-
missible loss function, and €2 be a regularization function. Sup-
pose we have a positive sequence (A,,) with A,, — 0 and

L. |13 -1
H(6x, L,w™ (L, €)) = 0
n

for all € > 0. Then the classifier based on (2) with respect to &,
Q, L, and (A,,) is universally consistent. If we additionally have

Z exp ( —en/||La,
n=1

for all e > 0, then the classifier is even strongly universally
consistent.
Proof: Let us define

c:=sup{|L(y,t) — L(y.t')| :y € Y, t, ' € 0K, 5K]}

2
<>o)<oo

where 4 is defined as in Section ITI-A. For later purpose we note
that

sup{wil(LA./a) t A€ (0,1], e € (0,0)} < o0. (13)
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Now, let e € (0,¢). We fix 6 > 0 according to Proposition 3.3.
Then by Proposition 3.2, there exists an integer ng > 1 such
that for all n > ng we have

|RY5 A, (fPA.)

Moreover, (13) guarantees that we can assume without loss of
generality that there exists a p > 0 such that for all n > ng we
have

- Rr.p| <6/3. (14)

H (5>\n I, wil(LAn ’ 6)) 2 p.

Therefore, by our assumption on (\,,) together with Lemma 3.4
and Hoeffding’s inequality applied to Rz r(fp,x, ) we may ad-
ditionally assume

|Rer(frx,)
Rer(fp,)

—Re.p(fra,)
—Rer.p(fea,)

Pr*(T: >6/3 or)

>6/3

15)
for all n > ng. Now, if T" belongs to set of samples considered
in inequality (15) we find

Rer.p(frx,) QN frall) +Re,p(froa,)
<Q e ) + Rer(fra,) +6/3
<Q(A, ) +Rer(fea,) +6/3
<Q(A, )+ Rr.p(fra,) +26/3
<Rrp+0

where the last estimate is due to (14). The definition of § then
gives the first assertion. The second assertion follows by the
specific form of the tail bound in Lemma 3.4 and Hoeffding’s
inequality. ]

Our next goal is to simplify the above theorem. To this end,
let us first introduce some notions for loss functions: we say
that an admissible loss function L is convex if L(y, -) is convex
for y = =£1. Note that almost all loss functions considered in
the examples are convex. Moreover, L is said to be 1-Holder-
continuous if

!/
sup { |L(yt) — L<y7t )| .
=]

In this case, we denote the supremum by |L|;. Analogously,
we say that L is locally 1-Holder-continuous if L)y y[_q,q] 18
1-Holder-continuous for all ¢ > 0. Recall, that convex functions
on R are locally 1-Holder-continuous and hence convex loss
functions are locally 1-Holder-continuous. Furthermore note,
that for locally 1-Holder-continuous L we have

w(L|yX[_a,,,,], 6) < 5|L‘y><[_a’,,,]|1, forall a,6 > 0

and hence,

yevy, t7t'€R,t7ét’}<oo

"(Liyx[—a,a:€), foralla,e > 0.

In view of the announced simplification we also have to recall
that for various “smooth” kernels (see the Appendix for the dif-
ferent notions of smoothness) there exist bounds on the covering
numbers of the embedding [ : H — C(X) (see Lemma 4.2).
Applying these bounds to Theorem 3.5 we now obtain the fol-
lowing corollary whose proof can be found in Section IV.

&Ly xi—aali t Sw”

Corollary 3.6: Let k be a universal kernel on the closure of a
bounded C*°-domain X C R%, L be an admissible loss function
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which is locally 1-Hélder-continuous, and €2 a regularization
function. Suppose we have a positive sequence (\,,) with A,, —
0 and

1) 428 — 0 if k is f-Holder-

Ly

o | ((5)\71

n

continuous

d —
=2 (63, Ly, 1) = 0 if k€ V(X X),r €N
Ly, |12 4
Il D S0 i H 2 WE(X), s> 0
n
220 . (6x,|La, 1)a—>0 for some o > 0 if
n

ke 0==(X,X).

Then the classifier based on (2) with respect to k, 2, L, and ()
is strongly universally consistent.

Examples of kernels that satisfy one of the above smoothness
assumptions can be found in [31]. Here, we only consider a spe-
cific class of universal kernels:

Example 3.7: Letr > 0and f : (—r,7) — R be a function
that can be expressed by its Taylor series in 0, i.e.,

oo
= E anz"
n=0

forallz € (—r,7). Let X := {z € R? : ||z, < /7}. If we
have a,, > 0 for all n > 0 then k(z, ") := f({(z,2’)) defines a
universal kernel on every compact subset of X (cf. [22]). More-
over, we obviously have k € C°*° (X, X). Furthermore, these
statements also hold for the normalized version

K (0,") = k(,2') /K, 2) k(' 2
of k.
Besides the Gaussian RBF kernel, Vovk’s infinite polynomial
kernel k(z,2') := (1 — (x,2'))”“ is a well-known example
from this class of kernels (cf. [6] and [22]).

Example 3.8: As already mentioned, the Gaussian RBF
kernel on X C R? also fits into the framework of Example
3.7. For this kernel, however, a sharper upper bound for the
covering numbers of I was recently shown in [32]. Namely,
there was proved that

H(I,e) < (log %)dﬂ.

