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1 Combining kernels

1. Let K; and K, be two positive definite kernels on a set X'. Show that the
functions K} + K5 and K; x K, are also p.d. on X.

2. Let (K;);>1 a sequence of p.d. kernel on a set X" such that, for any (z,y) €
X2, the sequence (K;(z,y)):>0 be convergent. Show that the pointwise limit:

K(z,y) = lim K;(x,y)

i——+00

is also p.d.

2 Some kernels

Are the following functions positive definite?

1
V-l<zy<l Ki(z,y)=

1—ay
Va,y >0 Ks(z,y) = min(z,y)
Ve,y >0 Ks(x,y) = max(z,y)
Va,y >0 Ky(z,y) = min(z, y)

max(z, y)
V:l:,yER 5('1;7 ) (.CE—Fy)
vxayeR (3,"7 ) (l’—y)
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3 Completeness of the RKHS

We want to finish the construction of the RKHS associated to a positive definite
kernel K given in the course. Remember we have defined the set of functions:

n
HOZ{ZaiKm:neNaala""an€R7$1"”’xnGX}
=1

and for any two functions f, g € H, given by:

f:Zainia g:ijKy77
i=1 j=1
we have defined the operation:

(f 9y = D aibs K (xir )
.3

In the course we have shown that H, endowed with this inner product is a pre-
Hilbert space. Let us now show how to finish the construction of the RKHS from
Ho

1. Show that any Cauchy sequence (f,) in H, converges pointwisely to a
function f : X — R defined by f(z) = lim,_ ;o0 fn().

2. Show that any Cauchy sequence (f,,), o in Ho which converges pointwise
to O satisfies:

m || f[ls, =0.
n—-+0o

3. Let H C RY be the set of functions f : X — R which are pointwise
limits of Cauchy sequences in Hy, i.e., if (f,,) is a Cauchy sequence in H,, then
f(z) =lim, o fn(z). Show that Hy C H.

4. If (f,) and (g,) are two Cauchy sequences in H,, which converge point-
wisely to two functions f and g € 'H, show that the inner product {f,, gn)s,
converges to a number which only depends on f and g. This allows us to define
formally the operation:

(f, 9>7—[ = nl—lf-{loo (fns gn)Ho :

5. Show that (., .),, is an inner product on H.

6. Show that H, is dense in H (with respect to the metric defined by the inner
product (., .),,)

7. Show that H is complete.

8. Show that H is a RKHS whose reproducing kernel is /.



