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Biology in numbers
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1 body = 10'* human cells (and 100x more non-human cells)
1 cell = 6 x 10° ACGT coding for 20,000+ genes



Cancer
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A cancer cell (1900)
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A cancer cell (1960)
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A cancer cell (2010)




All cancers are different
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All happy families are alike; each unhappy family is unhappy in its own
way.
- Leon Tolstoy, Anna Karenina.



@ What is your risk of developing a cancer? (prevention)

@ Once detected, what precisely is your cancer? (diagnosis)

@ After treatment, are you cured? (prognosis)

@ What is the best way to treat your cancer? (precision medicine)



Example: precision medicine
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Supervised classification

@ Each point is a patient
@ Color is the response: good (black) vs bad (white) responder
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Supervised classification

@ Each point is a patient
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Example: logistic regression (Berkson, 1944)
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@ Given atraining set: D = {(x1,¥1),.-.,(Xn, ¥n)} where
o Xx; € RP (sample)
o yie {—1,1} (label)
@ Fit a linear model
fa(x) = B x
by solving:
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Challenge: n<< p
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@ n= 102 ~ 10* (patients)
@ p=10* ~ 10/ (genes, mutations, copy number, ...)

Consequences:
@ Problem ill-posed
@ Overfitting
@ Prediction accuracy drops
@ Features selection unstable



Feature selection
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Example: ¢4 regularization

p
min R(8) suchthat > [8|<C
i=1

BERP

Geometric interpretation with p = 2

Leads to sparse models (feature selection)



¢4 regularization works well in theory

Identity; Fractional power Identity; Fractional power
1 - =3 1 - -
0.8f 0.8F ,
(2] [72]
(%] 1%]
Q @
8 0.6f 8 0.6r g
=3 =3
2] 2]
k) k]
g 0.4r -g 0.41 R
a o
0.2f ——p=128 0.2r “e-p=128
—4—p = 256 ——p = 256|
—&—p =512 o ——p =512
Osd—4 - - - —o— .
0 100 200 300 400 500 600 0 .5 15
Number of samples n Rescaled sample size 6(n, p, k)
(a) (b)

Fig. 1. (a) Plots of the success probability P[S+(8) = S+(3")] of obtaining the correct signed support versus the sample size n
for three different problem sizes p, in all cases with sparsity k& = [0.40p"7®]. (b) Same simulation results with success probability
plotted versus the rescaled sample size 0(n,p, k) = n/[2klog(p — k)]. As predicted by Theorems 3 and 4, all the curves now lie
on top of one another. See Section VII for further simulation results.

@ n~ sin(p — s), see e.g. Wainwright (2009) and many more
o If features are not "too correlated”



Example: 70-gene breast cancer prognostic signature
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van 't Veer et al. (2002);
van de Vijver et al. (2002)
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Gene expression profiling predicts  Gene-expression profiles to predict distant metastasis of
clinical outcome of breastcancer  lymph-node-negative primary breast cancer

Laura J. van 't Veer*+, Hongyue Dai+, Marc J. van de Vijver*+,
Yudong D. Hef, Augustinus A. M. Hart*, Mao Mao, Hans L. Peterse",
Karin van der Kooy*, Matthew J. Marton, Anke T. Witteveen*,
George J. Schreiberz, Ron M. Kerkhoven*, Chris Roberts:,

Peter S. Linsley:, René Bernards* & Stephen H. Friend:

Yixin Wang, Jan G MKiijn, Yi Zhang, Anieta M Sieuwerts, Maxime P Look, Fei Yang, Dmitri Talantov, Mieke Timmermans,
Marion E Mejer-van Gelder, Jack Yu, Tirm Jatkoe, Els M ] Berns, David Atkins, John A Foekens

* Divisions of Diagnostic Oncology, Radiotherapy and Molecular Carcinogenesis
and Center for Biomedical Genetics, The Netherlands Cancer Institute,

121 Plesmanlaan, 1066 CX Amsterdam, The Netherlands

1 Rosetta Inpharmatics. 12040 115th Avenue NE. Kirkland. Washinoton 98034.

70 genes (Nature, 2002) 76 genes (Lancet, 2005)