Consequently, the classifier considered in Corollary 3.6 is uni-
versal consistent if \,, — 0 and
d+1

2
[2NIES (108;(5,\71
n

Finally, we consider classifiers based on (3). As already in-
dicated, we only have to replace Proposition 3.4 by a suitable
concentration inequality. It turns out that the main difficulty for
this is to derive bounds for the offset (cf. Lemma 4.3). To this
end we need the following definition:

Definition 3.9: An admissible loss function L is called reg-
ular if L is locally 1-Hélder-continuous, L(1,-) is monotone
decreasing and unbounded on (—o0, 0], L(—1,-) is monotone
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increasing and unbounded on [0, 00), and for all v > 0 there
exists a constant ¢, > 0 such that for all a > 0 we have

|L|YX[—wa,~ra] |1 <cy L\Yx[—a,a] | 1

1y xi-aallloc < Ly xi-aalllc

Note that all loss functions considered in the Examples 1.1—
1.6 are regular. The next lemma states the result of Lemma 3.1
for modified regularized risks of the form (3). Its proof can be
found in Section IV.

Lemma 3.10: Let L be a regular loss function, €2 a regular-
ization function, and k be a continuous kernel on X . Then for
all Borel probability measures P on X X Y and all A > 0 there
is a pair (fpy)\,gpy)\) € H x R with

QN I Fpall) + Re.p(foa +bpa)
= lnf QAJISN) +Re,p(f +0). (16)
beR

Moreover, for all such pairs we have || 1, Pl < 0.

Now we can state the announced concentration inequality for
classifiers based on (3).

Lemma3.11: Let k be auniversal kernel on X, L be a regular
loss function, and {2 be a regularization function. Then for all
Borel probability measures P on X X Y there exists a constant
¢ > 0 such that forall e € (0,1], A € (0,1],and all n > 1 we
have

Pr* (T : [Rer(fra +bra) — Rep(fra +bra)| > €)

55211

o (I, —e=—) - :
§2€ ( \LAHM) NS

where again Pr* is the outer probability measure of P™.

The proof of this lemma can be found in Section IV. Pro-
ceeding as in the proof of Theorem 3.5, the result for classifiers
based on (3) now reads as follows.

Theorem 3.12: Let k be a universal kernel on X, L be areg-
ular loss function, and €2 be a regularization function. Suppose
we have a positive sequence (A, ) with A,, — 0 and

[ L, 112 £
L I 0
n H ’ (5)\71 L)\n 1 -

for all € > 0. Then the classifier based on (3) with respect to k,
Q, L, and (A,,) is universally consistent. If we additionally have

> exp(—en/||Lx, |5) < oo
n=1

for all e > 0, then the classifier is even strongly universally
consistent.

Using known estimates for covering numbers which are
collected in Lemma 4.2 we can immediately derive the results
of Corollary 3.6 for classifiers with offset and regular loss
functions.

C. Consistency Results Based on Localized Covering Numbers

Instead of using a concentration inequality that is based on
the covering numbers of I : H — C(X), we can also use con-
centration inequalities which are based on localized covering
numbers. Let us first recall their definition. To this end, let £
denote the space R™ equipped with the maximum norm. Then,
for a given set F of functions from X to R the localized cov-
ering numbers of F are defined by

N(F,n,e) := Sup{/\/((ﬂXO,ﬁgol),a) : XoCX, |X0|§n}

for all e > 0 and n € N. Here, Fix, := {fix, : f € F}is
considered as a subset of K‘of ol Analogously to the definition of
covering numbers, we also define H(}', n, s) and H(S,n,¢),
where S is an operator mapping into a space of functions. Now,
the announced concentration inequality reads as follows.

Lemma 3.13: Let k be a continuous kernel on X, L be an
admissible loss function, and 2 be a regularization function.
Then for all Borel probability measures P on X XY, alle > 0,
A > 0,and all n > 1 we have

Pr*(T € (X x V)" : [Rer(frn) — Re,p(fra)] > €)

- 5277,
631,2n,w I(LME/G))_W

<12n eH(

The proof of this lemma which is mainly due to [33] can be
found in Section I'V. The consistency result that is derived from
the above lemma is stated in the following theorem. Its proof is
obvious.

Theorem 3.14: Let k be a universal kernel on X, L be an
admissible loss function, and €2 be a regularization function.
Suppose we have a positive sequence (\,,) with A,, — 0 and

L 2
L, 15 (1Ogn + H(6x,1,2n,w " (L, , 5») =0
n

for all e > 0 Then the classifier based on (2) with respect to &,
Q, L, and (A,,) is universally consistent. If we additionally have

Zo)<oc

> exp(—en/||La,
n=1

for all e > O then the classifier is even strongly universally
consistent.

Using the dual version of the Maurey-Carl inequality (see
[34]) we obtain the next corollary which provides a kernel inde-
pendent condition on (), ). Details of its proof can be found in
Section IV.

Corollary 3.15: Let k be a universal kernel, L be an admis-
sible, locally 1-Ho6lder-continuous loss function, and €2 be a reg-
ularization function. Suppose we have a positive null sequence
(An) with

L 2
“ An lloo ((S)\
n

1)2logn — 0.

Ly,

n

Then the classifier based on (2) with respect to &, 2, L, and (\,,)
is strongly universally consistent.
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Let us now demonstrate how specific properties of the kernel
can be used to derive sharper bounds on the localized covering
numbers of the corresponding embedding [ : H — C(X).

Example 3.16: Let k be a universal kernel that can be ex-
pressed by a series of the form

k(:v, y) = Z anfbn(w)q)n(y)
n=0

where ®,, : X — R are continuous functions that are uni-
formly bounded with respect to the ||.|| . -norm and (a,) € ¢,
is a strictly positive sequence. Examples of such kernels can be
found in [22]. If we even have (a,,) € ¢, forsome 0 < p < 1
then it was shown in [35] that

log n\?

H(lne) < (5) "
(1me) = (25
In particular, the classifier considered in Corollary 3.15 is

strongly universally consistent if A,, — 0 and

L 2
1ol (5
n

1)2p logn — 0.

Ly,

We now present consistency results using localized covering
numbers for classifiers that are based on (3). The used concen-
tration inequality is as follows.

Lemma 3.17: Let k be auniversal kernel on X, L be a regular
loss function, and 2 be a regularization function. Then for all
Borel probability measures P on X X Y there exists a constant
¢ > 0 such that foralle € (0,1], A € (0,1],and all » > 1 we
have

Pr* (1 : IRe.o(fra+bra) — Re.p(fra+bra)| > £)

2
ce‘n

2 IZn.L)——
’ 2
P ILATLEN ILAIZ |

<12ne H(

The proof of this lemma is in Section IV. The consistency
result corresponding to Lemma 3.17 is as follows.

Theorem 3.18: Let k be a universal kernel on X, L be a reg-
ular loss function, and (2 be a regularization function. Suppose
we have a positive sequence (A, ) with A\,, — 0 and

L 2
w(bgn—i—?—[([ﬂn, ))—»0
n 1

€
Ox. | Lx,

for all € > 0. Then the classifier based on (3) with respect to k,

Q, L, and (\,,) is universally consistent. If we additionally have

> exp(—en/||La,
n=1

for all € > 0 then the classifier is even strongly universally
consistent.

2) < oo

Again it is possible to show the results of Corollary 3.15 and
Example 3.16 for classifiers with offset. Here, we only state the
following.

Corollary 3.19: Let k be a universal kernel on X, L be a
regular loss function, and €2 a regularization function. Suppose
we have a positive sequence (A,,) with A,, — 0 and

L 2
”Aﬁw (6x,1Lx, 1) logn — 0.
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Then the classifier based on (3) with respect to k, 2, L, and (\,,)
is strongly universally consistent.

D. Consistency Results Based on Stability

In practice, one usually considers convex loss functions and
the regularization function w(\,#) = At? in order to solve
(2) efficiently. Since in this case the corresponding classifier is
stable (cf. the definition below) it turns out that there also exists
a kernel-independent condition for the regularization sequence
which is usually slightly milder than that of Corollary 3.15.

Theorem 3.20: Let k be a universal kernel on X, L be a
convex admissible loss function, and €2(\,#) = At2. Suppose
we have a positive sequence (\,,) with \,, — 0 and

nA2
—— — 00,
L, I1
Then the classifier based on (2) with respect to k, €2, L, and (\,,)
is universally consistent.

In order to prove this kernel-independent condition on ()
we have to recall the notion of stable classifiers (cf. [36]): let

T:= ((z1,91), -+ (Tn,yn)) € (X x V)"

and (w,y) € X x Y. Moreover, let T} , ) denote the training
set that is identical to T' apart from the :th sample which is
replaced by (z,y). A classifier C based on the optimization
problem (2) is called stable with respect to the sequence (3,,) if
foralln > 1,7 € (X xY)", (z,y),(z',y) € X x Y, and all
1 =1,...,n, we have

|L(yl7 fT(xl)) - L(ylv fTi,(w,y) (xl))l < /Bn
For stable classifiers there exists a kernel-independent way of

estimating the deviation of Ry r(fr) from Ry p(fr) as the
following result in [36] shows.

Lemma 3.21: Let C be a (3,)-stable classifier based on (2)
with respect to k, L, 2, and (A,,). Then for all n > 1 we have
Pr'(T € (X x V)" : |Rpr(fr) — Rep(fr)] > € + Bn)

5211

< 9¢ 2Bn+ILy, l2e)?

Hence, for the proof of Theorem 3.20 we mainly have to
check whether our classifiers are ((3,,)-stable for a suitable se-
quence ((3,). This is done in the following lemma which is
proved in Section IV.

Lemma 3.22: Let C be a classifier based on (2) with respect
to a convex loss function L, (), ) := At?, and regularization
sequence (\,). Then C is 2K2|Ly, |3/(n\,)-stable.

Proof of Theorem 3.20: Again, it suffices to replace the
tail-bound of the probability of |R..r(fr) — Re.p(fr)] > €
in Lemma 3.4 by another suitable result. To make this precise,
by Lemma 3.21, Lemma 3.22, and the proof of Theorem 3.5 we
only have to ensure

n
T 5 — 00.
(et + 1, N )
Since we always have ||Ly, |lco =< 6x,|Lx, |1 and 8y, ~ }\
this follows by the assumption on (\y, ). g
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Unfortunately, we cannot prove a kernel-independent condi-
tion on (A,,) for classifiers based on (3) in the spirit of Theorem
3.20. The reason for this lack is that Theorem 3.20 is based
on the notion of stability. Unlike classifiers that are based on
(2), classifiers based on (3) are not sufficiently stable, in gen-
eral. This can be easily checked for the L1-SVM with offset (cf.
Example 1.1) on X = {0}.