3 genes in common

van 't Veer et al. (2002); Wang et al. (2005)



No feature selection method seems to work well

OPEN B ACCESS Freely available online “ PLoS one

The Influence of Feature Selection Methods on Accuracy,
Stability and Interpretability of Molecular Signatures

Anne-Claire Haury™>™, Pierre Gestraud™>%, Jean-Philippe Vert'*>

1 Mines ParisTech, Centre for Computational Biology, Fontainebleau, France, 2Institut Curle, Pari, France, 3 nsttut National de a Santé et de la Recherche Médicale,
Paris, France.
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Adding prior knowledge
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@ Genes (=features) are known to interact with each other

@ Predictive features are likely to interact

@ Can we "bias" the set of selected features towards sets of
interacting genes?



Atomic Norm (Chandrasekaran et al., 2012)

Definition
Given a set of atoms A, the associated atomic norm is

|x]|a =inf{t > 0| x e tconv(A)}.

A should be centrally symmetric and span RP
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Definition
Given a set of atoms A, the associated atomic norm is

|x]|a =inf{t > 0| x e tconv(A)}.
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Equivalent formulations

[x|la = inf{t>0]|x e tconv(A)}

Ix[la = inf{zca | x=) caa, ¢ca>0, VaeA}
acA acA

IXI% = sup({a x)

acA



Examples

@ Vector ¢1-norm: x € RP — ||x||1
A={+te | 1<k<p}
@ Matrix trace norm: Z € R™>*™2 || Z||,. (sum of singular value)

A={ab” : acR™,beR™ |alz=|blz=1)




Learning with an Atomic Norm

mBian’(B) suchthat |glla<C

@ Property: the solution * is a sparse combination of atoms
@ More precisely, how "easy" is it to learn such a 5*?



Statistical dimension (Amelunxen et al., 2013)

Z*

figure inspired by Amelunxen et al. (2013)

8(2,9) =E [N (0)]2,]



Nullspace property and & (Chandrasekaran et al., 2012)

xp + null(A)

{x: f0) =< flxo)}

X0 +2(f, x0)

xp + null(A)

{x: f(x) = fxo)}

X0+ 2(f,%0)

Figure from Amelunxen et al. (2013)

@ With X : RP — R" random Gaussian matrix,

B = argmin Q(8) suchthat Xg=y
B

is equal to 5* w.h.p. as soon as

n> &(6*,Q).

@ Similar results with noisy outputs etc..



Statistical dimensions of a few standard norms

Matrix norm G} Vector norm G}

2 O(kq log 7?) 2 O(klog R)
trace-norm O(my + my) U p
¢4 + trace Q(kg A (my + my)) elastic net | ©(klog %)
(k,q)-trace | O((kV q)log(my Vv my)) k-support | ©(klog %)

Lower bound for 24+ trace norm based on a result of Oymak et al. (2012)

f = ©(g) means (f =
f =Q(g) means g = O(

0O(9)&g = O(f))
f

See Richard et al. (2014)




Making atomic norms

Homemade Gifts
Made Easy
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@ Choose atoms and make a chinese lantern
@ Enforce statistical dimensions to solutions you expect
@ Think of algorithms for constrained convex optimization


http://www.homemade-gifts-made-easy.com/make-paper-lanterns.html

Graph lasso (Jacob et al., 2009)

Q(8) = sup a'B

aGRP:Viwj,||al.2+aj2||§1




Application: breast cancer survival prediction

@ n = 295 breast cancers, 78 metastatic vs 217 non-metastatic
@ p = 8,141 gene expression measures (van de Vijver et al., 2002)
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@ Gene network compiled by Chuang et al. (2007)
@ 57,235 interactions among 11,203 proteins




Lasso signature (accuracy 0.61)
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Graph Lasso signature (accuracy 0.64)
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Conclusion
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@ Many new exciting problems and lots of data in computational
genomics and precision medicine

@ Machine learning tempting but sometimes challenging (n << p)

@ Very active field of research at the interface of math / CS / biology
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