IV. PROOFS

Proof of Lemma 3.1: Forall e € (07 L(1,0) + L(-1, 0)]
we fix an element f. € H with

RS a(f) < inf RS (1) +<.

Since

Q()‘a ||f€||) < RIZEI;D,)\(fE)

< REHA0) + e < 2(L(1,0) + L(—1,0))

there exists a 6 > 0 with ||f.|] < 6. Now by the Eberlein—
Smulyan theorem and the Bolzano—Weierstrall theorem there
exist elements fpy € 6By, ¢ € [0,6], and a sequence (f-,)
such that || f., || — cand f., — fp . weakly. In particular, by
the continuity of L and the reproducing property of H we obtain

L(y, f-, (x)) — L(y, fp(x))

for all (z,y) € X x Y. Moreover, we have || f-.|., < 6K and
hence |L(-, fen ())| is bounded by the continuity of L. There-
fore, Lebesgue’s theorem implies

Rrp(fe,) = Ri,p(fra)-

Thus, for a fixed p > 0, there exists an index ng such that for
all n > ny we have both €,, < p and

QA fen ) +Re p(frr) —p
S Q()H ||f€n ) + RL,P(fsn)
< QM |Ifeall) + Re,p(fea) +éen,

where for the latter inequality the definition of f. was used.
Hence, we find

lim Q(A, | f-,

7)

) < Q1 feal)-

Moreover, we always have || fp || < liminf, o ||f-,
(cf. [37, Ch. 1 Corollary 2.6.]) and thus,

O, [1£pall) < Q) = Tim Q1L

= C

).
This together with (17) yields
Ry SA(f.) = RS A(fPA)-
Since the construction of f. implies
Rreg inf Rreg
L,P,A(ff:‘n) - flgH L,P,A(f)
the first assertion follows. The second assertion is trivial. O

For the proof of Proposition 3.2 we need the following tech-
nical lemma.

Lemma 4.1: There is a measurable function f* : [0,1] — R
with M (o) = C(a, f*(«)) for all @ € [0, 1]. In particular, we
have

Rip= inf{ Rep(f)| f: X — ﬁmeasurable}
- / M(f*(P(1] 2)) Px(do).

Proof: Let («;) be a dense sequence in [0, 1] with a; = 0
and a; # «j if i # j. We fix a solution ¢; € R of (12) for every
a;, i > 1, and define f,,(«) := ¢; if ¢ is the index such that «;
is the closest lower bound of « in the set {«ay,...,®,}. Then
f:[0,1] — R defined by f(c) := liminf f, () is measurable.
Now fix a real number « € (0, 1) at which M is continuous. By
our construction, there exists subsequences («;; ) and (;,) with

J
a;, — «and t;; — f(a). The continuity of L implies

M(a) = lim M(a,)

= lim aijL(17tij) + (1 — aij)L(—l,tij)

J

—aL(1, f(@)) + (1 - ) I(~1, f(a))

i.e., f(«)is asolution of (12) for a.. Since M is concave it is also
continuous for all but at most countably many points of [0, 1]
(cf. [38, Theorem 1.16]) and, thus, we only have to modify f on
countably many points in order to construct f*. O

Proof of Proposition 3.2: Lete > 0 and f. € H with
RLyp(fe) < inf{RLp(f) : f S H} + €.

Since (-, ||f=|]) is continuous in 0 there exists Ag such that
QA || f<]l) < eforall A < \g. This together with the definition
of f. yields

lim R*°8 = inf R .
am L ea(fPa) nf) r.p(f)
Thus, in order to prove the assertion, it suffices to show

flgg R p(f)=inf{Rrp(f): f € Loc(Px)} = Rp,p. (18)

For a proof of the first identity recall that & is universal. Thus, for
alle, 6 > 0 and every bounded measurable function b : X — R
there exists an element f € H with

Px({z € X : |h(z)— f(z)| >c}) <6

and ||f]l., < |lh||.- Since L is uniformly continuous on
Y x [—||h]| , ||P]| ] the first identity then follows.

We now show the second identity of (18): let f,, : [0,1] — R
be defined by f,.(a) := f*(«) if |[*(a)] < n, fu(a) =
nsignf*(a) if | f*(«@)| = oo, and f,,(«) = 0 otherwise. More-
over, we define
M, () :==aL(1, fo(a)) + (1 — @) L(-1, fo(a))
=C(a, fu(a)).

Note, that for all o € [0, 1] with |f*(«)| < oo this definition
yields

My (a) = Lz (7 (@) M(c)
+ 1\ (7 (@) (@L(1,0) + (1 = @) L(=1,0)).



138

Since we always have M (a) < aL(1,0)+(1—a)L(—1,0), we
thus find that M,, (o) \, M («) forall @ € [0, 1] with | f*()| <
00. Now, let a € [0, 1] with | f*()| = oo. By the definition, we
obtain

|M,.(a) = M(a)| < afL(1,n) — L(1, 00)|
+(1 — a)|L(-1,n) — L(—=1,00)| (19)
if f*(a) = oo and
|M,.(a) = M(a)| < a|L(1, —n) — L(1, —oo)]
+(1 — a)|L(—1,—n) — L(—1,—00)| (20)
if f*(a)) = —oc. Since L is assumed to be continuous on X x R,

we observe that the right-hand sides of (19) and (20) converge
to O if they are finite for all n. To check the latter let us first
consider the case « € (0, 1) with f*(«) = co. Then we have

al(l,00) 4+ (1 — a)L(—-1,00)
= tlg[g aL(1,t) + (1 — a)L(—1,1)

< alL(1,0) + (1 — a)L(~1,0)

< 00

and thus, L(1, c0), L(—1, 00) € R. Hence, | M, (a)—M ()| — 0
in this case. Obviously, this also holds for « € (0,1) with
f*(a) = —o0. Recalling our convention 0 - co = 0 we also
have L(1,00) < oo or L(—1,—0) < oo if f*(1) = oo or
f*(0) = —oo, respectively, and thus, we can ensure the above
convergence in these cases as well. Because of the specific form
of the right-hand sides of (19) and (20), we even obtain that M,
converges uniformly to M on {« € [0,1] : |f*(a)| = c0}. To-
gether with the dominated convergence on the complement we
therefore find

RLyp:/XM(P(ILT))Px(d‘T)

= lim

n—0o0

> 1nf{RL7P h) | h: X — R bounded, measurable}. O

M, (P(1 ] 2)) Px(dx)

Proof of Proposition 3.3: For f : X — R, the set of points
misclassified by f is defined as
1
— and f(z

Ef:={zeX:P(z)< >0}

U{z € X : P(1|z) > = and f(z) <0}
Given a measurable function f* :

Lemma 4.1 we obtain

[0,1] — R according to

Re.p(f)

> / S Ly, £ (P(1 | 2))) Ply | =) Px (dx)
x\E; Y€V
./2 (v £(2)) Py | )Py (dz)

~Rpp+ [C(P(1]2), 1)) = M(P(1 | ) Px(da).

Eq
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In order to estimate the second term from below let f : [0,1] —
R be a function with C(a, fi(@)) = inf{C(a,t) : t > 0} if
a < 1/2 and C(a, fi(a)) = inf{C(a,t) : t < 0} if a >
1/2. Using the technique of the proof of Lemma 4.1, we may
additionally assume that f, is measurable. Moreover, since L
is admissible we find C(a, fi(a)) — M(a) > 0 forall a €
[0,1]\ {1/2} and therefore, A : X — R defined by
A(w) = C(P(1| =), fo(P(1] 2))) = M(P(1 | x))

is a strictly positive function on X := {z € X : P(1 | z) #
1/2}. Furthermore, recall that

Rp(f) =Rp + /E(l — 2s(z)) Px (dz)

holds (cf. [1, p. 10]), where s denotes the noise level of P, i.e.,
s(z) = min{P(1 | z),P(-1 | z)}. Since 1 — 2s is also
strictly positive on X the measures AdPx, (1 —2s)dPx, and
Px are absolutely continuous to each other on X. This yields
the assertion. O

Proof of Lemma 3.4: We write F := {L(-, f(:)) : f €
6xIBy}. By the definition of the modulus of continuity
every e-net fi,...,f, of 6xIBy defines an w(Ly,e)-net

L(-, f1(5),..., L(- ,fn( )) of F with respect to the supremum
norm. Therefore, we have

N(F,e) N (6xI,w " (Ly,¢)).

Moreover, F is a subset of C(X x Y') of nonnegative func-
tions that are bounded by || Ly ||, . Thus, applying Hoeffding’s
inequality (cf. [1, Theorem 8.1]) yields

Pr*( s —Rop(f)| > a)

2¢2n
<N (,7:7 §) e OILyIZ

< 26H(§A1,w* (Lx.e/3))—

sup |Rp,r(f)

2e2n
EIANE

Since Lemma 3.1 guarantees fr,x € 6xBg, the assertion now
follows. U

In order to prove Corollary 3.6, we have to recall some es-
timates for the covering numbers of the embedding [ : H —
C(X) which are summarized in the following lemma.

Lemma 4.2: Given a continuous kernel & on the closure of a
bounded C*°-domain X C R? we have

2d . . .. .
+25  if k is 3-Holder-continuous

d
-5, ifkec(X, X)
S, ifH, 2 WE(X)
- foralla > 0if k € C>>(X, X).

Proof: Inthe first case, the embedding I : H — C(X,d},)
is 1-Holder-continuous and therefore the assertion follows by

N((X,dy),e?) < N (X,e).

and a result in [3_9] (s§ also [29, Ch. 5] and [40]).
If £ € C""(X x X) the embedding I actually maps into
C"(X) (see [31, p. 42]. Moreover, the embedding ,.: C" (X)) —
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C(X) factors through id : B2  (X) — BY, ;(X) by embed-
dings (see [41, Secs. 3.2.4 and 3.3.1]). Thus, we find
H(I,,e) < e~

by [42, Sec. 3.3.2], i.e., we have shown the second assertion.
In the third case we have to consider the embedding I :
W;(X) — C(X). Corresponding estimates of the covering
numbers of this embedding can be found in [42, Ch. 3.3].
Finally, the last assertion is a direct consequence of the second
assertion. O

Proof of Corollary 3.6: By Lemma 4.2, we obtain that in
every case there exists a v > 0 with

H(I,e) 2.

Moreover, since w(Ly,d) < 68|Lx|; we find w=!(Ly,e) >

€/|La|1. This yields
v
, 13 ) j (5)\|L)\|1)
(5,\|L>\|1 13

Hence, in order to satisfy the first condition of Theorem 3.5, it
suffices to ensure

1L, 13
n

H(6xI,w '(La,e)) < H (1

Ly

n

. (5 An 1)’\{ — 0.
This is done by the conditions of the corollary together with
Lemma 4.2. Moreover, the above convergence yields

(

n

~
Ly, 1) = W

n 1100

pl=2/(t7) < L
1Lx,

This yields the second condition of Theorem 3.5. O

In order to treat classifiers that are based on (3) we say that a
probability measure P on X X Y is y-degenerated foray € Y,
if

Px(zeX:P(y|z)=1)=1. 1)

If P is y-degenerated for some y € Y it is called degenerated.

Proof of Lemma 3.10: As in the proof of Lemma 3.1, we
fix pairs (f.,b:) € H x R with

QNN fll) + Re p(f +be)
< if Q) +Rep(f +b) +e
beR

for all ¢ € (0,L(1,0) + L(—1,0)]. Again, we easily get a
6 > 0 such that || f.|| < ¢ for all such e. Let us first assume
that P is not degenerated, i.e., (21) does not hold. Then, for

={r € X :Ply|x) > 0} wefind Px(4,) > 0 for
all y € Y. In particular, there exists a p > 0 such that for

Af = {x € X : P(y | ) > p} we have Px(Ay) > 0 for
all y € Y. Moreover, for y = 1 we find

[ (PaioLa @+

Af

+ P(—=1|2)L(-1, fo(z) + b
<QANfell) +Re,p(fe +be)
<2(L(1,0) + L(-1,0)).
Therefore, there exists an element z. € A’l) with

2(L(1,0) + L(-1,0))

I o) +:) < =25
Since L is regular and the right-hand side of (22) is independent
of € there exists a constant ¢ € R such that f.(z.)+b. > cholds
for all . Moreover, we have | f-(z.)| < K||f-|| < 6K and thus
we find b. > ¢ — 0K for all e > 0. Analogously, we can bound
b. uniformly from above. The rest of the proof follows the lines
of the proof of Lemma 3.1.

Now let us assume that P is y-degenerated for some y € Y.
Then, one easily checks that

(frasbpa) := (0, f*(P(1 ] 2))) € H xR

is a pair fulfilling (16) where f*(a) = t4, o € [0,1] is a func-
tion according to (12).

Finally, the bound on || fp.|| for general solutions of (16) is
trivial. O

)PX(da:)>

(22)

In order to prove Lemma 3.11 we need the following lemma
that shows that the bound for by », which was obtained in the
proof of Lemma 3.10, is rather sloppy in typical situations.

Lemma 4.3: Let L be a regular and admissible loss function
and P be a nondegenerated probability measure on X XY . Then
there exists a constant ¢ > 0 such that for all n > 1 we have

Pri(T € (X xY)": [bra|<c+60K YA>0) > 1-2e7"

Considering very specific convex loss functions and regular-
ization functions, the preceding lemma can be improved. Since
we are mainly interested in general loss functions we omit the
details.

Proof of Lemma 4.3: Since P is nondegenerated, there is
ap > Osuchthatfor A :={z € X : P(y|z)>p}yeY
we have Px (Af) > 0. With ¢; := § min{Px (A7), Px(A” )}
we obtain by Hoeffding’s inequality that

P"‘(T i € VUNTIES y}H > cln) >1-— e~ 26in

holds fory = +1. Now let A > Oand T € (X x Y)" be a
training set with {4 : x; € A, y; = 1}| > c¢1n. Then we have

z; €AY
Zli=1

L(1, fra(zi) + brx) < L(1,0) + L(—1,0).

Since with m := [{i : x; € A],y; = 1}| and [ := L(1,0) +

L(—l 0), this yields

z, €AY
yi=1

nl _ L(1,0) + L(=1,0)

L(1, frp(a;) +bT/\)_E p
1
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there exists an index ¢ with
. - L(1,0) 4+ L(—1,0
L(1, fra(m;) + bry) < (1,0) o ( )

Recalling that L is regular and c; is independent of 7" and A
we thus find a constant ¢o € R such that ||fT Al + bT N
holds for all A > O and all T € (X x Y)” with |[{i : x; €
Al y; = 1} > cin. This yields the desired estimate from
below by Lemma 3.10. The estimate from above can be proved
analogously. O

The following lemma shows that for degenerated probability
measures there is nothing to be done in view of our desired
tail-bounds.

Lemma4.4: Lety € Y and P be a y-degenerated probability
measure on X X Y. Moreover, let L be an admissible loss func-
tion and A > 0. Then we have

PY (T e (X xY)"

and Rp p(fp +bpyx) = Ly, *(y)).

Proof: The first assertion is trivial. Now let us assume
without loss of generality that P is 1-degenerated. Observing
that

: T is y-degenerated) = 1

QN feal) + L1, (1)
=0 fal) + jaf, [ L1 fe) + B)Px (o)

bER
<Q(A, ||fPA||) +Rr.p(fer+bpy)
< L(L, f(1))
we can easily deduce the second assertion. O
Proof of Lemma 3.11: By Lemma 4.4, we may assume

without loss of generality that P is not degenerated. Let ¢c; > 0
be chosen accordingly to Lemma 4.3. We define

G:={f()+b:fe€bnlBu, |b| <c1+ 6K}
and
Fi=A{L(-,9(-)) : g €G}.
Moreover, we write a := ¢; + 26, K and f,)‘ = L|Yx[—a,,a,] for

short. Now, an easy calculation similar to that of the proof of
Lemma 3.4 shows that

N (F,e) S./\/(Qw_l(i)\,s))

SN([,#) -N([—a,a],é)
2|L)\|15)\ 2|L)\|1

where F and G are considered as subsets of C'(X ). Hence, with
the help of Lemma 4.3 and Hoeffding’s inequality we obtain

Pr*(T : [Rpr(fra +bry) — Re,p(fra +bra)| <€)

> 1-— 2N(g7w_1(fj)\76/3))€

Since L is regular, there also exists a constant co > 0 indepen-
dent of A such that “L)\Hoo < ey ||L)\||oo and |L)\|1 < 02|L)\|1.
Therefore, we get

Pr*(T RL(fra+bry)

__2:2n
SNLNIZ, — Qg—C1m

—Rpp(fra+bry)| > e)

(L= )+ (el s ) - —22n

<2 NN T AN NS + 2¢—c1™
L1163 ) _ _eze?n

<26H(I \Lxhﬁx)-H( c3e ) [NES + Qe

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 1, JANUARY 2005

for a suitable constant c3 > 0 independent of A, €, and n. Since
X # () and k is universal, we get rank I > 1 and thus we
have In(1/6) < H(I, c46) for all > 0 and a suitable constant
¢4 > 0 independent of 6. Thus, we finally find a constant ¢ > 0
for which the assertion holds. |

Proof of Lemma 3.13: As in the proof of Lemma 3.4, we

define F := {L ():fe€ 5,\IBH} Then Lemma 3.4 in [43]

yields

Prr(Te(XxY)": sw [Rex(f) = Rep(f) 2 <)
f€6 By

2

NN

<12nN(F,2n,e/6) ¢

Now the assertion follows by the arguments used in the proof of
Lemma 3.4. O

Proof of Corollary 3.15: By the dual Maurey-Carl in-
equality (cf. [34], [44], and [40]) we have

1
H(I,n,e 0g2n'

) =
Therefore, we find

H(6x,1,2n,0" " (La, ) <H (172% 6;
A

)

Since 6y, |Lx,|1 — oo, the first condition of Theorem 3.14
follows. The summability condition can be derived as in the
proof of Corollary 3.6. O

< 5?\71 |LA,72|% logn.

Proof of Lemma 3.17: With the notions of the proof of
Lemma 3.11 we find

Pr* (T ARLz(fra+bra) — Rep(fra+bra)| > £)
l(f/,\.&:/G))eim”s’i;”io +2e” "

c3s2n
IZANZ

<12n N (G, 2n,w™
<12n eH (I,zn VPO )'Hn( ‘Lie‘,lséA ) + Qe 1™

by Lemma 3.4 in [43] (cf. the proof of Lemma 3.13). Again,
there is also a constant ¢4 > 0 with In(1/6) < H(I,2n, c4d)
forall 6 > 0, n > 1. Thus, we finally find a constant ¢ > 0 for
which the assertion holds. O

Proof of Lemma 3.22: For differentiable loss functions
the assertion can be found in [4, Theorem 12.4]. In this book,
there are also some remarks concerning nondifferentiable loss
functions. For the sake of completeness, we present a proof
which mainly follows the elegant approach of [45]. For this pur-
pose, we need to recall that for a convex, continuous function
f : R? — R the subdifferential of f in 2 € R is defined by

0f(z) = {a" €R": (2",y —z) < f(y) - f(x)Vy €R}.
For basic properties we refer to [37], [38], and in particular [46,
Theorems 23.8 and 23.9]. In the following, E f denotes the
expectation of f with respect to the empirical measure induced
by 7T'. We will also use this notation for H-valued functions f.
Now, recall that the convexity of L implies that Ly is locally
1-Holder-continuous. We fix

T=((z1,51), -, (@n,yn)) € (X x Y)"

and write S := Tj (, ., for some fixedi = 1,...,nand (z,y) €
X x Y. Since we actually have to consider finite dimensional
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subspaces of H only, an easy calculation using [46, Theorems
23.8 and 23.9] shows R\%.  (f) = 2\, f + D, where

D= {[EThfI) sh(xi,y:) € OL(y;, f(x))Vi=1,... ./n}

’

and the subdifferential 0L of L is with respect to the second
variable only. Recalling that fr, 5, minimizes R}%, \ we also
observe 0 € IR \ (fr,x,) and thus, there exists h(x;, y;) €

OL(yi, fra, (i), i =
0=2Afr,x, +Erh®. (23)
By the Lipschitz continuity of Ly, and the norm bound of
fr.n, which was shown in Lemma 3.1, we actually have
Ihlloe < |Lx, |1 Moreover, h(zi,yi) € OL(yi, fra, (xi))
implies
(@i, yi) (fsx, (i) = fro, (1)
< L(yis fsn, (w:)) — L(yis froa, (%))

forall: = 1,...,n.Recalling the reproducing property of ® in-
tegration with respect to the empirical measure of S then yields

EsL(- fra, () +{fsx, —fra,, Esh®) <EsL(-, fs, ()

Now, we have

Ao e 24200 Fs nn = Froams oo ) F2n | frn, = fson,
=Anllfsx,

2

2

and we thus find

Ri%a, (Fsan) = RE%\, (fra) + A llfroa, — fsa,
+(fsx, — froa,, Esh® 4+ 2X, froa,)-

Moreover, fs . minimizes R*% , and hence we have
An L,S,A

Ri%x, (fra,) > Ri% ., (fsa,)-

|2

This yields
Anllfroa, = fsan
< (fra, — fsr., Esh® + 22X, fra,)
< fra, = fsaull IEsh® + 2X, froa, |-

With the help of (23), we can replace 2\, fr , by —Er-h®.
Then we obtain

2

1 2K|Ly, |1
Ifr.x, = fsx.ll < 7= [Esh® — Eph®]| < 2K L
An n/\n
It can be easily seen that the latter estimate implies the assertion.
O
APPENDIX

BANACH SPACES, OPERATORS, AND KERNELS

Let E be a Banach space and A C F be an arbitrary subset.
The set A is closed if for every sequence (z,,) C A with z,, —
x € E we have ©z € A. A set is open if its complement is
closed. The closure A of A is the smallest closed set in E that
contains A. We say that A is dense if A = F. The set A is
compact if every open covering of A has a finite subcovering. If
FE is finite dimensional then the compact subset of F are exactly
the sets which are both bounded and closed. In contrast to this,
for E being infinite dimensional, the closed unit ball Bg of £
is closed and bounded but never compact. However, for some
spaces such as Hilbert spaces there is a nontrivial topology on £
(smaller than the norm topology) such that By is compact with

respect to this topology (Alaoglu’s theorem). Finally, a linear
bounded operator S : E — F between Banach spaces F and
F' is compact if SBE is compact. This holds if and only if its
covering numbers are finite.

A symmetric function k£ : X x X — R is called positive
semidefinite if for all z1,...,z, € X and all ay,...,a, € R
we have

> iajk(ai, ;) > 0.

i,j=1

We say that k is positive definite if this inequality is strict for
all mutually different z4,...,2, € X and all ay,...,a, €
R\ {0}. A symmetric, positive semidefinite function is called a
kernel. Having a kernel one can construct an associated Hilbert
space—the so-called RKHS. Indeed, let

HO::{Zozik(:vi,-):ne N,a; eR,z; € X,i = 1,...,n}.
i=1

Then by
<Z k(i ), Y Bik(#;, ')> =Y @iBk(i, &)
i=1 =1 i=1 j=1

we can define an inner product on Hy. In general, the space Hy
equipped with this inner product fails to be complete, i.e., some
Cauchy sequences may not converge in Hy. Therefore, instead
of using Hy one considers the completion H of Hy, i.e., the
smallest Hilbert space containing Hy. The space H is called the
RKHS of k. Obviously, the map ¢ : X — H, z — k(x,-), is
well defined. Furthermore, it satisfies the so-called reproducing

property
(w, (7)) = w(z)

forallw € H,z € X.
In view of Corollary 3.6 we also need some notions of
smoothness. If k is a universal kernel

di(z,2) = ||@(z) — @(2")|| 1

z,x’ € X defines a metric on X (cf. [22, Lemma 3]). Due to the
continuity of k, the topology generated by dj, coincides with the
topology of the original metric d (cf. [22, Lemma 3 and Corol-
lary 7]). Moreover, the embedding I : H — C(X) is obvi-
ously 1-Holder-continuous with respect to dy, that is, I By is
uniformly Lipschitz continuous (cf. [29, Ch. 5]). In particular, 1
is a compact operator and hence its covering numbers are finite.

A kernel £ is called 3-Hélder-continuous (with respect to d),
0 < (8 < 1 if there exists a constant ¢ > 0 such that

k(z,x) — 2k(z,2") + k(z',2") < cd*® (z,2")

for all z,z’ € X (cf. [31, p. 135]. Obviously, this condition
means that id : (X,d) — (X,dy) is f-Holder continuous and
hence I is 5-Holder continuous with respect to d.

In order to consider smooth kernels on bounded C'*°-domains
X cR? (cf. [41, Sec. 3.2]) we also write C™" (X x X), r €N,
for the sPace of all functions f : X x X — R for which
%f is continuous for all oy, s €NZ with |ay |, |as| <7
(cf. [31, p. 40]). Recall, that the open Euclidian balls in R< are

(24)
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C*°-domains. A function f : X x X — Risin C™"(X x X)
if and only if f is continuous and its restriction on X X X isin
C™"(X x X). Furthermore, we write f € C°>°(X x X) if
feCm (X x X) forallr € N.

Finally, W, (X) denotes the Sobolev space (cf. [41]) and we
write f € W75(X)if f : X — R is continuous and fix €
W5 (X).
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